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CHAPTER  1 
INTRODUCTION 

Our  study  focused  on  the  effect  ol  the  shapes  of  heat-producing  regions  on  their 
thermal  stability.  Heat-producing  regions  wherein  the  heat  generation  is  a positive 
function  of  the  temperature  are  encountered  in  a variety  of  chemical  engineering 
applications.  One  example  is  in  the  operation  of  chemical  reactors  with  exothermic 
reactions.  The  thermal  stability  of  these  regions  becomes  an  issue  when  the  rate  of  heat 
production  exceeds  the  rate  of  its  removal  (a  condition  known  as  thermal  runaway*  or 
ignition). 

Now  it  has  been  well  established  that  thermal  runaway  of  different  materials  is 
dependent  on  the  shape  of  the  region,  its  size,  the  ambient  temperature,  and  the  physical 
properties  of  the  material  and  the  surroundings.  In  other  words,  for  any  given  geometry, 
there  is  a critical  size  above  which  the  heat  dissipated  to  the  surroundings  cannot  keep  up 
with  the  heat  generated  inside  the  material. 

1.1  Literature  Review 

Thermal  runaway  phenomena  have  been  studied  extensively,  most  notably  by 
Semenov  (1959),  Frank-Kamenetskii  (1969),  Zeldovich  et  al.  (1985)  and  Gray  and  Scott 
(1994)  in  connection  with  thermal  explosions;  and  by  Bilous  and  Amundson  (1955- 
1956),  Barkelew  (1959),  Perlmutter  (1972)  and  Fogler  and  Crynes  (1985)  in  relation  to 
reactor  stability.  Several  studies  were  done  by  Biesenberger  and  Sebastian  (1975-1983)  in 

1 It  is  also  known  as  thermal  explosion. 
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the  field  of  polymerization  reactions;  and  by  numerous  others  in  the  area  of  combustion 
and  flames  (Biesenberger  and  Sebastian  1 983). 

To  show  why  this  problem  continues  to  be  of  interest  and  what  sorts  of  problems 
we  intended  to  investigate,  we  first  discuss  a simple  problem  to  show  how  the  geometry 
change  can  affect  the  thermal  stability.  Then  we  introduce  the  problems  of  interest  and 
their  physics. 

Let  us  consider  an  annular  region  of  a heat-producing  substance  where  the  inner 
wall  and  the  outer  wall  are  held  at  fixed  temperatures  (Figure  1-1A).  A typical 
undergraduate  student  would  know  how  to  calculate  the  heat  transported,  in  the  case 
where  there  is  no  heat  production  in  the  annular  region,  and  the  inner  and  the  outer  walls 
are  held  at  different  temperatures.  Now  if  the  inner  cylinder  is  displaced  by  an  amount  s 
as  shown  in  Figure  1- IB,  it  is  clear  at  once  that  the  heat-transfer  rate  can  change  only  at 
order  e1 . It  is  less  obvious,  but  no  less  true,  that  the  heat-transfer  rate  increases.  Chapter 
2 gives  the  detailed  solution  for  such  a case. 

Now  return  to  the  heat  generation  problem,  and  imagine  that  the  annular  region 
produces  heat,  such  that  the  rate  of  heat  production  is  a positive  function  of  the  local 
temperature;  and  further  imagine  that  the  walls  are  held  at  the  same  fixed  temperature. 
The  heat  released  in  the  material  may  be  produced  in  a variety  of  ways2,  but  must  be  an 
increasing  function  of  the  temperature  of  the  material.  To  keep  this  system  stable,  the 
heat  generated  must  be  removed  from  the  system  at  the  rate  at  which  it  is  produced. 
Assume  that  this  heat  is  removed  by  conduction  to  the  outer  wall,  which  serve  as  a heat 
sink.  To  conduct  the  heat  away,  the  temperature  of  the  material  must  rise  above 


2 The  heat  can  be  produced  via  exothermic  reaction,  viscous  heating,  laser  pulse,  electron  beam,  etc. 
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Figure  1-1.  Annulus  with  heat-producing  material.  A)  On-center.  B)  Off-center. 


that  of  the  sink.  The  more  distant  a point  of  the  material  is  from  the  boundary,  the  higher 
its  temperature  must  rise;  but  the  higher  the  rise,  the  stronger  the  source,  creating  positive 
feedback  that  might  rule  out  a steady  solution. 
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One  issue  is  whether  the  heat  produced  can  leave  quickly  enough,  or  whether 
thermal  instability  might  set  in.  In  particular  it  becomes  questionable  whether  the  thermal 
stability  is  advanced  or  retarded  for  the  case  of  a distorted  annulus,  when  compared  to  a 
symmetric  annular  region.  We  might  initially  ask  two  questions:  the  first  is  of  research 
interest  and  the  second  is  of  technological  interest.  First,  why  should  the  delay  of  the 
thermal  stability  be  in  doubt?  Second,  for  what  sort  of  problems  would  this  geometry  be 
of  interest?  To  answer  the  first  question,  accept  for  now  the  fact  that  a shift  in  the  annulus 
causes  the  heat-transfer  rate  by  conduction  to  increase  as  azimuthal  gradients  can  now 
come  into  action.  But  also  remember  that  the  shifted  inner  cylinder  creates  both  a large 
and  a small  heat-producing  region.  The  large  region  determines  the  fate  of  the  thermal 
stability;  and  if  the  azimuthal  temperature  gradients  from  this  region  cannot  meet  the 
demand  that  heat  must  be  removed  fast  enough,  then  thermal  instability  will  set  in,  and 
this  instability  will  be  manifested  by  a temperature  surge.  Only  a calculation  can  tell 
whether  the  rate  of  heat  production  in  the  distorted  annular  compartment  will  be  higher 
than  the  enhanced  heat-transfer  rate,  or  the  other  way  around.  This  calculation  is 
presented  in  Chapter  4.  To  motivate  the  calculation,  a simple  problem  is  taken  up 
initially.  Through  the  working  of  this  simple  problem,  we  can  learn  which  methods  and 
techniques  are  needed  to  be  able  to  solve  the  proposed,  more  complicated  problem.  This 
simple  problem  is  given  in  Chapter  3.  Now  let  us  answer  the  second  question  by 
demonstrating  some  applications  to  this  research. 


3 Chapter  2 demonstrates  this  fact  for  a model  problem. 


5 


1.2  Applications  of  Thermal  Explosion  and  Thermal  Stability  Phenomena 

There  are  many  applications  where  thermal  explosion  analysis  and  thermal  stability 
studies  are  important,  and  where  annular  geometries  are  encountered.  One  of  the  common 
applications  is  polymer  manufacturing.4,5  An  interesting  phenomenon  known  as 
hydrodynamic  thermal  explosion  occurs.  This  phenomenon  is  important  in  the  flows  of 
polymer  melts.  It  can  be  illustrated  by  considering  an  established  flow  of  polymer  melt  in 
an  infinite  tube.  Assume  that  the  thermal  resistance  of  the  tube  walls  is  low,  so  that  the 
walls  are  maintained  at  a constant  temperature  equal  to  that  of  the  surrounding  medium. 
For  manufacturing  purposes  the  polymer  must  be  at  a certain  temperature  range  in  which 
it  can  flow  without  losing  its  main  structural  properties  (Figure  1 -2A).  If,  at  certain 
conditions,  the  viscous  heat* * 5 6  arising  from  the  polymer  flow  increases  at  a higher  rate  than 
that  dissipated  to  the  surroundings  through  the  tube  walls,  then  the  temperature  begins  to 
rise,  and  the  material  starts  to  soften  and  decompose.  Under  such  conditions,  the  desired 
flows  of  polymer  melts  become  impossible  in  a pipe  (Zeldovich  et  al.  1985).  This 
situation  is  fully  analogous  to  thermal  explosion.  To  dissipate  the  heat  fast  enough  to  the 
surroundings,  the  polymer  flow  reactor  might  typically  be  in  the  form  of  a shell  and  tube 
heat  exchanger  (Figure  1-2B).  The  geometry  of  the  equipment  undoubtedly  affects  the 
thermal  stability  of  the  process. 

Polymerization  reactions  are  typically  strongly  exothermic.  Moreover,  polymers  are  typically  poor 

thermal  conductors. 

5 Polymer  manufacturing  is  one  of  the  fastest  growing  industries  worldwide.  According  to  a recent  study,  it 
is  expected  that  US  demand  of  six  leading  thermoplastic  polymers  alone  (polypropylene,  polyethylene, 

PVC,  polystyrene,  LDPE  and  HDPE)  will  exceed  15  billion  pounds  by  the  year  2006  (Weizer,W.,  2002, 
Plastic  Film  to  2006,  Freedonia  Industrial  Studies,  Study  # 1588,  The  Freedonia  Group,  Inc.,  Ohio.).  Global 
demand  is  already  higher  than  100  billion  pounds  (Tirrel,  M.,  Galvan,  R.  and  Laurence,  R.L.,  1987, 
Polymerization  Reactors,  In:  Chemical  Reaction  and  Reactor  Engineering,  Editor:  Carberry,  J.J.  and 
Varma,  A.,  Marcel  Dekker,  Inc.,  New  York.). 

6 The  frictional  heat  due  to  shear  between  adjacent  fluid  layers. 
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Typically,  the  interaction  between  viscous  heating  and  flow  is  of  importance  in  a 
number  of  applications  involving  flow  of  materials  with  temperature-dependent 

properties.  These  include  lubrication,  food  processing,  and  polymer  processing  (Caridis 
etal.  1997). 


Figure  1-2.  Polymer  manufacturing  example.  A)  Without  cooling  rod.  B)  With  cooling 
rod. 

In  addition  to  the  above  applications,  the  thermal  runaway  phenomenon  is  one  of 
the  main  issues  considered  in  the  design  of  industrial  equipment  (e.g.,  in  the  design  of 
heat  exchangers  and  reactors).  To  build  safe  industrial  plants,  designers  must  consider  all 
the  factors  that  might  lead  to  thermal  explosions,  (the  shape  of  the  region,  its  size,  the 
ambient  temperature,  the  physical  properties  of  the  material  and  the  surroundings,  etc.). 

Aside  from  the  earlier  examples,  the  thermal  runaway  phenomenon  plays  an 
important  role  in  dam  construction.  We  know  that  dams  require  gigantic  blocks  of 
concrete  that  are  linked  together.  We  also  know  that  concrete  reacts  exothermically  with 
water  for  long  periods  of  time.  Thus,  based  on  the  volume  of  the  concrete  used  in  dam 
construction,  it  could  take  tens  of  decades  for  the  concrete  to  cool  and  properly  cure 
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without  engineering  intervention.  To  overcome  this  problem  and  to  maintain  the  thermal 
stability  of  the  dam,  dam  builders  dissipate  the  heat  generated  by  the  concrete  by 
imbedding  an  extremely  long  one-inch  steel  pipe  through  the  interconnecting  concrete 
blocks  to  circulate  cold  water. 

The  thermal  stability  features  of  the  problems  discussed  above  are  known  for 
several  regular  geometries  ( e.g .,  planar  and  cylindrical  geometries),  and  for  several  kinds 
of  heat  generation.  In  our  study,  the  case  in  which  heat-generation  function  depends 
linearly  on  temperature  shows  interesting  results  for  a simple  problem;  then,  more 
practical  problems  and  conditions  are  investigated.  A case  in  which  heat-generation 
function  depends  linearly  on  temperature  is  a good  model  for  problems  with  viscous  fluid 
flows.  In  these  problems,  the  fluidity  (which  is  the  reciprocal  of  the  viscosity)  depends 
linearly  on  the  temperature  of  the  fluid  over  a fair  temperature  range.  The  effect  of 
geometry  change  on  thermal  stability  for  such  problems  is  discussed  in  Chapter  5. 

Before  going  to  the  next  chapter,  let  us  give  an  idea  about  the  consequences  of 
thermal  runaway  and  show  some  of  its  effects.  Thermal  runaway  can  cause  huge 
industrial,  economic,  and  environmental  damage.  The  physical  consequences  of  thermal 
runaway,  which  are  the  reasons  behind  many  industrial  and  environmental  disasters,  can 
be  summarized  as  follows  (Gustin  1991): 

• An  increase  of  the  rate  of  the  chemical  reactions. 

• The  occurrence  of  unwanted  exothermic  reactions  that  are  not  obtained  in  normal 
process  conditions.  Usually  these  reactions  are  decomposition  reactions  of  the 
reaction  mixture. 

• A pressure  increase  that  often  causes  the  reactor  vessel  to  burst  due  to  two 
phenomena: 

- An  increase  of  the  reaction-mixture  vapor  pressure  due  to  the  temperature  rise. 

- The  production  of  noncondensable  decomposition  gases. 
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Now  let  us  give  a catastrophic  example  caused  by  thermal  runaway  reactions.  This 
example  (the  worst  disaster  in  Texas  history)  occurred  in  1947,  when  a French  ship 
exploded  at  the  docks  in  Texas  City.  The  storage  tanks  of  the  French  vessel  were  filled 
with  ammonium  nitrate,  a fertilizer.  For  some  reason,  the  temperature  of  ammonium 
nitrate  began  to  rise,  and  then  it  started  to  react  and  produce  heat.  Because  of  the  large 
dimensions  of  the  storage  tanks,  the  rate  of  heat  removal  could  not  meet  the  rate  at  which 
it  was  being  produced.  Because  of  this,  a thermal  runaway  reaction  took  place,  and  an 
explosion  occurred.  This  thermal  explosion  led  to  about  600  tragic  fatalities,  and 
destroyed  the  entire  dock  area,  along  with  the  nearby  buildings  and  facilities.  From  this 
example,  we  can  see  how  the  size  of  a heat-producing  region  can  affect  its  thermal 
stability. 

There  are  many  more  examples  of  effect  of  the  geometry  of  the  heat-producing 
region  becoming  a possible  reason  for  thermal  explosion  to  occur.  One  example  is  a 
chemical  incident  that  occurred  in  Seveso,  Italy,  in  1976,  at  a Union  Carbide  factory.  In 
this  accident,  the  thermal  runaway  led  to  an  immediate  contamination  of  some  10  square 
miles  of  land  and  vegetation.  More  than  200,000  people  had  to  be  evacuated  from  their 
homes  and  were  treated  for  dioxin  poisoning,  and  as  many  as  42000  people  needed 
medical  follow-up  for  more  than  20  years  (Caridis  et  al.  1997).  Another  example  is  the 
famous  incident  that  occurred  at  a Union  Carbide  chemical  plant  in  Bhopal,  India  in 
1984.  This  disaster  was  particularly  notable  as  a thermal  runaway  process,  as  it  led  to 
more  than  3000  tragic  fatalities  (Mcintosh  et  al.  2001).  The  last  example  is  another 
chemical  accident  at  a Sandoz  warehouse  in  Basel,  Switzerland,  in  1986.  In  this  accident, 
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thermal  runaway  caused  massive  pollution  of  the  Rhine,  and  the  death  of  more  than  a half 
million  fish  (Caridis  et  al.  1997). 

From  these  real  examples,  one  can  see  how  dangerous  the  effects  of  thermal 
runaway  could  be,  and  also  why  it  is  still  important  to  study  this  phenomenon. 


CHAPTER  2 

HEAT  TRANSFER  IN  AN  ANNULUS  WITH  NO  HEAT  PRODUCTION 
In  this  chapter  we  show  how  to  solve  an  auxiliary  problem  (i.e. , heat  transfer  in  a 
distorted  annulus  without  heat  generation).  This  simple  problem  is  used  to  motivate  us, 
and  prove  that  thermal  stability  could  be  affected  by  changes  in  geometry.  In  this 
problem,  the  total  heat-transfer  rate,  Q , is  calculated  in  an  annular  region  when  there  is 
no  heat  production,  and  the  inner  and  the  outer  walls  are  held  at  different  temperatures 
(Figure  2-1).  The  total  heat-transfer  rate  is  calculated  for  a perfectly  centered  annulus, 
and  for  a distorted  annulus.  Results  from  each  of  the  cases  are  compared  and  a conclusion 
is  drawn. 

Before  the  calculations  for  this  simple  problem  are  presented  and  discussed,  let  us 
examine  what  might  be  going  on  from  a picture  argument.  Such  an  argument  might  help 
in  predicting  conclusions  and  verifying  calculations.  Figure  2-1 A shows  two  concentric 
cylinders  at  different  surface  temperatures.  The  surface  temperature  of  the  inner  cylinder, 
Th  , is  greater  than  that  of  the  outer  cylinder,  Tc . Let  us  assume  that  the  heat  is 

transferred  only  by  conduction  through  the  annular  region,  and  further  assume  that  no 
heat  is  generated  in  the  annular  region.  Based  on  how  the  problem  is  defined,  it  is 
obvious  that  no  heat  can  accumulate  in  the  annular  region.  Therefore,  the  total  heat 
transferred  to  the  surroundings  must  be  equal  to  the  total  heat  released  into  the  annular 
region  by  the  hot  inner  cylinder. 
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Figure  2-1.  Annulus  without  heat-producing  material.  A)  Centered.  B)  Distorted. 

Begin  with  the  case  of  a perfectly  centered  annulus  (Figure  2-1  A).  The  heat 
released  into  the  annular  region  will  be  conducted  equally  in  the  radial  direction  via  the 
radial  temperature  gradient  (/.  e. , the  temperature  gradient  in  the  r direction),  see  Figure 
2-2  A.  For  the  distorted  annulus  (Figure  2- IB),  the  shifting  of  the  inner  cylinder  creates 
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both  a thick  and  a thin  region.  Therefore,  the  heat  released  into  the  annular  region  cannot 
be  conducted  equally  in  the  radial  direction,  as  in  this  case  the  radial  temperature  gradient 
is  not  evenly  distributed  around  the  inner  cylinder.  In  this  case  the  radial  temperature 
gradient  for  the  thin  region  will  be  higher  than  it  is  for  the  thick  region.  This  is  because, 
by  shifting  the  inner  cylinder  to  the  right  (Figure  2- IB),  the  distance  between  the  rod  wall 
and  the  pipe  wall  to  the  right  of  the  rod  will  become  shorter;  and  since  the  temperatures  at 
the  two  walls  are  held  fixed,  the  temperature  gradient  increases. 

By  the  same  measure,  we  can  show  that  for  the  thick  region,  the  temperature 
gradient  decreases.  As  a result  of  this,  the  heat-transfer  rate  by  conduction  across  the  thin 
region  ought  to  be  higher  than  that  for  the  thick  region.  And  as  we  know,  to  conduct 
away  the  heat  released  into  the  annular  region,  the  temperature  at  any  point  in  this  region 
must  rise  above  that  of  the  outer  wall.  The  further  a point  in  the  region  is  from  the  outer 
wall,  the  higher  its  temperature  must  rise.  From  this  we  understand  that,  at  any  point  at  a 

fixed  distance  from  the  center  of  the  inner  wall,  R , (where  Rln  < R < icRin ),  the 
temperature  in  the  thick  region  will  be  higher  than  that  in  the  thin  region  (Figure  2-3). 
From  the  second  law  of  thermodynamics,  we  know  that  heat  flows  from  high  to  low 
temperature.  Based  on  this  fact,  the  heat  in  the  higher-temperature  region  (i.e.,  the  thick 
region),  will  start  to  conduct  in  the  azimuthal  direction  toward  the  lower-temperature 
region  (i.e.,  the  thin  region),  see  Figure  2-2B.  Thus,  the  heat-transfer  rate  by  conduction 
will  increase  as  the  azimuthal  gradients  come  into  action.  From  this,  we  can  conclude  that 
the  total  heat-transfer  rate  for  a distorted  annulus  is  greater  than  that  for  a perfectly 
centered  one.  To  verify  this  conclusion,  the  total  heat-transfer  rate  is  calculated  for  each 


of  the  two  cases  (shown  next). 
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Heat  transfer  by  conduction  on  9 -direction 


A B 


Figure  2-2.  Heat  dissipation  in  a perfectly  centered  annulus  and  in  a distorted  annulus  (no 
heat  generation  in  the  annular  region ).  A)  Centered.  B)  Distorted. 


Figure  2-3.  Temperature  distribution  in  a perfectly  centered  annulus  and  in  a distorted 

annulus  (no  heat  generation  in  the  annular  region ).  A)  Centered.  B)  Distorted. 
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Calculating  the  total  heat-transfer  rate.  This  section  demonstrates  the  calculation 
of  the  total  heat-transfer  rate  Q for  the  case  of  a perfectly  centered  annulus,  and  for  the 
case  of  a distorted  annulus.  Then  we  compare  the  total  heat-transfer  rate  Q obtained  from 
each  of  the  two  cases,  to  show  the  difference. 

Let  us  start  with  the  left  part  of  Figure  2-1.  For  this  geometry,  the  total  heat-transfer 
rate  Q per  unit  length  is  obtained  as 

Q=\dAn-q  (2.1) 


where  q is  the  heat  flux  and  n is  the  unit  outward  normal  to  the  surface  of  the  inner  or 
the  outer  cylinder.  Hence,  because  of  radial  symmetry,  it  is,  (at  the  inner  wall) 


Q 


= -2  nkRiri 


(2.2) 


where  Rm  is  the  radius  of  the  inner  cylinder,  and  T is  the  temperature  field. 

To  use  Equation  (2.2)  the  temperature  in  the  annular  region  must  be  found.  It  is  the 
solution  to 


0 = kV2T  = k 

satisfying  the  boundary  conditions 


\ d 

' dT\ 

r dr 

k dr) 

(2.3) 


T(r=R„)  = T„ 


(2.4) 


and 


T(r  = xRm)  = Tc  (2.5) 

where  k > 1 . Solving  this  problem,  the  temperature  in  the  annular  region  is  obtained  as 


T = 


In  (at)  l r ) 


+ T. 


H 


(2.6) 
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and  the  rate  of  heat  transfer  at  the  outer  wall  or  the  inner  wall  of  the  symmetric  geometry 
is  obtained  as 


Moreover, 


and 


Q = 2 7rk 


i-M 


>o 


dT  (T„-Tc)  1 

dr  ln(/r)  r 

dV  (Tk-Tc)  1 

dr2  ln(/c)  r2 


rf1 t (r„-rc)i 

dr 3 In  (a:)  r3 


(2.7) 


(2.8) 


(2.9) 


(2.10) 


These  derivatives  will  be  useful  later  on. 

Now  let  us  obtain  the  heat-transfer  rate  at  the  inner  wall  for  the  perturbed  case, 
where  the  inner  cylinder  is  displaced  from  the  center  of  annulus  by  a distance  s (Figure 
2- IB).  In  this  case,  the  outer  wall  presents  no  problem;  it  is  the  inner  wall  whose  surface 
is  displaced.  Let  this  surface  be  denoted  as 

r = R{0,e)  (2.11) 

Then,  if  X and  Y denote  the  Cartesian  coordinates  of  the  points  (R,0)  on  the  surface  of 
the  inner  cylinder,  there  obtains 

[X-s]2  + Y2  = Rl  (2.12) 

where  X and  Y are  given  in  terms  of  R and  0 by 

X = Rcos0  (2.13) 


and 
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Y = Rsin6 


(2.14) 


whereupon  R,  as  a function  of  6 and  s , must  satisfy 


R2 3  - 2s R cos  6 = R?n-  s 2 


(2.15) 


Then,  to  obtain  the  total  heat-transfer  rate  Q for  this  case,  we  need  to  know  how  to 


to  the  solution.  To  use  this  method,  we  must  assume  that  the  inner  cylinder  is  shifted 
slightly  from  the  center  of  the  annulus  (i.e.,  e is  small).  Then,  the  basic  strategy  is  to 
obtain  a solution  valid  at  s = 0 and  then  to  add  corrections  terms  for  the  small 
displacement.  Appendix  A gives  detailed  explanation  for  this  method. 

Therefore,  the  distorted  annulus  problem  will  be  solved  for  a reference  case  that  is 
the  case  where  e = 0 , which  is  the  symmetric  case  (Figure  2-1  A).  The  distorted  annulus 
problem  is  then  solved  by  perturbing  the  dependent  variables  in  this  problem  about  the 
reference  state. 

Note  that  the  reference  case  is  the  symmetric  case  that  we  solved  earlier  and  the 
total  heat-transfer  rate  Q for  this  case  is  given  by  Equation  (2.7),  namely  by 


1 By  the  word  irregular,  we  do  not  mean  to  imply  not  smooth;  but  instead,  not  convenient. 

2 A method  used  in  calculations  in  both  classical  physics  and  quantum  mechanics,  in  which  the  system  is 
divided  into  a part  that  is  exactly  calculable  and  a small  term,  which  prevents  the  whole  system  from  being 
exactly  calculable.  The  technique  of  perturbation  theory  enables  the  effects  of  the  small  terms  to  be 
calculated  by  infinite  series  (which  is  in  general  an  asymptotic  series). 

3 For  further  information  about  this  method  see  Morse,  P.M.  and  Feshbach,  H.,  1953,  Methods  of 
Theoretical  Physics,  McGraw-Hill,  New  York,  or  essay  2 in  Johns,  L.E.  and  Narayanan,  R.,  2002, 
Interfacial  Instability,  Springer,  New  York. 


deal  with  this  irregular1  geometry  (Figure  2-1 B).  Because  this  geometry  is  not  symmetric, 
this  leads  us  to  the  domain  perturbation  method2,3  which  can  give  a good  approximation 


In  a: 
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Then,  to  perturb  the  solution  of  this  problem  about  the  reference  state  we  must  expand  R 
and  T , in  powers  of  e and  obtain  problems  in  Q0,Ql,Q2,—  on  the  reference  domain. 
Therefore,  the  expansion4  of  R , which  denote  the  surface  of  the  inner  wall,  can  be 
written  in  the  form 

R = R a+eR.  +-s2R2+...  (2.16) 

° 1 2 

where 

*,  = **  (2-17) 


and  where  Ri  and  R2  can  be  found  by  substituting  Equation  (2.16)  into  Equation  (2.15), 
and  expanding  R2  to  the  second  order  in  s , which  gives 

[R]  + 2eR0R1  + £2R2+£2R0R2  + ...)- [2s  R0+2e1R1  +...)cos0o  = R2n-s2  (2.18) 

From  this  we  obtain  at  order  £ 


„ dR 

R.  = — - cos  Gn  , at  s - 0 

1 i O' 

d£ 


(2.19) 


and  at  order  £ 


n d2R  sin26>  . 

R,=—^  = —£.  , at  f = 0 


d£ 2 


R„ 


(2.20) 


while  the  surface  of  the  outer  wall  does  not  change,  which  means 


r = kR„ 


(2.21) 


and  the  temperature  expansion  in  the  domain,  by  using  the  rule  given  in  Appendix  A,  will 
be 


4 The  expansions  will  be  taken  to  the  second  order  of  s i.  e. , e1 . 
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T(R,9)  = T^R0,e,)  + sT,(RM  + ^s%(RM+... 


(2.22) 


It  is  important  to  mention  that  the  solution  of  the  reference  case  will  be  denoted  by 
affixing  a subscript  zero  to  its  variables  while  the  subscripts  one  and  two  will  denote  the 
expansions  to  first  and  second  order  of  e , respectively.  Thus,  the  temperature  in  the 
annular  region  and  the  total  heat-transfer  rate  for  the  symmetric  case  given  by  Equations 
(2.6)  and  (2.7),  respectively,  can  now  be  written  as 


T = 


(T„-Tc).  ( R ' 

lnM 


-In 


V y 


+ Th 


(2.23) 


and 


ln(/r) 


(2.24) 


Now,  the  total  heat-transfer  rate  Q for  the  perturbed  case  is  again  determined  via 


Equation  (2.1),  which  is 


Q = jdAn 


■q 


Remember  that  for  this  case  the  calculation  to  obtain  the  total  heat-transfer  rate  will  be 
made  at  the  inner  wall.5  As  a result  of  this,  the  heat  flux,  q , and  the  unit  outward  normal, 


n , will  have  to  take  another  form  where  the  effect  of  the  azimuthal  angle  is  accounted 
for.  The  heat  flux  will  become 


q = 


-kVT  = -k 


r 8 - 1 a 

/ — + 

r dr  6 R 89 


T 


(2.25) 


5 In  fact  this  calculation  can  be  carried  out  at  either  the  inner  or  the  outer  wall.  The  results  obtained  at  any 
of  the  two  cases  are  the  same.  But  it  is  obvious  that  the  calculation  at  the  outer  wall,  the  unperturbed  wall, 
will  be  easier  than  it  is  at  the  inner  wall,  as  for  the  outer  wall  case  we  do  not  have  to  redefine  the  unit 

outward  normal  which  is,  in  this  case,  simply  defined  as  n = i . However,  in  this  document  we  chose  to 
work  with  the  more  complicated  case  to  learn  how  the  calculations  and  the  expansion  will  go. 
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and  since  the  unit  outward  normal  is  given  by 


where 


f = r-R(9,s) 


and  / = 0 defines  the  surface  of  the  inner  cylinder.  Therefore, 


r r R' 

Vf  = ir-ie  — 

r 


where 


R'  = 


8R{6 ) 
80 


and  where  at  the  surface  V/  becomes 


Thus, 


v/  = l -l 


K 

R 


Therefore,  the  unit  outward  normal  is 


n = 


r r R' 


R 


K — la 


1 + 


f R^2 


(2.26) 


(2.27) 


(2.28) 


(2.29) 


(2.30) 


(2.31) 


(2.32) 


and  where  dA  is  given  by 


dA  = y/R'2  + R2d0 


(2.33) 
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By  substituting  the  values  from  Equations  (2.25),  (2.32)  and  (2.33)  into  Equation 
(2.1),  the  total  heat-transfer  rate  per  unit  length  is  turn  to  be 

r r R' 

2n 

Q = -k\sl 


lr~l0  

>'2  , D 2 R 


I R + R - 


1 + 


( R'\ 
\Rj 


rdT  r 1 dT 
dr  6 R d6 


dO 


(2.34) 


Equation  (2.34)  can  be  simplified  and  written  in  the  following  form 

Q = -k 


2}ndT 

cR'dT 

I R — dO  - 

- 1 dO 

1 

©«- 

0J  R dO 

(2.35) 


whereupon  substituting  the  expansion  for  the  temperature  at  r = R[0,e),  which  gives 


T(W)=Tc(xc,e.)+s  T,(R„e,)+RM~-{K) 


1 2 

+ — £ 
2 


( dT  \ 

TdKA)+2R,W-^(KA) 
+*tW^r(K)+h(e,)~i?-(K) 


(2.36) 


+ ... 


V 

into  Equation  (2.35)  using  Equation  (2.16),  we  can  write  Q in  an  expanded  form.  To 
simplify  this  step  we  will  workout  the  first  term  on  the  right-hand  side  of  Equation  (2.35) 
then  we  will  workout  the  second  term.  The  first  term  will  turn  out  to  be 


111  'Nm  2k  / < 

iRTd0  = fk  +eR,+-c2R2+... 
Z dr  j l 2 


\ 

f 

dT 

dT  n 

d% 

+ £ 

— l + R, 

/ 

dr 

V ° 

1 

© * 

i 

1 2 

+ — £ 
2 


dT \ „ „ d2T  n2  d3T„  „ dLTn 


dr 


+ 2R 


1 dr2 


+ R2 — f + R 
1 dr3 


2 dr2 


(2.37) 


+ ... 


d0„ 


and  to  the  second  order  of  s it  is 
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+ -*2 
2 

2;r 


0 ~*o 

2/r 


\Ae„:)2RAM„ 


dr 

0 ‘"o  0 


0 

2;r 


drz 

o 

d2Z  HU  2" 
^0  + 

o 


57 


5r 


5r„ 


The  second  term  will  give 


\ 


2’R'dT  .,  2r  {sS;+J%+- 


'KKMmr 

J r so  j i 


\ 


^o+^l  + ^^2  +- 


57,  7 f 57 

£ — L + - 


d6n 


K&0 


+ 2 R, 


5 7j 
drod0oJ 


+ ... 


d6 L 


and  to  the  second  order  of  c it  is 


2<KKdeJH^ ) 

dT. " 

F 

S R se  J (*„) 

1 

1 

o> 

1 

dO„ 


Then  Q is  just  the  difference  between  Equations  (2.38)  and  (2.40),  and  it  is 


2/r 


e=-*Kf^ra„+*(-*) 


+rJ(-*> 


dAT. 

„ -avo+  I Kn — -dtf  + | KK, 
dr.  J ° dr  0 J 0 1 dr1 


Q, 


2 * 2a-  ^3™ 


0 

2;r 


+ JS;§rf^j2- 


7 d6  0 


Qi 


(2.38) 


(2.39) 


(2.40) 


(2.41) 


or  Q can  be  written  as 
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Q = Qo+£Qi+^£2Q2+-  (2.42) 

where  Qo  is  the  total  heat-transfer  rate  for  the  symmetric  case  (i.e.,  the  reference  case  that 

we  solved  earlier),  and  Qx  and  Q2  are  the  corrections  terms  because  of  the  displacemei# 
of  the  inner  cylinder. 


Now,  to  solve  for  Q we  must  first  solve  for  Ta,  Tx  and  T2  from  the  heat-conduction 
equation  where  the  effect  of  the  azimuthal  angle  is  accounted  for.  This  is 


0 = kV2T  = k 


ld_ 

r dr 


( p \ 


v dr; 


+ - 


r2  502 


T , 


\R(6,e)<r  <KRit 
0 <0  <2n 


(2.43) 


To  achieve  this,  let  us  substitute  the  domain  temperature  expansion,  which  is  given  by 
Equation  (2.22)  into  the  domain  equation  {i.e..  Equation  (2.43)).  This  gives 


0 = k 


J__5 

K.  dr 


( a \ 


\°dro; 


1 5 2 


r:  do2 


T0+eT,+^e% 


(2.44) 


and  on  requiring  the  coefficient  of  each  power  of  e to  vanish.  Equation  (2.44)  leads  to 

the  following  set  of  linear  differential  equations.  First  at  order  s° , which  is  the  symmetric 
case,  the  domain  equation  is 


where 


0 = 


\__5_ 

ro  dro 


° dr 


O J 


(2.45) 


To{r0=KRm)  = Tc  (2.46) 

and 

n (r.  =K)  = T„ 


(2.47) 
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This  is  the  reference  case,  which  was  solved  earlier  and  T0  was  given  by  Equation  (2.23), 
namely 


(th-tc).  (r  ' 


K*-) 


V ) 


+ TU 


For  order  s' , the  domain  equation  is 


0 = 


j__a_ 

r dr 


0 dr 


+ - 


V o J 


1 d2 
r?  del 


where 


and 


7i(';  = ^,„)  = o 


Ti  (ro  = Rm)  = 


dT 


dr 


For  order  s 2 , the  domain  equation  is 


0 = 


j _d_ 
r , dr 


dr 


O J 


l d2 
r?  del 


where 


Ti(ro=KR*)  = 0 


and 


dr 


-R 


ro=K 


2 d2T0 
drl 


-R. 


dl L 

dr 


ro=Ri„ 


(2.48) 


(2.49) 


(2.50) 


(2.51) 


(2.52) 


(2.53) 
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To  explain  where  Equations  (2.50)  and  (2.53)  come  from6,  notice  that  the  expansion  of 
T at  r = R{Q,s},  is  given  by  Equation  (2.36),  namely  by 


T(R,e)=T0(R0,e.)+e 


1 2 
+ —£ 
2 


t2(KA)+2RM)^t(KA) 

aro 

dro  dro  J 


+ . 


and  that  T[R,6)  must  vanish  for  all  values  of  e . 

Now,  because  of  the  form  of  Rx , the  solution  to  the  Tt  problem  (i.e..  Equation 
(2.48)),  can  be  written  as 


f r>  \ 


V 


cos#„ 


(2.54) 


O / 


where  Ax  and  Bx  must  satisfy 


kR.„ 


(2.55) 


and 


dz 


R„ 


dr 


(2.56) 


By  solving  Equations  (2.55)  and  (2.56)  for  Ax  and  Bx,  Tx  is  found  to  be 


1 


r,  =cos6>0 

1 °(^2-l) 


ro 

dT0 

1 

k.° 

c 

1 ^ 
1 

dro 

(2.57) 


ro=Rm 


and  by  this,  there  obtains 

6 Note  that  the  perturbed  boundary  conditions  at  the  inner  wall  are  no  longer  isothermal  because  they  try  to 
simulate  isothermal  by  putting  a condition  other  than  isothermal  on  the  reference  case. 
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riT  (V+l)  dT 

^(r0  = Rm)  = cosO  \ 

dr0  Rm{K-\)dr0 


(2.58) 


K 


A I,  M cn-f?  *»  dT- 


(2.59) 


and 


rfT,  , n \ ' p dTo 

{ro  = R,n)  = Sm0o-r 
drn 


dd. 


r0=Rin 


(2.60) 


which  are  needed  in  the  T2  problem. 

To  solve  the  7)  problem  (i.e.,  Equation  (2.51)),  first  substitute  Equations  (2.8), 
(2.9)  and  (2.58)  into  Equation  (2.53)  then  expand  the  right-hand  side  of  Equation  (2.53) 
in  terms  of  the  functions7  1,  cos  #0,  cos  2 0o . Doing  this  Equation  (2.53)  reduces  to 


(2.61) 


Then,  from  Equations  (2.52)  and  (2.61),  the  solution  to  the  T2  problem  can  be 


written  as 


Ti  = A + B0\n(r0)  + 


. 2 B2 

A2Vo  + — 

ro  J 


cos  20„ 


(2.62) 


where  A0  and  B0  must  satisfy 


A + Boln(icRin)  = 0 


(2.63) 


and 


7 Substitute  for  cos2  <9  = — + — cos  2#  and  for  sin2  6„  = 4“cos20 . 


0 2 2 


0 2 2 
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A + B0\n(R,n)  = 


-2 

dTa 

) dr0 

r„=K 


and  where  A2  and  B2  must  satisfy 


B , 


A2KzRf+-T±T  = 0 
2 K2Rl 


(2.64) 


(2.65) 


and 


AK  + 


B2  ~(y2+1)  dT0 


Rl  Rln(x2-l)dro  ra-K 
By  solving  Equations  (2.63)  and  (2.64)  for  Aa  and  Ba , and  Equations  (2.65)  and 
(2.66)  for  A2  and  B2 , T2  is  found  to  be 


(2.66) 


T =- 
12 


and 


In 


kR„ 


V 


+ - 


( 4 2 \ 

k r 

dT 

cos  2 <9 

0 

U2  K) 

dra 

(2.67) 


r„=R,. 


dT2 

dr 


2^E!+1) 


+ -|)(r'1  _1) 


iV 

> 

r 

cos  26 n 

dT 

u 

K) 

dr0 

(2.68) 


The  aim  now  is  to  obtain  the  total  heat-transfer  rate  for  this  case,  which  is  defined 


earlier  by  Equation  (2.41),  that  is 
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Q = 


0 ^ 

2^r  ts'T'  2n 

0 U,o  0 

*.fhw„  + 2 

T fP’T 

f RR.  ° d0o 

' dr2  0 

o _ 

d 

In 

E 

0 

z 0 

£\rn  2^ 

^'o  0 

d2T  2 

R^-^-de,* 

o 1 

^".+i 
„ 0 

RoR2^fd60  1 
0 1 dr1  0 

o 

2 n Z&’T' 

2£2  2°^0 
oJ  ' ^ 

:\R2^j]2K^,de< 

> 2 dr,  “ j R,  SO  ‘ 


Qi 

In  this  equation,  Qa  is  the  total  heat-transfer  rate  for  the  reference  case  (/.<?.,  the 
symmetric  case),  which  is  given  by  Equation  (2.24)  as 


Q0  = 2rrk  - 


!n(/e) 


>0 


Qx  is  the  coefficient  of  the  first  perturbation  term  (i.e.,  s' ),  found  as 

(r„-rc) 


2 K 


- j-COS 9o^Ln^d0o 

. o KHk) 

2 f n(K2+\)dTc 

+ J COS  0Q  I — 2 1-^ 


k — 1 J drc 

2n 


dO„ 


+ 


! '*>M 


and  since 


2n 


cos  0od6  = sin0o|^  =0 


we  can  see  that 


(2.69) 


(2.70) 


(2.71) 
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This  means  Qx  appearing  in  Equation  (2.41)  has  no  effect  on  the  total  Q . This  is  an 
expected  result  because  we  know  intuitively  that  it  should  make  no  difference  in  the 
answer  of  this  problem  if  the  inner  rod  is  shifted  to  the  right  ( i.e .,  s > 0 ),  or  to  the  left 
(, i.e .,  s < 0 ).  Then  the  only  possibility  by  which  we  can  get  the  same  answer,  regardless 
of  the  sign  of  s , is  for  Qx  to  be  zero.  By  the  same  account,  we  expect  all  the  odd  Q ’s  to 

be  zero  {i.e.,  Q3  = 0,  Q5-  0,...).  Hence  to  learn  the  effect  of  a displacement  we  must  go 
to  second  order  in  e . 

The  value  of  Q2  which  is  the  coefficient  of  the  second  perturbation  term  (i.e.,  e2), 
is  equal  to 


02 ' ^-l)(lnW)2 


(2.72) 


Note  that  the  value  of  Q2  is  always  positive,  since  k can  only  be  greater  than  one. 
Based  on  these  results,  and  since  s,  Q0  and  Q2  are  positive  quantities,  we  can 


1 2 

observe  that  the  total  heat-transfer  rate  Q for  the  distorted  annulus  (Q  = Qa  + — £ Q2 ) is 


greater  than  that  of  the  perfectly  centered  one  by  an  amount  equal  to  £2Q2/ 2 . 

Now,  to  get  an  idea  about  how  much  the  total  heat-transfer  rate  Q is  affected  by 
perturbing  the  inner  rod,  we  need  to  substitute  numerical  values  into  Equation  (2.24), 
namely 


Q0  = 2*k 


{T„-Tc) 

M*:) 


and  Equation  (2.42),  which  can  be  written  as 
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Q.M&rU+L*  ) 

l»M  2 RI(k‘-  l)(lnM)2 

Then  a comparison  between  the  values  obtained  from  each  of  these  two  equations  can  be 
made. 


Several  numerical  values  are  examined  for  different  values  of  s , TH  , Tc  and  k at 
which  Rm  is  taken  to  be  equal  to  1 . From  this  we  find  that  the  total  heat-transfer  rate  for 
the  distorted  annulus,  Qperturbed , is  greater  than  that  of  the  perfectly  centered  one,  Qcenlered  ■ 
The  results  obtained  from  two  of  these  calculations  at  which  TH  =100  and  Tc  = 1 0 are 
illustrated  in  Table  2-1  and  Table  2-2. 


Table  2-1.  Comparison  of  values  Qcentered  and  Qpenurbed  for  several  values  of  k and  at 


£ = 0.1. 


K 

Qcentered  / ^ 

( T ) 

Qperturbed  / ^ 

( T ) 

Q perturbed 
Qcentered 

K 

Qcentered 

( T ) 

Qperturbed  / ^ 

( T ) 

Q perturbed 
Qcentered 

1.5 

1394.66 

1422.18 

1.01900 

6 

315.60 

315.65 

1.00016 

2 

815.820 

819.750 

1.00500 

7 

290.60 

290.63 

1.00011 

3 

514.720 

515.310 

1.00100 

8 

271.94 

271.96 

1.00007 

4 

407.910 

408.110 

1.00048 

9 

257.36 

257.38 

1.00005 

5 

351.350 

351.450 

1.00026 

10 

245.58 

245.60 

1.00004 

Table  2-2.  Comparison  of  values  Qcenlered  and  Qperturhed  for  several  values  of  k and  at 


s = 0.2. 


K 

Qcentered 

( T ) 

Q perturbed  f ^ 

( T ) 

Q perturbed 
Qcentered 

K 

Qcentered  ! ^ 

( T ) 

Qperturbed  j ^ 

( T ) 

Q perturbed 
Qcentered 

1.5 

1394.66 

1504.73 

1.0790 

6 

315.60 

315.81 

1.0006 

2 

815.820 

831.520 

1.0190 

7 

290.60 

290.73 

1.0004 

3 

514.720 

517.070 

1.0046 

8 

271.94 

272.02 

1.0003 

4 

407.910 

408.700 

1.0019 

9 

257.36 

257.42 

1.0002 

5 

351.350 

351.720 

1.0010 

10 

245.58 

245.63 

1.0001 
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From  the  tabulated  results  we  see  that,  as  k increases  the  values  of  the  total  heat- 
transfer  rate  in  both  the  perfectly  centered  and  the  distorted  annulus  case  decrease  and 
become  closer  to  each  other.  From  this  we  understand  that  thick  regions  are  poor  heat 
conductors  and  they  are  less  sensitive  to  small  perturbation.  Beside  this,  we  can  notice 
that  as  the  displacement,  s , increases  the  total  heat-transfer  rate  increases.  This  happens 
because  by  increasing  s the  heat-transfer  rate  by  conduction  across  the  thin  region 
increases  and  consequently  the  azimuthal  gradient  increases. 

From  the  above  we  can  conclude  that,  when  the  inner  cylinder  is  perturbed  as 
shown  in  (Figure  2- IB)  it  is  clear  that  the  heat-transfer  rate  can  change  only  at  order  s2 
and  that  the  total  heat-transfer  rate  increases.  Therefore,  the  distorted  annulus  can  tolerate 
more  heat  generation  because  it  appears  to  be  a better  heat  conductor  than  the  perfectly 
centered  one.  Observe  that  this  result  is  similar  to  the  one  expected  from  the  picture 
argument. 

Finally,  it  is  important  to  state  that,  the  same  results  and  conclusions  can  be 
obtained  if  the  calculation  to  obtain  the  total  heat-transfer  rate  is  carried  out  at  the  outer 
wall  or  even  if  the  outer  wall  is  displaced  instead  of  the  inner  wall. 


CHAPTER  3 

THERMAL  STABILITY  IN  A PLANAR  GEOMETRY  WITH  HEAT  BEING 
PRODUCED  WITHIN  THE  DOMAIN 

In  this  chapter  we  use  a simple  problem  of  a planar  geometry  to  get  an 
understanding  of  the  tools  required  to  accomplish  our  objective.  Then  what  might  be 
learned  from  this  simple  problem  can  be  applied  to  the  problems  of  this  dissertation  that 
are,  of  course,  more  complicated. 

Now,  before  the  calculations  are  presented  and  discussed,  one  might  like  to  know 
what  is  going  on  from  a physical  point  of  view.  To  achieve  this,  consider  Figure  3-1 . It 
depicts  a heat-producing  material  confined  in  the  space  between  two  parallel  plane  walls 
a distance  2 L apart.  Somewhere  inside  the  heat  producing  material  is  a layer  ot  non-heat 
producing  material;  its  thermal  conductivity  is  denoted  kc , a variable  whose  value  can 
range  from  zero  to  infinity  and  its  thickness  is  2/? . Heat  is  lost  to  the  boundaries,  which 

are  held  at  a fixed  temperature  denoted  Tw  . The  thermal  conductivity  of  the  material  in 

the  space  is  denoted  by  k , and  s denotes  the  distance  by  which  the  central  layer  is 
shifted  from  the  center  of  the  geometry.  The  heat  source  will  be  taken  to  depend  linearly 
on  the  temperature  of  the  heat-generating  material  and  it  will  be  of  interest  to  predict  the 
maximum  temperature  in  the  heat-producing  region  as  a function  of  the  parameters  of  the 
problem.  A thermal  explosion  will  be  identified  by  an  infinite  maximum  temperature 
which  in  turn  translates  into  our  inability  to  find  a steady  solution. 
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Figure  3-1.  Planar  geometry  of  with  the  heat-producing  material. 

Let  us  say  that  we  are  interested  in  knowing  how  the  conditions  for  thermal 
explosion  change  as  the  position  of  the  central  layer  is  shifted  and  its  thermal 
conductivity  changes. 

Now  the  heat  released  in  the  material  in  the  space  between  the  two  parallel  walls 
can  be  removed  by  conduction  to  the  plane  walls  only  if  the  temperature  of  the  material  is 
higher  than  that  of  the  walls.  To  conduct  the  heat  away,  the  more  distant  a point  of  the 
material  is  from  the  boundary  the  higher  its  temperature  must  rise.  Knowing  this,  let  us 
change  the  walls  temperatures  and  positions  until  the  heat  generated  in  the  material 
becomes  greater  than  that  conducted  through  the  walls  at  which  point  thermal  instability 


may  occur. 
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Now,  before  the  calculations  for  this  simple  problem  are  presented  and  discussed, 
let  us  try  to  predict  what  is  happening  at  various  positions  and  conditions  of  the  central 
layer,  such  as  those  depicted  in  Figure  3-2B,  C and  D.  Our  prediction  will  be  based  on  the 
solution  of  the  easiest  sub-case  of  the  planar  problem  where  no  central  layer  exists 
between  the  two  parallel  walls,  as  depicted  in  Figure  3-2A.  The  solution  of  this  heat 
transfer  problem  is  presented  in  the  following. 
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Figure  3-2.  Geometries  of  the  cases  for  which  the  prediction  is  made.  A)  No  solid  layer. 

B)  Solid  layer  On-center.  C)  Adiabatic  solid  layer.  D)  Perfectly  conductive 
solid  layer. 


The  temperature  rise  in  this  problem,  referring  to  Figure  3-3  for  a definition  of  the 


variables,  can  be  described  by  the  thermal  energy  equation 


pcv 


dT_ 

dt 


+ Q(T) 


(3.1) 


where  p and  Cv  denote  the  density  and  the  heat  capacity  of  the  heat-producing  material, 
respectively.  They  are  assumed  to  be  constant  through  this  work.  T is  the  temperature 
field  and  Q(T)  denotes  the  rate  at  which  heat  is  produced  in  the  material  per  unit 
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volume,  assumed  to  be  a linear  function  in  T . The  equation  is  subject  to  two  boundary 
conditions  viz.. 


T = T 

t ' 

LHS 


t 

j 

RHS 


t 


i 


x--L 


i 

x = 0 


1 


Figure  3-3.  Planar  geometry  when  no  central  layer  exists. 


T(x  = - L ) = Tv 


(3-2) 


and 


T(x  = L)  = Tw 


(3.3) 


Let  Q(T ) be  a linear  function  of  T ( i . e. , Q(T)  = Q0  + Q{ (T  - Tw) ) and  set 
T = T -Tw.  Based  on  Equation  (3.1)  f must  satisfy 

pc-f: =*fx+e»(1+®')  <3-4> 


where 
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S=Q L 

Qo 

which  is  the  sensitivity  of  the  heat  generation  to  temperature.  Equation  (3.4)  can  be 

written  in  partly  scaled  form  by  defining  T = T T'  and  t = t t , where  T = — and  where 

S 

S~1 

t = —j~  I:  . Then  the  equation  to  be  solved  is 


where 


1 dt 
a dt " 


-T-  + S2(\  + T')  , - L<  x < L 
dx 


a = 


kt 


pcv 


and  82  = 


SO, 

k 


(3.5) 


The  value  of  8 2 indicates  the  strength  of  the  heat  source  and  the  linear  function 
(1  + 71*)  indicates  how  fast  it  increases  as  T’  increases. 

For  simplicity  in  nomenclature,  let  us  replace  the  scaled  time  t*  and  the  scaled 
temperature  T’  in  Equation  (3.5)  by  t and  T , respectively,  (i.e.,  drop  the  * ’s).  Then  the 
steady  state  temperature  rise  must  satisfy 

^ + 8\l  + T)  = 0 (3.6) 

dx 

where 

T(x  = -L)  = 0 (3.7) 

and 


T(x  = L)  = 0 (3.8) 

The  input  variables  of  this  problem  are  L , k and  82 . The  input  variables  L and  k 
are  held  fixed.  The  only  output  variable,  at  steady  state,  is  therefore  T . It  depends  on  x . 
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Equation  (3.6)  is  a linear,  non-homogenous,  second  order  ODE  that  can  be  solved 
to  give 

T = ^cos<Jx  + 5sin<5x-l  , -L<x<L  (3.9) 

Now  apply  the  two  boundary  conditions  to  find  the  constants  A and  B . This  will  give 

AcosSL- BsinSL-\  = 0 , x = -L  (3.10) 

and 


Acos8L  + Bsm8L-\  = 0 , x-L 

whence  T for  this  sub-case  of  the  planar  problem  can  be  written  as 


(3.11) 


T_cos  Sx 
cos  SL 


(3.12) 


For  this  case,  the  temperature  profile  between  the  two  walls  is  depicted  in  Figure  3-4. 

The  aim  of  this  calculation  is  to  predict  the  critical  value  of  5 {i.e.,  the  value  of  8 
beyond  which  no  solution  exists  i.e.,  where  the  output  variable  T is  not  defined).  From 
Equation  (3.12)  one  can  see  that  T is  not  defined  when  the  denominator  of  the  first  term 
on  the  right-hand  side  vanishes  {i.e.,  when  cos  SL  = 0 ),  where  8 is  the  only  possible 
input  variable  and  its  value  can  be  freely  set.  The  critical  values  of  8 at  which  T ceases 


to  exist  are  termed  8, 


critical ' 


From  Equation  (3.12)  the  critical  value  of  8 is  found  to  be1 


' critical 


n 


(3.13) 


Now,  based  on  the  calculations  done  for  case  A,  let  us  predict  how  the  critical 
points  get  shifted  for  the  cases  shown  in  Figure’s  3-2B,  C and  D. 


1 cos  SL  = 0 for  SL  = nnj 2 , where  n = 1,3,5... , SM  will  be  the  first  of  these  values  encountered  in  every 
8 from  zero. 
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I 


Figure  3-4.  The  temperature  profile  where  no-central  layer  exists  between  the  two  parallel  walls. 
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For  case  B the  central  layer  is  located  in  the  center  of  the  geometry  and  this  case  is 
symmetric.  Because  of  this  symmetry  we  can  say  that  no  heat  is  conducted  through  the 
central  layer  and  therefore  the  value  of  kc  would  have  no  effect.  The  temperature  in  the 
central  layer  will  be  uniform  and  it  will  be  the  highest  temperature  existing  between  the 
outside  walls.  By  comparing  this  case  with  case  A we  can  see  that  the  only  effect  of 
having  a central  layer  is  to  change  the  thickness  of  the  heat-generating  region.  In  other 
words,  in  case  A the  thickness  is  ( L - 0)  while  in  case  B it  is  (L  - /?) . From  this  the 
critical  point  is  expected  to  be 


n 


critical 


2 {L-P) 


(3.14) 


The  critical  value  of  8 in  case  B is  greater  than  it  is  in  case  A.  This  might  mean 
that,  case  B can  stand  a bigger  S and/or  smaller  k and/or  larger  L than  case  A.  This 
happens  because  of  the  fact  that  the  thickness  of  the  heat-generating  region  in  case  B is 
less  than  it  is  in  case  A.  And  consequently,  case  B has  less  quantity  of  the  heat-generating 
material.  From  this  we  can  conclude  that  thin  regions  of  heat-generating  material  are 
thermally  more  stable  than  thick  regions. 

Now  let  us  return  to  our  job  of  making  predictions  based  on  case  A.  Going  on  to 
case  C the  central  layer  is  shifted  a distance  s from  the  center  of  the  geometry  but  no 
heat  transfer  is  permitted  through  this  layer  as  it  is  assumed  that  kc  - 0 . This  leads  to  two 
completely  independent  heat-generating  regions  as  no  heat  can  be  conducted  through  the 
insulated  layer.  The  temperature  in  each  region  is  at  its  maximum  at  its  adiabatic  surface 
and  each  region  acts  like  a case  A problem  at  twice  its  thickness.  Hence,  the  thickness  of 
the  thicker  side  determines  the  critical  value  of  8 . In  case  A the  thickness  is  ( L - 0) 
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while  in  case  C two  different  distances  must  be  taken  into  account,  (L-  fl  + s)  for  the 
thick  region  and  (L-  /?  — e)  for  the  thin  region,  which  represent  the  left  and  the  right 
side,  respectively.  The  predicted  critical  point  would  then  be  expected  to  be  the  lower  of 


n 


critical 


2 (L-p  + e) 


(3.15) 


and 


critical 


n 

2 (L-J3-S) 


(3.16) 


Equation  (3.15)  must  be  controlling  because  its  prediction  is  the  lower  one. 

Finally,  in  case  D the  central  layer  is  shifted  a distance  e from  the  center  of  the 
geometry  but  now  the  heat-generating  regions  remain  in  perfect  contact  as  k(  — » oo . 
Based  on  this,  one  can  deal  with  this  case  as  if  no  layer  exists  between  the  two  parallel 
walls.  Then  the  values  of  e will  have  no  effect  on  the  results  and  only  ft  must  be 
considered.  The  temperature  profile  would  then  be  similar  to  that  of  case  A except  that 
the  central  layer  will  cut  this  curve  into  two  pieces,  separating  the  two  pieces  by  the 
thickness  of  the  layer,  2ft . Across  the  central  layer  the  temperature  is  uniform.  By 
comparing  this  case  with  case  A we  can  see  that  the  effect  is  to  change  the  distance  from 
the  geometric  center  to  the  walls.  The  distance  in  this  case,  case  D,  is  (L  - /?) . From  this 


the  expected  critical  point  would  be  thought  to  be 


n 


critical 


2(1-/?) 


(3.17) 


The  predicted  critical  points  for  cases  B,  C and  D will  be  shown  to  be  correct  from 
the  calculations  given  in  the  following  section. 
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3.1  The  Parallel  Plane  Wall  Problem 

This  problem  is  depicted  in  Figure  3-1  and  described  in  full  earlier.  The 
temperature  rise  T at  the  left-hand  side  must  satisfy 


pC  — = k^~Y  + Q(T) 

v 8t  dx2 


(3.18) 


at  the  right-hand  side  it  must  satisfy 


pc^=kl?+Q(T) 


(3.19) 


and  in  the  central  layer  it  must  satisfy 

P cv 


,2^C 


CriCdTc  ,rd2r 


dt 


= kc 


dx 2 


(3.20) 


where  Q(T)  denotes  the  rate  at  which  heat  is  produced  in  the  material  per  unit  volume.  It 

is  positive  and  it  increases  as  T increases.  Some  notation  is  illustrated  in  Figure  3-5. 

The  boundary  conditions  are 


and 


T(x  = -L)  = Tw 


T{x  = -J3  + s)  = Tc(x  = -J3  + s ) 
T(x  = L)  = Tw 


T(x  = p + s)  = Tc(x  = p + s) 


(3.21) 


(3.22) 


(3.23) 


(3.24) 


with  two  more  conditions  at  the  interface,  namely 

at  x = -ft  + e 


. dT  c dTc 
k — = k 


dx 


dx 


(3.25) 


and 
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,dT  ,cdTc 

k — = k at  x - B + s 

dx  dx 


(3.26) 


The  initial  condition  is 


T = fix) 


(3.27) 


T = T 

1 


LHS 


dT  kc  dTc 


dx  k dx 


,c^c  dTC.=  kc  S2T 


2 qn  C 1 


P Cv 


dt 


dx 2 


t 


i 

x = -L 


pCv  — = k^-  + Q(T) 
v dt  dx1 


Tc=? 


I 


T = T 

t 


RHS 


'dr  kc  df 


dx  k dx 


pCv  — = k^r  + Q(T) 
y v dt  dx 2 


i 


X=-fi+£  ^ X=P+£ 

X = 0 


t 


i 

x = L 


Figure  3-5.  Planar  geometry  with  the  domain  equations. 

Again,  let  Q(T)  be  a linear  function  of  T (i.e.,  Q(T)  = Q0+Ql(T -Tw))  and 

again  set  T = T - Tw . Next  rewrite  Equations  (3.18),  (3.19)  and  (3.20)  in  partly  scaled 


1 


form  by  defining  T = T T and  t = t t , where  T - — and  where  t 

S k 


/°^  v L 2 . Then  the 


equations  to  be  satisfied  are 

1 dT'  d2r  _2/1 

— — - — -y  + J (1  + T ) , -L<X<-/3  + £ 

a dt  ox 


(3.28) 
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1 dT'  d2f 


+ S2(\  + T'),  fi  + e <x  < L 


(3.29) 


a dt * dx 2 


and 


1 dT'c  d2T'c 


, -J3  + s<x</3  + £ 


(3.30) 


where 


and  S = — 

Q0 


As  before  the  value  of  S2  indicates  the  strength  of  the  heat  source  and  the  linear 


function  (1  + T')  indicates  how  fast  it  increases  as  T"  increases.  Again,  for  simplicity  in 


notation,  drop  the  * ’s. 

The  input  variables  for  this  problem  are  L , /? , £ , k , k(  and  S2 . All  the  input 

variables  are  held  fixed  except  S2 . The  only  output  variable,  at  steady  state,  is  therefore 
T . It  depends  on  x . 

By  looking  at  Equations  (3.28),  (3.29)  and  (3.30)  one  can  see  that  we  are  fortunate 
as  they  can  be  solved  at  steady  state  conditions.  The  steady  state  solutions  to  these 
equations  are  derived  in  the  following  section. 


From  Equations  (3.28),  (3.29)  and  (3.30)  the  steady  state  temperature  rise  Tsteady 
must  satisfy 


3.2  Observations  on  the  Steady  State  Solutions 


d2r 


(3.31) 


(3.32) 
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and 


j2  nriC 

^ = 0,  -/3  + £<x<p  + e 

dx 


(3.33) 


where  at  the  boundaries  and  at  the  surfaces  separating  the  regions  we  must  have 

Tsleady(x  = -L)  = 0 (3.34) 


Tsteady(x  = ~p  + £)  = Tsleady(x  = ~P  + s) 


steady  * 


Tsteady(x  = L)  = 0 


and 


as  well  as 


and 


Ts,eady(x  = P + £)  = T^ady(x  = P + S) 


kCE^  = kC(£ste^  5 X = _/?  + ^ 
dx  dx 


k^j^  = kC^s!eadL  ^ x = y5  + £ 

dx  dx 


(3.35) 


(3.36) 


(3.37) 


(3.38) 


(3.39) 


Equations  (3.31)  and  (3.32)  are  linear,  non-homogenous,  second  order  ODEs  which  can 
be  solved  easily  to  give 


^steady  = ^ C0S^X  + B SU1  Sx  ~ 1 , ~ L < X <~P  + £ 


(3.40) 


and 


Tsteady  = F cos 8x  + Z)  sin  <!>x  - 1 , P + £ < X < L 


(3.41) 


Equation  (3.33)  is  a linear,  homogenous,  second  order  ODE  that  can  be  solved  to  give 


T«eady  = E + Fx  , ~P  + £<X<P  + £ 


(3.42) 
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Now  we  substitute  these  results  into  the  six  boundary  conditions  to  determine 


A,  B,  C,  D,  E and  F . This  will  give 

AcosSL- BsmSL-\-0  , x = -L  (3.43) 

AcosS(/3  - s)- BsinS(/3 E + F J3  - Fs  = 0 , x = -/?  + s (3.44) 
CcosSL  + Ds'mSL-\  = 0 , x = L (3-45) 

CcosS(j3  + s)  + DsinS(/3  + £)-\- E - F/3 - Fe  = 0 , x = /3  + s (3.46) 

kc 

AS  sin  5 (/?  - f)  + B5  cos  S(/3-e) F = 0 , x = -/3  + s (3-47) 

k 

and 

kc 

-CS smS(P  + e)  + DS cos S(p  + e) F = 0,  x = p + e (3.48) 

k 


Then,  solve  Equations  (3.43)  and  (3.47)  to  find  the  constants  A and  B in  terms  of  F 
and  solve  Equations  (3.45)  and  (3.48)  to  find  the  constants  C and  D in  terms  of  F . The 
results  are 


and 


A = 


S cos S(p  - s)  + —-  F sinSL 
ScosS(L~P  + £■) 


B = 


FcosSL-  Ss'mS^P  - e) 
S cos<5(L-  fi  + f) 


C = 


ScosS^p  + s) -FsinSL 

Jc 

ScosS(L-  p -e) 


D = 


kc 

— F cosSL  + S sinS  (P  + e) 


(3.49) 


(3.50) 


(3.51) 


ScosS(L-  P~e) 


(3.52) 
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Next,  substitute  A and  B given  by  Equations  (3.49)  and  (3.50)  into  Equation  (3.44) 
which  gives 

1 kc 

+ — Ftan8(L-J}  + e)-l-E  + F0-Fe  = Q (3.53) 

cos  8(L-  /3  + s)  Sk 

and  substitute  C and  D given  by  Equations  (3.51)  and  (3.52)  into  Equation  (3.46)  which 
gives 


- — F\an8(L-p-e)-\-E-Fp-Fe  = Q 


(3.54) 


cos  S(L-/3-£)  Sk 

Then,  to  find  F in  terms  of  L,  /3,  e and  k'  /k , subtract  Equation  (3.53)  from  Equation 


(3.54),  whence 


—[tanS(L-p  + e)  + tanS(L-p-£)]  + 20 
Sk L 


1 


1 


cos 8{L-f5-e)  cos  8{L  - fi  + e) 


(3.55) 


To  find  the  critical  value  of  S as  a function  of  L,  /?,  £ and  k(  / k we  seek  values 
of  5 where  the  solution  does  not  exist  (i.e.,  where  F is  not  defined).  From  Equation 
(3.55)  we  see  that  F is  not  defined  at  one  of  the  following  two  conditions.  The  first 
condition  is  when  the  term  multiplying  it  on  the  left-hand  side  vanishes.  And  the  second 
condition  is  when  the  term  on  the  right-hand  side  of  Equation  (3.55)  goes  to  infinity. 
When  the  first  condition  is  considered,  the  critical  value  of  8 must  satisfy 


Sk 


[tan£(Z,  -/?  + £)  + tan  8(L  - /?  - £)]  + 2/3 


= 0 


(3.56) 


Now  Equation  (3.56)  can  be  arranged  as 

[tan  8(L  -/?  + £)  + tan S(L  -/?-£)]  = 

K 


(3.57) 
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and  the  critical  value  of  8 can  be  found  by  substituting  numerical  values  into  this 
equation  and  then  the  left  hand  and  the  right  hand  sides  of  this  equation  need  to  be  drawn 
as  graphs  vs.  8 . The  points  of  intersection  are  the  possible  critical  values  of  8 . 

Therefore,  several  numerical  values  of  L , (5 , e , k and  k‘  are  examined.2  Then, 
to  find  the  critical  value  of  8 , let  us  begin  by  plotting  the  left-hand  side  of  Equation 
(3.57)  vs.  8 . This  is  made  to  see  how  the  graph  of  the  left-hand  side  will  look  like  and  to 
study  the  effect  of  change  in  s on  its  shape.  Thus,  the  left-hand  side  is  drawn  for  two 
different  values  of  s and  the  results  are  depicted  in  Figures  3-6  and  3-7. 

From  these  two  figures  we  can  note  that,  as  8 increases  the  left-hand  side  term  will 
form  the  usual  tangent  curve.  Also  we  see  that,  as  the  value  of  £ increases  the  tangent 
curve  becomes  less  sharper. 

Finally,  both  the  left-hand  side  and  the  right-hand  side  of  Equation  (3.57)  are 
considered  and  drawn  as  graphs  vs.  8 for  two  different  values  of  s as  depicted  in  Figure 
3-8  and  Figure  3-9.  The  points  of  intersection  are  the  possible  critical  values  of  8 at  the 
selected  values  of  L , /? , £ , k and  kc . 

From  Figure  3-8  and  Figure  3-9  we  can  note  that,  as  8 increases  the  left-hand  side 
term  of  Equation  (3.57)  will  form  the  usual  tangent  curve  while  the  right-hand  side  of  the 
equation  will  decrease  linearly  with  8 . Moreover,  by  changing  the  values  of  k(  and  £ a 
very  important  conclusion  can  be  drawn.  It  is  this:  as  k'  increases  8crttical  increases  and 

2 The  values  of  k and  kc  used  in  this  work  and  in  these  calculations  cover  a wide  range  of  materials.  The 
values  of  k used  cover  various  types  of  materials  such  as  solid  metals,  nonmetallic  solids,  nonmetallic 

liquids  and  liquid  metals  while  the  values  of  kc  used  include  solid  metals  and  nonmetallic  solids.  The 
approximate  ranges  for  the  thermal  conductivity  of  various  classes  of  materials  can  be  found  in  Deen, 
W.M.,  1998,  Analysis  of  Transport  Phenomena,  Oxford  University  Press,  New  York.  The  numerical  values 
for  the  thermal  conductivity  of  various  materials  can  be  found  in  the  CRC  Handbook  of  Chemistry  and 
Physics,  CRC  Press,  70th  Ed.,  Boca  Raton,  Florida. 
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Figure  3-6.  Shape  of  [tan 8(L-p  + e)  + tan S(L -p-s)\ and  5 at  f = 0.2m. 
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Figure  3-7.  Shape  of  [tan 5 (L-/3  + e)  + tan 8 [L-p-s)]  and  8 at  f = 0.9m. 
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Figure  3-8.  Critical  value  of  S at  s = 0.2  m and  different  values  of  kc . 
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Figure  3-9.  Critical  value  of  S at  e-  0.9  m and  different  values  of  k' 


51 


as  s increases  5 . . , decreases.  This  might  happen  because  of  the  fact  that,  as  k( 


increases  more  heat  from  the  thick  region  can  be  conducted  through  the  central  layer 
toward  the  thin  region  and  this  can  increase  the  thermal  stability  of  the  system.  On  the 
other  hand,  as  e increases  the  thick  region  becomes  thicker  and,  therefore,  it  will 
generate  more  heat  and,  for  such  a case,  the  thermal  stability  of  the  system  decreases. 

When  the  second  condition  is  considered  ( i.e .,  when  the  term  on  the  right-hand  side 
of  Equation  (3.55)  goes  to  infinity),  the  critical  value  of  8 must  satisfy 


cos  S{L-  (3  + g)-cos  8{L-  (3  - s) 
cosS(L-  f3  - e)cos8(L-  f3  + £•) 


— > 00 


(3.58) 


This  mean  that,  either  cos  8(L  -/?-£■)  = 0 or  cos  S(L  - p + s)  = 0 . Therefore,  two 
critical  points  can  be  found.  The  critical  point  would  then  be  expected  to  be  the  lower  of 


n 


' critical 


2 (L-fi  + e) 


(3.59) 


and 


8 


7Z 


critical 


2 (L-p-s) 


(3.60) 


Equation  (3.59)  must  be  controlling  because  it  is  the  lower  one. 

Now,  two  different  limits  of  k(  can  be  investigated.  First  let  k(  be  zero.  This 
means  that  no  heat  can  transfer  through  the  central  layer  and  this  will  result  in  the 
formation  of  two  completely  independent  heat-generating  regions,  one  to  the  left  of  the 
insulator  and  the  other  to  its  right.  Equation  (3.55)  will  then  turn  into 


F = — 
2(3 


1 


1 


cos  S{L-p~s)  cos  S(L-  ft  + e) 


(3.61) 


which  can  be  rearranged  as 
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F=  — 

2 P 


cosS(L-  /?  + e)-cosS(L-  fi  -g) 
cosS(L- /3  - z)cosS(L- /3  + s) 


(3.62) 


Then,  to  find  <5  . . , the  denominator  on  the  right-hand  side  of  Equation  (3.62)  must 


vanish,  which  means  that 


cos  8{L-  /?  -g)cos  8(L-  (5  + g)  = 0 


(3.63) 


must  hold,  and  based  on  this  two  critical  points  can  be  found.  They  are 


u critical 


n 


and 


critical 


2(L-0  + e) 


n 

2 (L-fi-e) 


(3.64) 


(3.65) 


These  are  the  results  predicted  earlier.  Equation  (3.64)  must  be  controlling  because  it 
gives  the  smaller  critical  value  of  5 . 

Now  let  kc  be  infinitely  large.  Again,  the  critical  value  of  S corresponds  to  not 
being  able  to  find  F , and  for  this  to  be  the  case  the  term  multiplying  F in  Equation  (3.55) 
must  vanish  (/. e. , Equation  (3.56)), 


8k 


[tan  8{L  -j3  + e)  + tan S(L  - fi  - s)\  + 2fi 


= 0 


must  hold.  This  can  be  rearranged  as 


[tan 8{L-  (5  + s)  + tan8(L  - J3  - e)\  = — ^ l — 


(3.66) 


where  the  right-hand  side  goes  to  zero  as  k‘  —>  co  (provided  8 does  not  go  to  infinity). 
This  leads  to 

t&n8(L-fi  + £)  + tanS(L-j3-£)  = 0 (3-67) 
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3 i * 

and  by  using  the  addition  formula  for  the  tangent  function  we  can  see  that  Equation 
(3.67)  turns  out  to  be 

tm2S(L- fi)[\- tan  S(L- - s)  tan  5 (L- /3  + f)]  = 0 (3.68) 

Then  by  using  Equation  (3.67),  Equation  (3.68)  becomes 

tan2S(L  - /?)[l  + tan2  S(L  - ft  + £)]  = 0 (3.69) 

and  since  only  the  first  term  can  vanish,  the  critical  point  can  be  found  by  setting 
tan  2S(L  - p)  equal  zero.  It  is 
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critical 


2{L-P) 


(3.70) 


This  result  is  depicted  in  Figure  3-10.  It  is  the  result  obtained  earlier  by  our 
prediction  process. 

It  is  important  to  point  out  that,  our  search  for  the  critical  value  of  8 as  a function 
of  L,  f,  s and  kc  /k  for  this  problem  is  based  on  the  condition  that  F , which  is  given 
by  Equation  (3.55),  is  not  defined.  But  this  cannot  hold  for  the  symmetric  case  (/. e. , 
e = 0 ),  as  in  this  case  we  found  that  T(sleady  = E and  F = 0 . Since  F - 0 , then  Equation 

(3.55)  cannot  be  used  to  find  the  critical  point.  Therefore,  to  solve  the  case  where  the 
central  layer  is  symmetrically  placed  we  must  reapply  the  six  boundary  conditions  given 
by  Equations  (3.34)  to  (3.39)  into  Equations  (3.40),  (3.41)  and  (3.42)  taking  into  account 
that  F = 0 . 


tan(/f±Z?)  = 


tan  A ± tan  B 
1 + tan  A tan  B 


3 The  addition  formula  is. 
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£ 


Figure  3-10.  Critical  value  of  8 when  k' 
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Thus,  we  rework  the  problem  using  Equations  (3.40)  to  (3.48)  where  F - 0 and 


TLdy  = E and  we  get 


Acos SL  - BsinSL  - 1 = 0 , x — -L 

(3.71) 

AcosSp  - BsmSp  - \-  E = 0 , x--p 

(3.72) 

CcosSL  + DsinSL-l  = 0 , x-L 

(3.73) 

A8  sin  Sp  + BS  cos  8p  = 0 , x = ~P 

(3.74) 

CcosSp  + DsinSp  - 1 - £ = 0 , x = p 

(3.75) 

-CSsinSP  + DS  cosSp  = 0 , x-  P 

(3.76) 

and 


Then,  solve  Equations  (3.71)  and  (3.74)  to  find  the  constants  A and  B and  solve 
Equations  (3.73)  and  (3.76)  to  find  the  constants  C and  D.  From  this  we  find  that  A-C 
and  B = -D  . Therefore,  Equations  (3.72)  and  (3.75)  are  linearly  dependent  and  the 
constant  E can  be  found  from  any  one  of  them. 

Then,  by  substituting  the  values  of  A,  B,  C,  D and  E into  Equations  (3.40),  (3.41) 
and  (3.42)  the  base  solution  can  be  obtained.  It  is 

cos  5{x  + P) 


1 steady 


cosS(L-  P) 
cos  S(x-  ft) 


1 steady 


cos  5(L-  P) 


- 1 , - L < x < -p 
1 , p <x  < L 


(3.77) 

(3.78) 


and 


Tc 

steady 


1 


cos  S{L-  P) 


-1  , - p <x<  P 


(3.79) 


56 


Based  on  this  the  critical  value  of  8 (i.  e. , the  value  of  8 where  the  output  variable 
Tsleady  goes  to  infinity),  can  be  found.  This  happens  when  the  denominator  of  the  first 

term  on  the  right-hand  side  of  Equations  (3.77),  (3.78)  and  (3.79)  vanishes  (i.e.,  when 
cos  8(L  - P)  = 0 ),  and  the  critical  point  is  then  given  as 


Tt 


critical 


2 (L-/3) 


(3.80) 


This  agrees  with  our  earlier  prediction. 

We  can  summarize  what  we  have  done  thus  far  in  the  case  of  the  parallel  plane  wall 
problem.  At  first  a simple  case  with  no  central  layer  was  worked  out  and  plausibility 
arguments  were  advanced  from  which  8critical  could  be  predicted  when  changes  in 

geometry  and  thermal  conductivity  were  made.  These  predictions  were  then  verified  by 
formal  methods.  What  we  leamt  is  that  even  for  these  simple  problems  the  manipulations 
that  determine  the  critical  points  are  not  ordinarily  simple.  The  problem  becomes  even 
more  complicated  if  by  introducing  the  displacement  of  the  central  region  temperature 
variation  in  another  dimension  is  created.  This  is  precisely  what  occurs  in  the  case  of  the 
distorted  annulus  (i.e.,  a pipe  containing  a central  rod),  problem  as  we  shall  see  in  the 
next  chapter. 

Now  one  way  used  to  deal  with  harder  problems  is  to  change  the  geometry  slightly 
and  to  use  domain  perturbation  methods.  This  approach  could  then  be  tested  on  the 
simple  problem  given  above  before  it  is  used  on  a more  complicated  problem.  However  it 
turns  out  that,  when  8 = 8criUcal  it  is  very  difficult  to  apply  the  perturbation  technique 
directly  to  the  simple  equations.  To  explain  the  reason  behind  this  let  us  consider  the 
symmetric  problem  as  our  reference  state  which,  as  we  know,  has  its  own  ScrilicaI . Then  to 
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find  Scntlcal  for  the  perturbed  problem,  where  the  central  layer  is  slightly  offset,  we  must 
expand  about  the  solution  of  the  reference  state  but  that  might  have  already  blown  up. 

This  happens  when  8critical  of  the  perturbed  geometry  is  greater  than  it  is  for  the  reference 

state  and  it  means  that,  we  are  trying  to  expand  around  a case  that  does  not  exist.  On 
account  of  this,  we  cannot  see  the  effect  of  the  perturbation  on  the  thermal  stability  of  the 
problem.  On  the  other  hand,  if  the  solution  of  the  reference  state  does  not  blown  up  (i.e., 
Scnuca,  of  the  perturbed  geometry  is  less  than  it  is  of  the  symmetric  one),  then  the 

perturbation  terms,  the  correction  terms  that  account  for  the  displacement,  in  the 
expansion  must  blow  up4  and  hence  the  perturbation  series  makes  no  sense,  as  the 
correction  terms  must  be  smaller  than  the  solution  of  the  reference  state.  Because  of  this 
we  cannot  see  the  effect  of  the  perturbation  on  the  thermal  stability  of  the  problem.  Based 
on  these  two  observations  we  can  see  that  no  conclusion  can  be  drawn  from  applying  the 
domain  perturbation  method  directly  to  the  equations  of  the  simple  problem  and  that 
might  be  due  to  the  fact  that  the  unboundedness  or  nonexistence  of  solutions  is  being 
used  to  test  for  the  critical  conditions. 

Because  of  the  difficulties  associated  with  applying  a domain  perturbation  method 
directly  to  the  equations  themselves  in  order  to  find  out  under  what  conditions  a variable 
becomes  infinitely  large,  another  approach  is  taken.  Note  that  these  problems  are  linear 
no  matter  the  geometry  and  if  they  are  treated  as  initial  value  problems  then  for  8 
beyond  its  critical  value  an  arbitrary  initial  condition  should  become  unbounded.  What 
this  means  is  that  if  the  problems  were  solved  by  eigenfunction  expansion  an  eigenvalue 
would  be  positive.  The  critical  value  of  8 should  then  correspond  to  the  greatest 


4 Remember  that  the  critical  value  of  S is  identified  by  infinite  maximum  temperature. 
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eigenvalue  just  becoming  zero  and  no  singularity  would  have  to  be  dealt  with.  Thus,  the 
way  to  proceed  is  to  set  up  the  eigenvalue  problem  and  solve  it  for  a simple  reference 
case,  say  with  the  layer  at  the  center.  The  eigenvalue  problem  with  a displaced  layer  is 
then  solved  by  perturbing  the  solution  to  this  problem  about  the  reference  state.  This 
provides  a way  to  get  a solution  as  no  “infinities”  ought  to  be  encountered.  The 
eigenvalue  method  is  illustrated  in  the  following  section,  however  it  is  not  carried  out  to 
reproduce  all  our  earlier  results.  It  is  applied  here  to  the  layer  free  case  and  the  symmetric 
case.  Its  use  in  non-symmetric  cases  will  be  presented  in  the  next  chapter  when  the  rod 
and  pipe  problem  is  taken  up. 

3.3  The  Eigenvalue  Problem 

To  get  the  eigenvalue  problem  first  define  T'  = T(x,  0 - Tsleady(x) . Then  substitute 
T = T'  + Tsteady  into  the  unsteady  equations  (i.e.,  Equations  (3.28),  (3.29)  and  (3.30)),  and 
make  use  of  the  Equations  (3.31),  (3.32)  and  (3.33)  for  Tsteady  to  get 


1 dT' 
a dt 


r)lT' 

— r + S2T' , -L<x<-p+£ 
dx 2 


i dr 

a dt 


d2r 

dx2 


+s2r 


P + £ < x < L 


(3.81) 

(3.82) 


and 


1 dT'c  _ d2Tc 
ac  dt  dx2 


- P + £ <x  < P + £ 


(3.83) 


where  at  the  boundaries  and  at  the  surfaces  separating  the  regions  we  must  have 

T'(x  = -L)  = 0 (3.84) 


T'(x  = -P  + £)  = T'c(x  = -P  + £ ) 


(3.85) 


T\x  = L)  = 0 


(3.86) 
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and 


T\x  = p + s)  = T'c(x  = fi  + e) 


as  well  as 


dx  dx 


X = ~P  + s 


(3.87) 


(3.88) 


and 

, dT'  lC  dT'c  a n Rtn 

k = kL , x = fi  + £ (j-89) 

dx  dx 

Keep  in  mind  that  for  simplicity  in  notation  the  scaled  temperatures  T and  T c 
and  the  scaled  time  t*  appearing  in  Equations  (3.28),  (3.29)  and  (3.30)  has  been  replaced 
by  T , T(  and  /,  respectively. 

Now  to  get  the  eigenvalue  problem  let  us  apply  the  separation  of  variables  method 
into  Equations  (3.81),  (3.82)  and  (3.83).  But  before  doing  so  let  us  make  it  clear  that  T 
and  T'c  are  the  same  variable  but  it  is  defined  over  different  regions  and  that  a is 
function  of  x , as  its  value  changes  from  one  region  to  another.  To  use  the  separation  of 
variable  method,  let  us  define  T'  and  T'(  as 

T'  = e~lhy/  , — L < x < — (5  + s 

T - e~xhy  , p + s<x<L 

and 

T'c  = e~* V » - P + £ <x  < p + £ 

where  e~xh  is  the  growth  rate  at  which  the  temperatures  in  the  three  regions  grow.  Then, 
let  us  substitute  these  definitions  back  into  Equations  (3.81),  (3.82)  and  (3.83)  to  obtain 
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2-'  ( X2' 


d if/ 
dx1 


+ 


S2+- 
V a 


if/  = 0,  -L<x  <-{3  + s 


(3.90) 


2...  ( 


dly/ 

dx1 


+ 


2 \ 


c2  ^ 
8 + — 

a 


if/ = 0 , P + s < x < L 


(3.91) 


and 


d2if/c  X 


dx  a 


+ — lf/L  - 0 , -p  + £<X<  P + £ 


(3.92) 


where  -X2  is  the  growth  rate  constant,  the  eigenvalue,  and  where  if/  is  the 
eigenfunction.  The  critical  value  of  8 , 8crilical , is  reached  when  the  growth  rate  constant, 

- X 2 , becoming  zero.  However,  These  equations  can  be  written  in  a simpler  form  by 
defining 


a2  = 


( 

82+±- 
V a J 


(3.93) 


and 


HI 


2 A 


Then,  the  eigenvalue  equations  become 


(3.94) 


d2y/ 

dx2 


+ o2if/  - 0 , - L < x < ~P  + £ 


d2if/ 

dx2 


+ o2if/  = 0,  p + £ < x < L 


(3.95) 

(3.96) 


and 


2 ,„c 


d2if/‘ 

dx2 


+ A V =0,  ~P  + £ <X<P  + £ 


(3.97) 
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where  <x2  is  an  output  that  describes  the  strength  of  the  thermal  diffusion.  It  is  always 
positive  and  it  can  be  redefined  as 


cr2  = 


S2  + 


1 


a 


2 N 


A2+^A2 


c \ 

a 


v 


(3.98) 


The  boundary  conditions  are 


V(x  = -L)  = 0 (3.99) 

y/(x  = -/3  + s)  = y/c  (x  = -f  + s)  (3.100) 

y/(x  = L)  = 0 (3.101) 


and 


y/  (x  = f + e)  = y/(  (x  = f + s ) 


as  well  as 


kdvL  = kcd^<x  = _/}  + s 

dx  dx 


and 


kdyL  = kcd^tX  = p+e 

dx  dx 


(3.102) 


(3.103) 


(3.104) 


Equations  (3.95),  (3.96)  and  (3.97)  are  linear,  homogenous,  second  order  ODEs 
which  can  be  solved  to  give 

yr  - ^4  cos  crx  + 5 sin  crx  , -L<x<-j3  + s (3.105) 

y/  = Ccoscrx  + Dsincrx  , f + £ < x < L (3.106) 

and 


yrc  = E cos Ax  + F sin  Ax  , -/3  + e<x</3  + s 


(3.107) 
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Now  to  find  the  constants  A,  B,  C,  D,  E and  F substitute  these  expressions  into 


the  six  boundary  conditions  to  obtain 

A cos  crL-  B sin  aL  = 0 , x = -L 

A cos  a((3  -s)-  B sin  a(/3  -s) 

- E cos  A (/?  -e)  + F sin  A(/?  - e ) = 0 , x = -j3  + e 


(3.108) 


(3.109) 


CcosaL  + DsinaL  = 0 , x-L 


(3.110) 


C cos  cr(P  + s)  + D sin  a(fi  + s) 


- E cos  A(/?  + e)-F  sin  A(/?  + f ) = 0 , x = fi  + s 


(3.111) 


Act  sin  cr(/3  -s)  + Bcj  cos  cr(/3-e) 


k[EA  sin  A{fi  - e)  + FA  cos  A(/?  - ^ )]  = 0 , x = -/?  + e 


(3.112) 


and 


-Cct  sin  cr(p  + s)  + Da  cos  a(/3  + s) 

- A:[-£Asin  A(/3  + £:)  + FA  cos  A(/?  + £•)]  = 0 , x = (i  + s 


(3.113) 


Various  cases  can  be  worked  out  and  they  are  illustrated  in  the  following  sub- 
sections. 

3.3.1  Case  1:  The  Planar  Problem  with  No  Central  Layer 

This  is  the  case  of  no  non-heat  generating  layer  and  it  is  the  simplest  of  the  cases. 
The  eigenvalue  problem  for  this  case  can  be  written  as 

~Y  + cr V = 0 , - L <x  < L (3.114) 

dx 

This  equation  is  a linear,  homogeneous,  second  order  ODE  which  can  be  solved  to 


give 


iff  = A cos  ax+  B sin  ax  , -L<x<L 


(3.115) 


where  y/  must  satisfy 
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y/(x  = -L)  = 0 (3.116) 

and 

y/(x  = L)  = 0 (3.117) 


whence 


AcoscrL  - Bs'mcrL  = 0 , x--L 


(3.118) 


and 


A cos  <jL  + B sin  crL  = 0 , x-L 

Equations  (3.1 1 8)  and  (3.119)  can  be  written  in  matrix  form  as 


cos  <jL 

sin  crL 

‘ A ‘ 

'O' 

cos  crL 

- sin  crL 

B 

_0 

(3.119) 


(3.120) 


To  find  a solution  other  than  A = 0 and  B = 0 , the  determinant  of  the  above  matrix 
must  vanish,  which  means 


-2  cos  crZ,  sin  crZ.  = 0 


In  other  words  we  must  have" 


-sin  2cr  L = 0 


and  hence 


If  n = 1 then 


cr  = — , n = 0, 1,2,3, ... 
2 L 


(3.121) 


(3.122) 


(3.123) 


(3.124) 


and  Equation  (3.120)  turns  out  to  be 


5 From  the  double-angle  formula  (i.e.,  sin  2 A = 2sin  /(cos  A ). 
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0 

1 ' 

~A 

"O' 

0 

-1 

B 

0 

(3.125) 


Whereupon  A can  be  anything  while  B must  vanish  and  the  eigenfunction  y/x  is 
cosioj^  . Now  as  <j2  = S2  + (A 2/a)  we  have  for  the  growth  constant 


X_ 

a 


n2n2 


4 L2 


+ 8 2 


(3.126) 


and  our  solution  takes  the  form 

V = Awxe*  + Aw#*  + Aw#*  + ...  (3.127) 


As  we  stated  earlier,  the  critical  value  of  8 (i.e.,  8crUlcal ),  is  reached  when  the 


growth  constant,  -A2 , is  equal  to  zero.  Thus,  from  Equation  (3.126)  and  at  n = 1 we  find 

(3'128) 

This  is  the  result  found  from  the  steady  state  calculations  for  the  same  problem  solved  at 
the  beginning  of  this  chapter.  From  Equation  (3.126)  one  can  see  that  the  eigenvalue, 

-A2 , depends  on  8 2 and  Figure  3-11  gives  a clear  idea  on  how  they  are  related. 

To  understand  Figure  3-11,  let  us  take  an  arbitrary  disturbance  and  expand  it  as  the 
sum  of  the  eigenfunctions  where  each  of  these  eigenfunctions  is 

multiplied  by  the  growth  rate  e ~A"' , as  given  by  Equation  (3.127).  Then,  referring  to  the 
points  marked  in  Figure  3-1 1,  at  point  1 the  eigenvalues,  -A2 , for  are 

negative.  Therefore,  at  point  1 the  whole  problem  is  thermally  stable  since  all  the  growth 
rates  will  die.  At  point  2 the  eigenvalue  for  the  y/x  part  only  is  positive  then  the  growth 

rate  for  <//,  will  grow  while  the  growth  rates  for  will  die.  Therefore,  at  point 

2 the  problem  is  thermally  unstable.  However,  consider  the  two  points  located  on  the 
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'6 


(,“)  ”/tr- 


Figure  3-11.  Relationship  between  -A2/a  vs.  S2  for  the  planar  problem  with  no-central  layer. 
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n = 1 line.  On  this  line  we  see  that,  points  3 and  4 are  stable  points  as  they  are  located  in 
the  region  where  the  eigenvalues  are  negative.  But  point  3 is  thermally  more  stable  than 
point  4 because  point  4 is  much  closer  to  the  critical  point,  8crjtical , than  point  3 and  its 
growth  rate  will  die  slower. 

Based  on  our  understanding  of  Figure  3-11  and  from  Equation  (3.93)  which  can  be 
rewritten  as 

= 82-g2  (3.129) 

a 

we  can  conclude  that  anything  that  lowers  the  growth  constant,  -A2 , makes  the  system 
more  stable  (/.  e. , allows  greater  values  of  S2 ),  and  since  the  critical  value  of  8 is  at 
-A2  = 0 , then  bigger  values  of  82  corresponds  to  bigger  a2  which  means  higher  thermal 
diffusion. 

3.3.2  Case  2:  The  Planar  Problem  with  Central  Layer  at  s = 0 

This  is  the  case  when  the  non  heat-generating  layer  is  centered  between  the  parallel 
plane  walls.  Now  substitute  the  solution  to  the  domain  equations  (i.e..  Equations  (3.105) 
to  (3.107)),  into  the  six  boundary  conditions  taking  into  consideration  that  s = 0 


whereupon  Equations  (3.108)  to  (3.1 13)  turn  out  to  be 

AcoscrL- BsmcrL  = 0 , x = -L  (3.130) 

Acoscr/3  - Bsm<r/3  - EcosA/3  + Fs'mA/3  = 0 , x = -fi  (3.131) 

CcoserL  + DsincrL  = 0 , x - L (3.132) 

Ccoscr/3  + Dsmcr/3  - EcosA/3  - FsinA/3  = 0 , x = /3  (3.133) 

Act  sin  <r/?  + Ba  cos  cr/?  - k [£A  sin  AJ3  + FA  cos  A/?]  = 0 , x = -J3  (3.134) 


and 
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-Ccrsmcr/3  + Dcrcoscrfl -k[-EAsinAfi  + FAcosA/3]  = 0 , x~p  (3.135) 
Then,  solve  Equations  (3.130)  and  (3.134)  to  find  the  constants  A and  B in  terms  of  E 
and  F and  solve  Equations  (3.132)  and  (3.135)  to  find  the  constants  C and  D in  terms 
of  E and  F . The  results  are 


kA  sin  crL  [E  sin  AP  - F cos  A p ] 
cr  cos  a(L  - P) 

(3.136) 

-kA  cos  <jL \E  sin  Ap  - F cos  A p ] 
crcoscr(L-  P) 

(3.137) 

kA  sin  crL  [Esin  A/?  + FcosA/?] 
crcos  cr(L-  P) 

(3.138) 

D = 


kA  cos  crL  [ E sin  A/3  + F cos  A/3  ] 
a cos  o{L-  P) 


(3.139) 


Then  substitute  A and  B into  Equation  (3.131)  and  C and  D into  Equation  (3.133)  to 


get 


kA  sin  A/3  sin  cr(Z,  — (3) 
cr  cos  o(L-  (3/ 


-cos  A/3 

kA  cos  A/3  sin  cr(L  - /3) 
cr  cos  a(L  — (3) 


(3.140) 


-sin  A/3 


= 0 


and 


kA  sin  A (3  sin  a(L  - (3) 
cr  cos  a{L  - P) 


+ F 


cos  A p 

kA  cos  A p sin  <j(L  - P) 


(3.141) 


cr  cos  o(L  - P) 


+ sin  A P 


= 0 


Equations  (3.140)  and  (3.141)  can  be  written  in  matrix  form  as 


68 


an 

an 

E 

'O' 

a2l 

a22_ 

F 

0_ 

(3.142) 


where 


au  = 


an  — ■ 


ai\ 


kA  sin  A/3  sin  <j(L-  /3) 
crcos  cr{L-  (3) 

kA  cos  A/3  sin  <j(L  - /3) 
a cos  cr(Z,  - P) 

kA  sin  A/3  sin  o(L  - / 3 ) 


cos  A/3 


■sin  A/3 


cr  cos  cr(L-  (3) 


- cos  A/3 


and 


a22  ~ 


k A cos  A/3  sin  a(L  - (3) 

+ sinA  [3 


crcoscr(I-  (3) 

To  find  a solution  other  than  E = 0 and  F = 0 the  determinant  of  the  matrix  given 
in  Equation  (3.142)  must  vanish,  which  means 


£Asin  A/3sm(y{L-  P) 


cos  A P 


kAcosAp  sincr(£  - P) 
a cos  a{L-  P) 


= 0 (3.143) 


crcos <j(L-  p) 

Equation  (3.143)  can  be  simplified  and  written  as 

kA  tan  Ap  = crcos cr(L-P)  (3.144) 

Now  on  putting  -A2  = 0 into  Equation  (3.144),  to  get  the  critical  value  of  S , we 


find  that 


Scrmcal^sScrUica,(L-P)  = 0 


(3.145) 


and  hence 


H7r 


J critical 


2 (£-/S) 


, n = 1,3,5... 


(3.146) 
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Then  based  on  Equation  (3.93)  which  can  be  written  in  this  case  as 

1 2 2 2 
A 2 « 7t 


we  find 


= -a  + 

“ 4(2-/?)' 


2 «2;r2 

a = 


= 0 


4(Z-^)2 


and  the  critical  value  of  8 (i.e.,  Scntical ),  at  n = 1 will  be 


(3.147) 


(3.148) 


TC 


critical 


4 (L-py 


which  means 


(3.149) 


n 


critical 


2 (L-0) 

which  is  what  we  expected  from  our  prediction  process  and  from  our  steady  state 
calculations.  From  Equation  (3.93)  which  can  be  written  as 


(3.150) 


A_ 

a 


2 2 2 

n n 


4(I-/?)2 


■ + S2 


(3.151) 


we  can  see  that  -X2  depends  on  8‘  and  Figure  3-12  gives  a clear  idea  on  how  they  are 
related.  Note  that  the  explanation  given  earlier  on  Figure  3-1 1 can  still  be  used  to 
understand  what  is  going  on  in  Figure  3-12. 

Again,  from  Figure  3-12  and  Equation  (3.93)  we  can  conclude  that  as  the  growth 
constant,  -A2 , decreases  the  system  becomes  thermally  more  stable  (i.e.,  allows  bigger 
values  of  S2 ),  and  since  8crjtjcal  is  determined  at  -A2  = 0 then  bigger  values  of  S2 


corresponds  to  bigger  values  of  a2  which  means  stronger  thermal  diffusion. 


Growth  rate  of  the  disturbances  of  the  form  vj/j 
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ID 


Q.m)  ”/jf- 


Figure  3-12.  Relationship  between  -X1  /a  vs.  S2  for  the  planar  problem  with  central  layer  and  e = 
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Now,  from  Equations  (3.126)  and  (3.151)  we  notice  that,  as  n increases  the  growth 
rate,  -A2 , decreases  and  consequently  the  thermal  stability  of  the  system  increases.  This 
can  be  seen  in  Figure  3-1 1 and  Figure  3-12.  That  is  the  higher  n terms  are  more  stable 
than  the  lower  n terms  (i.e.,  n = 2 is  more  stable  than  n = 1 ).  This  happens  because  of 
that,  as  n increases  the  strength  of  the  thermal  diffusion,  a2 , increases.  This  can  be 
explained  in  another  way  that  is  the  higher  the  value  of  n the  more  wiggly  the 
eigenfunctions  will  be,  because  the  eigenfunctions  are  defined  in  terms  of  cos  ax  and 
sin  ax  . And  as  we  know,  the  wigglier  the  eigenfunctions  are  the  stronger  the  diffusion 
and  the  stronger  the  diffusion  the  more  stable  the  system  will  be.  Therefore,  the  value  of 
a2  can  be  used  as  an  indication  of  the  stability  of  the  system  (i.e.,  the  higher  the  value  of 
a2  is,  the  more  stable  the  system  must  be). 

From  all  of  the  above  it  is  clear  that  the  algebraic  manipulations  which  are  involved 
in  trying  to  get  the  critical  points  from  the  planar  geometry  either  by  way  of  a direct 
calculation  or  via  the  eigenvalue  problem  solution  are  not  very  complicated  but  that  will 
no  longer  be  the  case  in  a cylindrical  geometry.  And  this  task  will  get  even  more  difficult 
for  the  proposed  problem  of  ignition  in  a distorted  annular  geometry. 

In  Appendix  B we  draw  a chart  through  which  one  can  easily  follow  up  the  ways 
and  the  methods  used  in  this  chapter  to  solve  the  planar  problem. 

From  this  chapter  we  can  conclude  the  following: 

1 . Thin  heat-producing  regions  are  thermally  more  stable  than  thick  heat- 
producing  regions. 

2.  It  is  hard  to  perturb  about  the  solution  of  a problem  which  has  a critical  point 
defined  when  T — > oo . Now  if  perturbations  are  not  necessary  as  they  are  not 
in  this  chapter  then  that  is  not  a problem.  But  if  perturbations  are  required  as 
in  harder  problems,  another  method  needs  to  be  found,  as  it  is  hard  to  perturb 
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about  infinity.  Recall  these  problems  are  linear,  we  can  get  around  this 
difficulty  by  going  to  the  eigenvalue  problem. 

3.  For  the  problems  considered  in  this  work,  the  value  of  the  diffusion  strength, 
a2 , can  be  used  as  an  indication  on  the  stability  of  the  system.  That  is:  as  the 
diffusion  strength  increases  the  thermal  stability  of  the  system  increases. 

The  work  so  far  goes  as  follows;  in  chapter  1 the  reasons  for  studying  and  working 
on  this  problem  were  discussed  along  with  its  physics;  in  chapter  2 we  gave  an  example 
of  how  a geometry  change  could  be  expected  to  affect  the  thermal  stability  of  a heat- 
producing  region  and  in  this  chapter  the  simple  planar  problem  made  it  clear  that  the 
calculations  for  a more  complicated  problems  must  involve  a perturbation  scheme.  In  the 
next  chapter  the  solution  to  the  problem  of  the  thermal  stability  of  a heat-generating 
annular  region  will  be  taken  up  to  see  the  effect  of  the  central  rod  being  displaced. 


CHAPTER  4 

THERMAL  STABILITY  OF  A HEAT-GENERATING  ANNULAR  REGION 

This  chapter  presents  the  solution  of  the  problem  of  the  thermal  stability  of  a heat- 
generating annular  region,  for  which  the  mathematical  methods  and  tools  learned  from 
Chapter  2 and  Chapter  3 are  applied. 

This  problem  is  solved  under  the  assumption  that  heat  is  being  transferred  only  by 
conduction;  the  calculations  are  done  for  three  different  boundary  conditions  for  the  inner 
wall  while  the  boundary  condition  at  the  outer  wall  is  held  fixed  (i.e.,  it  is  isothermal). 
These  boundary  conditions  are: 

1 . Isothermal  inner  wall 

2.  Adiabatic  inner  wall 

3.  Perfectly  conducting  inner  wall 

This  is  to  show  how  the  thermal  stability  of  this  problem  can  be  affected  by 
changing  the  boundary  conditions.  The  results  obtained  from  the  three  cases  are 
compared  and  a conclusion  is  drawn.  The  heat  transfer  assumption  is  then  modified  as  a 
little  forced  convection  is  added.  The  reason  behind  this  is  to  study  the  effect  of  each  of 
these  two  heat-transfer  modes  (/.  e. , heat  transfer  by  conduction  and  by  both  conduction 
and  convection,  on  the  thermal  stability  of  this  problem). 

Now  by  working  a simple  introductory  problem,  details  can  be  made  clear  that 
otherwise  might  be  obscure  in  a more  complicated  problem.  This  simple  problem  is  to 
study  the  thermal  stability  of  a perturbed  circular  disk  (i.e.,  an  ellipse),  and  its  solution  is 
illustrated  in  the  following  section. 
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4.1  Thermal  Stability  of  a Perturbed  Circular  Disk 

Let  us  begin  by  describing  the  physics  of  this  problem.  To  do  this,  consider  Figure 
4-1  A.  It  depicts  a heat  producing  material  shaped  in  the  form  of  a circular  disk  with  a 
radius  Roul . Heat  is  lost  to  the  surroundings  through  the  boundary  of  the  disk  which  is 

held  at  a fixed  temperature  denoted  Tw . The  thermal  conductivity  of  the  material  in  the 

disk  is  k . The  heat  source  will  be  taken  to  depend  linearly  on  the  temperature  of  the  heat- 
generating material. 

Now  let  us  perturb  this  circular  disk  into  the  shape  of  an  ellipse  holding  the  area  of 
the  disk  fixed.  Figure  4- IB  illustrates  the  effect  of  such  a perturbation  on  the  shape  of  the 
disk.  In  this  figure,  a and  b are  the  major  axis  and  the  minor  axis  of  the  ellipse, 
respectively,  and  s indicates  the  amount  by  which  the  radius  of  the  circle  is  changed 
(i.e.,  a = Rout  + e).  Then  the  question  arises,  does  the  deformation  in  the  shape  of  the  disk 
enhance  its  thermal  stability  or  not?  In  other  words,  how  high  can  the  strength  of  the  heat 
source  be  (i.e.,  how  high  can  we  go  with  S2 ),  without  losing  the  thermal  stability  of  the 
system?  Before  the  answer  to  this  question  is  presented  let  us  try  to  guess  it.  For  a fixed 
area,  the  circumference  of  an  ellipse  is  longer  than  that  of  a circle.  Based  on  this  we  can 
guess  that,  the  elliptical  disk  is  thermally  more  stable  than  the  circular  disk.  To  see  if  this 

is  so  the  critical  value  of  S 2 for  the  two  shapes  needs  to  be  determined.  This  will  be  done 
in  the  following  section. 

The  calculation  of  the  critical  value  of  delta.  To  begin  let  us  consider  the 
perturbed  disk  illustrated  in  Figure  4- IB.  The  temperature  rise  in  this  problem  can  be 
described  by  the  thermal  energy  equation 


A 


l 


B 

Figure  4-1.  Geometry  of  the  auxiliary  problem  before  and  after  the  perturbation.  A)  The 
unperturbed  geometry  (The  circular  disk).  B)  The  perturbed  geometry  (The 
elliptical  disk). 
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I_3_ 
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dT 

dr 
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1 d2T 
•2  dO2 


+ Q(T ) 


(4.1) 


where  p and  Cv  denote  the  constant  density  and  the  heat  capacity  of  the  heat-producing 


material,  respectively,  T is  the  temperature  field  and  Q(T ) denotes  the  rate  at  which 
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heat  is  produced  in  the  material  per  unit  area.  The  temperature  is  subject  to  two  boundary 
conditions  viz., 

T(r  = R)  = Tw  (4.2) 

and 


T(r  - 0)  is  finite  (4.3) 

Let  Q(T)  be  a linear  function  of  7 (/'. e. , Q(T)  = Qo  + Qx (7  - Tw ) ) and  set 


T — 7 -Tw.  Based  on  Equation  (4.1)  7 must  satisfy 


^ dT  L 

pc,-  = k 


]_d_ 
r dr 


f df\ 
V dr  J 


+ - 


1 d2T 

r2  dG2 


+ Qo('  + ST) 


(4.4) 


where  S — Qx/Q0  which  is  the  sensitivity  of  the  heat  generation  to  temperature.  Then 
rewrite  Equation  (4.4)  in  partly  scaled  form  by  defining  t = T T‘  and  t = T t* , where 
T -\/S  and  where  t = pCvr2  /k . Then  the  equation  to  be  solved  is 


1 dT 
a dt" 


iAr  ?I\  1 d2T* 

r dr  dr  r2  dd2 


+ S2(\  + T') 


(4.5) 


where 


and  S2  = 

k 


The  value  of  S 2 indicates  the  strength  of  the  heat  source  and  the  linear  function 
(1  + 7*)  indicates  how  fast  it  increases  as  7*  increases. 

By  dropping  the  * ’s  Equation  (4.5)  will  become 


j_ar 

a dt 


1 d , dT.  1 d2T 

( r ) H — 7 7 

r dr  dr  r2  dd 2 


+ <52(1  + 7) 


(4.6) 


where 
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T(r  = R)  = 0 


(4.7) 


and 


T(r  = 0)  is  finite 


(4.8) 


and  the  steady-scaled  temperature  rise  must  satisfy 


(4.9) 


The  input  variables  of  this  problem  are  Rout , k , e and  S2 . The  input  variables 
Kut  > k an<J  £ are  held  fixed.  The  only  output  variable,  at  steady  state,  is  therefore  Tsleady . 
It  depends  on  r and  6 . 

Based  on  what  we  learned  from  Chapter  2 and  Chapter  3,  this  problem  can  be 
solved  by  the  domain  perturbation  method.1  Since  we  want  to  determine  the  critical  value 
of  S'  which  is  defined  when  T — > oo , the  method  cannot  be  applied  directly  to  the 
domain  equations.  Instead  we  must  introduce  the  corresponding  eigenvalue  problem  and 
solve  it  for  a reference  case,  the  circular  disk.  The  eigenvalue  problem  for  the  elliptic  disk 
is  then  solved  by  perturbing  the  equations  about  the  reference  state. 

Now,  to  get  the  eigenvalue  problem  define  V = T(r,9j)  - Tsleady{r,0 ) . Then 

substitute  T = T'  + Tsleady  into  the  unsteady  equation  (i.e..  Equation  (4.6)),  and  make  use 
of  the  Equation  (4.9)  for  Tsteady  to  get 


— -—  = (r ) + — - 

a dt  r dr  dr  r2  dQ1 


(4.10) 


where 


Appendix  A gives  a detailed  explanation  on  how  to  carry  out  a domain  perturbation. 
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T\r  = R)  = 0 


(4.11) 


and 


r'(/*  = 0)  is  finite  (4.12) 

To  get  the  eigenvalue  problem  let  us  apply  the  separation  of  variables  method  to 
Equation  (4.10).  To  do  this,  define  T'  as 

T'(r,0,t)  = v(r,0)y(t ) 

and  substitute  this  into  Equation  (4.10)  to  get  two  differential  equations,  one  in  t and  one 
in  r and  0 . They  are 


dy(t) 

dt 


+ X2y(t)  = 0 


and 


(4.13) 


]_d_ 
r dr 


fdu(r,0)') 

1 

+ - 

d2v{r,0)  ( 

( 12\ 
s2+— 

l dr  J 

r2 

do2 

{ a J 

u(r,0)~  0 


(4.14) 


Equation  (4.13)  can  be  solved  to  give 

7(t)  = Ce~lh  (4.15) 

where  C is  the  integration  constant,  e~>h  is  the  growth  rate  and  -A.2  is  the  separation 
constant  or  the  growth  rate  constant.  Equation  (4.14)  is  what  we  are  looking  for.  It  is  the 
eigenvalue  problem  that  describes  the  temperature  rise  in  the  ellipse.  Let  us  rewrite  this 
equation  in  a simpler  form  by  defining 


a2  - 


f ]2  \ 
S2+- 


\ 


a 


;2 

A x2  ^-2 

, = O — <7 

a 


then  it  becomes 


1 d do. 

(r — ) + 

r dr  dr 


1 d2v 
r2  d9 2 


+ (jo  = 0 


(4.16) 
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which  is  same  as 

V2o  + <72o  = 0 (4.17) 

where  cr2  is  the  eigenvalue  and  u is  the  eigenfunction  that  is  subject  to  two  boundary 
conditions  viz., 

v(r  = R)  = 0 (4.18) 

and 


v(r  = 0)  is  finite  (4.19) 

Based  on  what  we  learned  in  Chapter  3,  anything  that  lowers  the  growth  constant,  -A2 , 
makes  the  system  more  stable  (i.e.,  allows  greater  values  of  S2 ),  and  what  lowers  -A2  is 
cr2 , the  eigenvalue  or  the  strength  of  the  diffusion,  and  since  the  critical  value  of  S2  is 
reached  when  -A2  =0,  then  larger  values  of  S2  corresponds  to  larger  values  cr2  which 
means  higher  diffusion  rates.  Thus,  the  effect  of  perturbing  the  circular  disk  on  its 
thermal  stability  can  be  shown  via  the  change  in  the  value  of  a2 . 

Now  to  solve  this  problem  the  elliptical  disk  (i.e.,  the  perturbed  shape),  needs  to  be 
defined.  To  do  this,  let  its  boundary  be  denoted  as 

r = R(0,e)  (4.20) 

Now,  the  area  of  a circular  disk  is  given  by 

4**=*4L  (4-21) 


while  the  area  of  an  ellipse  is 


AemPse  = xab 


(4.22) 


But,  the  area  of  the  disk  is  to  be  held  fixed  for  all  the  cases,  thus 


nRou<  = 


(4.23) 
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while 


a = Roul+£  = Roul 


1 + - 


v Rout  j 


(4.24) 


Then  by  substituting  Equation  (4.24)  into  Equation  (4.23)  we  can  find  b in  terms  of  R0 
and  e , that  is 


K D 

_ IVout  _ out 


Rout  + £ l + — 

R 


(4.25) 


Therefore,  b can  be  written  as 


b = R. 


f 2 


Rout  Rou, 


(4.26) 


In  addition  to  this,  we  know  that  any  point  on  an  ellipse  must  satisfy 


X2  Y2 


+ — = 1 


a2  ' b 2 


(4.27) 


where  X and  Y denote  the  Cartesian  coordinates  of  the  points  ( R,&)  on  an  ellipse  and 
in  this  case  they  are  given  in  terms  of  R and  0 by 

X = Rcos0  (4.28) 

and 


Y = R sin6» 


Then  substitute  the  values  of  X and  Y into  Equation  (4.27).  This  leads  to 


(4.29) 


R2  cos2  0 R2  sin2  0 


a 


= 1 


(4.30) 


and  multiply  this  equation  by  a2b 2 to  get 

R2  \jj2  cos2  6 + a2  sin2  = a2b2  - i? 


4 

out 


(4.31) 
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Then,  substitute  the  values  of  a and  b given  by  Equations  (4.24)  and  (4.26), 
respectively,  into  Equation  (4.3 1).  As  a result  of  this,  R , must  satisfy 


R2 


( ( 2 
' R„.„  I ! — — + - 5 


\\ 


\ 


v 


R R 2 

lyout  iXout 


( 


cos  0 + 


/? 


1+- 


R„ 


V out  J 


sin'  6 


= R 


(4.32) 


which  can  be  expanded  and  arranged  as 


1 + — ^-(sin2  6 - cos2  6 ) + — j-(l  + 2 cos2  + ... 


7 R ' 

2 i- 

V ROUt  y 

Rou, v 7 Kut 


l 


(4.33) 


Equation  (4.33)  defines  the  perimeter  of  the  perturbed  disk  as  R = R (0,s) . 

Now  we  must  solve  our  eigenvalue  problem  by  perturbing  Equation  (4.17)  about 
the  reference  domain  (/.  e. , the  circular  disk).  To  do  this,  let  us  assume  that  e is  small  and 
expand  R , v and  cr2  in  powers  of  s to  obtain  problems  in  oo,uvv2,...  on  the  reference 

domain  by  using  the  domain  perturbation  method  presented  in  Appendix  A.  Then  the 
expansion  of  R can  be  written  in  the  form 


where 


R — R + eR,  R7  + . 

° 1 2 


Ro  = Rou, 


(4.34) 


(4.35) 


and  Rx  and  R2  can  be  found  by  the  substituting  Equation  (4.34)  into  Equation  (4.33),  and 
expanding  (i?/ Roul  )2 , which  gives 


^ 2 2 \ 

1 + 2 R—+R2-L-+  RR  I—  + ... 

1 D 1 r>2  I out  D 2 

V Kout  Kout  K 


1 + -^-(sin2  0 - cos2  + 


out  J L out 
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(l  + 2cos2#)  + . 


= 1 


(4.36) 


82 


From  this  we  obtain  at  order  s' 


and  at  order  s2 


dR 

i?!  = — (s  = 0)  = cos2#0 
ds 


1 3 

j2P  — + — cos  4#  -cos  20 

/i,=5L4(£=o)=J-J — : : 


(4.37) 


ds 1 


R 


(4.38) 


The  expansion  of  v on  the  domain,  by  using  the  rule  given  in  Appendix  A,  can  be 
written  as 


u = v0+svl+—u2+... 


(4.39) 


and  the  expansion  of  a2  can  be  written  as 


2 2 2 & 2 
a =ag+sa2+  — a2+. 


(4.40) 


The  problems  to  be  solved  are:  At  order  s° , which  is  the  reference  problem  on  the 
circular  disk,  the  domain  equation  is 


V + cr2n  = 0 


o o o 


(4.41) 


where  v0  must  satisfy 


°o(ro  = Rou<)  = 0 


(4.42) 


and 


u0(r0  = 0)  is  finite 

For  order  s' , the  domain  equation  is,  again  on  the  circular  disk, 


y2Oi  + <j]vx  + cr2u0  = 0 


(4.43) 


(4.44) 


where  vx  must  satisfy 
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d»0 

dr 


(4.45) 


ro  R out 


and 


ox(r0  = 0)  is  finite 


(4.46) 


For  order  s2 , the  domain  equation  is 


2 + ai°l  4^.  = 0 


(4.47) 


where  o2  must  satisfy 
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dr 


(4.48) 


r.=Rou, 


and 


v2(ro  = 0)  is  finite  (4.49) 

To  explain  where  Equations  (4.45)  and  (4.48)  come  from2,  notice:  the  expansion  of  o at 
r = R(6,s),  is  given  by 


v(R,0)  = U0+£ 


f . > 

r,  dU 

s2( 

ux  + Rx  — — 

+ — 

2l 

Uj+2  + 

dr  1 dr2  2 dr 


+ ... 


O J 


and  v(R,6)  must  vanish  for  all  values  of  s . 

As  we  mentioned  earlier,  the  effect  of  perturbing  the  circular  disk  on  its  thermal 
stability  can  be  seen  from  the  change  in  the  value  of  cr2 . Then  to  study  the  change  in  the 
value  of  cr2 , we  must  find  the  values  of  cr2,  cr,2  and  a\ . These  values  can  be  found  from 


the  solutions  of  Equations  (4.41),  (4.44)  and  (4.47),  respectively. 


2 Note  that  the  perturbed  boundary  conditions  are  no  longer  u = 0 because  they  try  to  simulate  the  original 
condition  u = 0 on  the  ellipse  by  putting  a condition  other  than  u = 0 on  the  circle. 
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Let  us  start  with  the  v0  equation,  which  represents  the  reference  state.  By  solving 

this  equation  the  value  of  cr2  can  be  found.  To  do  so,  let  us  write  v0  as  the  product  of 
two  factors,  viz., 

Uo(ro^c)=^(roW0o) 

and  then  substitute  this  into  Equation  (4.41).  This  will  then  give  two  ordinary  differential 
equations  one  in  90  and  one  in  r0  . They  are 

^r  + M1X  = 0 (4.50) 

and 


d\  1 dSj 

dr;  r dr 


r 2 M1^ 

t 


O O V 


31  = 0 


(4.51) 


'o  y 


where  M 2 is  the  separation  constant. 

The  solution  to  the  first  equation  is 


9{  = A cos  M9n  + B sin  M9„ 


(4.52) 


where  A and  B are  arbitrary  constants.  For  this  case  the  range  of  60  is  0 < 0o  < 2/r  ; and 
in  this  situation  no  boundary  conditions  are  prescribed  at  0O  except  the  requirement  that 
the  temperature  and  hence  the  eigenfunction  should  be  periodic  in  90  with  period  2n  . 
This  condition  requires  M to  be  an  integer,  that  is  M - 0,1, 2,3,... . This  means  the 
solution  for  Equation  (4.52)  correspond  first  to  M = 0 then  to  M = 1 and  so  on. 

The  solution  to  the  second  equation  is 

%.  = AJu(r0a0)  + BYu(r0<r0)  (4.53) 
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where  JM  (r0<J0 ) and  YM(r0c r0)  are  Bessel  functions 3 of  order  M of  the  first  and  the 
second  kind,  respectively.  The  constants  A,  B and  cr0  remain  to  be  determined.  To  do 
this  we  turn  to  the  boundary  conditions  for  this  equation  viz., 

^o  = Rout)  = 0 (4.54) 

while 

<^( ra  = 0)  must  be  finite  (4.55) 

The  second  boundary  condition  tells  us  that  B must  be  zero  and,  therefore,  A can  take 
any  value  except  zero.  Then,  the  solution  of  Bessel’s  equation  reduces  to 

^ = AJu(roa0)  (4.56) 

and  the  allowable  values  of  a0  are  the  roots  of  JM{r0a0 ) = 0 , where  M-  0, 1,2,3,... . To 
each  M there  are  many  values  of  cr0 . The  lowest  one  is  the  smallest  root  corresponding 
to  M = 0 . This  is  the  value  of  <r0  of  interest  it  determines  the  critical  value  of  S2 . 

The  corresponding  eigenfunction  is 

vo  = AJ0(r0cro)  (4.57) 

Two  derivatives  of  this  eigenfunction3 4  will  be  needed  later.  They  are 


3 It  is  important  to  mention  that,  the  F (£)  functions  become  infinite  as  £ becomes  zero.  More  information 

on  Bessel’s  differential  equation  and  Bessel  functions  and  their  properties  can  be  found  in  McLachlan, 
N.W.,  1955,  Bessel  Functions  for  Engineers,  Oxford  University  Press,  2nd  Ed.,  Oxford,  and  in  Watson, 
G.N.,  1995,  A Treatise  on  the  Theory  of  Bessel  Functions,  Cambridge  University  Press,  2nd  Ed.,  New  York. 

4 Formulas  for  the  derivatives  of  Bessel  functions  are  (Mickley,  H.S.,  Sherwood,  T.K.  and  Reed,  C.E., 

1957,  Applied  Mathematics  in  Chemical  Engineering,  McGraw-Hill,  2nd  Ed.,  New  York.), 

aZ  pfax)  - — Z fax) 
x 

-aZp+l(ax)  +—Zfax) 

X 


j[z  (ax)]  = < 
ax 


, Z = J,Y 
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dv0 

dr„ 


= A[~^oJi  ir<Po)\ 


(4.58) 


and 


d\ 

dr 2 


= ~<J„A 


^od2^o)  + -dx{r0cj0) 
r 


(4.59) 


The  next  step  is  to  find  the  values  of  cr2  and  cr2 . By  obtaining  these  values  we  can 
determine  cr2  defined  earlier  as 

2 2 2 S1  2 

° +™,  +Ya2+- 

and  draw  a conclusion  about  how  the  perturbation  affects  the  thermal  stability  of  the 
system. 

Now,  to  find  cr,2  we  must  solve  the  first  order  problem 

V2ul+afa+erl2v0=  0 

where  u,  satisfies 


dr 


ro=Ku, 


and 


°i(r0  = 0)  is  finite 

Before  solving  for  u,  let  us  prove  that  cr 2 = 0 . To  do  this,  multiply  Equation  (4.44) 
by  v0 , which  gives 


vy  vl+cr0o0vl+crlv0  =0 


(4.60) 


and  multiply  Equation  (4.41)  by  u, , to  get 
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uyVo+VoW  =0  (4.61) 

Then,  subtract  Equation  (4.61)  from  Equation  (4.60),  to  obtain 

voy\  - ul V2u0  + a2o20  = 0 (4.62) 

Equation  (4.62)  can  be  written  in  a simpler  form  using  the  following  relationship 

av2b  = v(avb)-va-vb 


to  get 


V • (u0 V u, ) - V • (u,  V ua ) + a2u2  = 0 (4.63) 

Now  let  us  integrate  Equation  (4.63)  over  the  reference  domain  to  get, 

Jf  ( V • (°c * ) - V • (y,  V l>0  ) + a2v2  )dA  = 0 (4.64) 

area 

and  then  by  use  of  the  divergence  theorem ?,  Equation  (4.64)  can  be  written,  first  as 

J («-(u0Vu1)-«-(u1Voo))ifa+  \\((j2v2o)dA=0  (4.65) 

perimeter  area 

and  then,  using  ds  = d0oRout  and  dA  = d0orodro,  as 

Rm,t  2n  lit 

~ | J (a\uo)d0or„dro  = Ku,  f ((”„» • Vo,) -(o,» -Wuo))d0o  (4.66) 

0 0 0 

where  h is  the  unit  outward  normal  to  the  circle  viz., 

n = l (4.67) 


Then,  because  o0  = 0 and  o]  = -R]  (ydo0/dru)  at  r0  = Roul  Equation  (4.66)  reduces 


to 


5 The  divergence  theorem  can  be  expressed  as 

JJ(V-/4)dL4=  | ( n-A)ds 


area 


perimeter 
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I }(o-,2u02)^/A=-^ 


do. 


\2 


o o 


« V^A=«„ 


dO„ 


(4.68) 


Now,  (du0/dr0) I is  independent  of  0u  and  R{  is  given  by  Rt  =cos2#  hence 

'ro 


Equation  (4.68)  becomes 


R„,  2 7T 


J \{°Vo)d0orodro=-Ra 


( do,  V 


0 0 


dr 

v ar°  o 


2tt 

\cos20od0o  = 0 (4.69) 


whence 


1 J(°'.2yo)^o/'A=0 

0 0 


(4.70) 


Because  o2  is  not  zero,  of  must  be  zero.  From  this  we  can  conclude  that  of  has  no 

effect  on  cr 2 . This  is  the  expected  result.  Indeed  if  we  resolve  this  problem  by  taking  a 
to  be  the  minor  axis  and  writing  a = Rout  + s where  s is  now  negative  then  we  obtain 

again  cr"  = cr]  + ea\  but  it  would  appear  that  cr  is  increased  in  the  first  case,  decreased 
in  the  second.  But  the  two  problems  are  the  same  and  to  get  the  same  answer  of  must  be 
zero.  Likewise  we  expect  that  of  ,of ,...  to  be  zero.  Hence  to  leam  the  effect  of  a 
deformation  we  must  go  to  second  order  in  e . But  we  will  need  u,  and  to  do  this  we 
must  go  on  and  determine  o,  by  setting  cr,2  = 0 and  solving 


vr2  2 d2v,  1 do,  1 d2u , 2 . 

V2o,  + cr>,  = — f + L + — — f + o\v,  = 0 

1 ° 1 dr 2 r dr  r2  dOl  0 1 


o o o o 


(4.71) 


where  o,  must  satisfy 


dr 


ro=Ku, 
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and 

u,  (r0  = 0)  is  finite 

The  first  thing  to  observe  is  that  the  u,  problem  is  not  an  eigenvalue  problem,  since 
cr]  is  known,  and  it  is  not  homogenous.  Its  general  solution  is  the  sum  of  a homogeneous 
solution,  ul/io  ^ , where  -/?,  (duo/dro)\  is  set  to  zero  and  a particular  solution, 

'ro~ "-out 

°\ParK, lar  ■ The  homogeneous  part,  which  can  be  obtained  by  the  method  used  to  solve  the 
v0  problem,  is 


v 


=CJ0(r0a0)  = Cu0 


(4.72) 


and  because  i?,  is  a multiple  of  cos2#0  we  can  get  a particular  solution  in  the  form 

°w^=f(ro)cos20o  (4.73) 

Now,  by  substituting  Equation  (4.73)  into  Equation  (4.71)  and  solving  for  f(rQ) , a 
particular  solution  to  the  u,  problem  can  be  written  as 

_ JMPo)  do0 


o, 


J2(Rou,°o)  dr0 


cos  2 6„ 


ro  R out 


Then  takes  the  form 


^=C^0(W)- 


and  we  will  need,  at  the  next  order 


J2(ro°o)  d°o 


Ji(Rout°o)  dra 


cos  26 „ 


ro  ^out 


dr 


dJ0(r0cr0) 

1 d/2(roao 

)dva 

dr0 

diiKuPo)  dra 

dra 

cos  29 „ 


r„=Kut 


(4.74) 


(4.75) 


(4.76) 


Now,  to  find  ct\  we  turn  to  the  second  order  problem  which,  with  cr,2  = 0 , is 
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V2d,  + <t2d,  + crlv„ 


(4.77) 


where 


vi(ro  = Kut)  = ~2R\ 


do. 


dr 


R 


ro=«ou, 


2 d\ 

dr2 


-R. 


ro=Ku, 


do0 

dr. 


'o=Ra., 


and 


o2(r0  = 0)  is  finite 

Now  we  can  find  cr2  without  solving  for  o2 . d o do  this,  first  multiply  Equation 
(4.77)  by  o0 , which  gives 

o0V2o2  + a]u0v2  + (t22v20  = 0 (4.78) 

then  multiply  Equation  (4.41)  by  o2 , to  get 

v2V2°o  + <ylvo°2  ~ 0 (4.79) 

Now  subtract  Equation  (4.79)  from  Equation  (4.78),  to  obtain 

o0V2o2-o2V2o0+<t22o20=0  (4.80) 

or 

V • (u0Vu2)  - V • (u2Vu0)  + a2o2  = 0 (4.81) 

Then  integrate  this  over  the  domain  and  use  the  divergence  equation  to  get 

^out  In  In 

- 1 = J(K»  (4.82) 

0 0 0 

The  first  term  on  the  right-hand  side  of  Equation  (4.82)  vanishes  because  v0  - 0 at 
ro  = Kjui  whence  using  the  condition  satisfied  by  v2  at  rQ  - Roul  we  get 
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Roui  In 


| \(°yo)d9orodr0  = 


0 0 


2n 


M 


2 R, 


do , do,.  „2  d2vc  do. 


1 o_ 

dr0  drD 


+ R 


dr  ,2  dra 


- + R, 


(do0) 

2> 

V dro  J 

> 

dd„ 


'r=Rm 


and  on  using 


d2o„ 


dr 2 


1 do„ 


ro  R out 


Ku,  dr0 


, R{  = cos2 60 , R2  = 


rQ  R out 


- — + - cos  A0o  - cos  2 9 
2 2° 

R. 


and 


dQi  =cdJ0(r0a0)  1 dJ2(r0a0 ) dv0 

dr0  dra  ° J2(Roul(T0)  dr0  dr0 


ro~Rout 


Equation  (4.83)  becomes 


^out  2^ 


2k 


0 0 


2Ccos20 


J \{(Jlol)d0nrodro=-ROu,  j 

o 

cos2 26 0 dJ2(r0o0 ) 

MRou^o)  dra 


dJ0{r0(T0)  dv0 

dr  dr 


-2 


(doQ) 

cos2  2 0o 

idV°) 

l dr,  J 

Rout 

1 dr0  J 

1 3 

— + — cos  4 6 - cos  2 9n 

2 2° 

... 


f do . ^ 


V dr0  j 


d6„ 


ro  Roul 


and  on  carrying  out  the  integration  the  right-hand  side  of  this  equation  becomes 


/ 


RHS  = 2 n 


f do.  ' 


dr"  ',-K. 


\ 


R, 


°oJ  1 (Ku^o  )-p-J  l(Rou,°o  ) 
Rnd . 

J2(Rou,°o) 


-+1 


(4.83) 


(4.84) 


(4.85) 
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where  the  term  in  C disappear,  while  on  using  JQ  (Rout(r0)  = 0 the  left-hand  side6  turns  to 
be 


LHS  = lna\ 


K, 
2 at 


f , \2 

dv0 

dr° 


whence 


2cr 


( ( 


a2  = 


R1 


°0J  1 (Ku^o  (Rou,°o  ) 

, ^out 

AiKutVo) 


■ + i 


Now,  by  using  the  formula7 


(4.86) 


(4.87) 


Zp(ax)  = Y-[zP+i(ax)  + zP-i(ax)\  ’ Z = J,Y 


we  can  write 


(4  88) 

because  JQ  (Roulcr0)  = 0 , then  Equation  (4.87)  reduces  to 

(4.89) 

*^out 


6 Done  by  using  the  following  formula  (Spiegel,  M.R.  and  Liu,  J.,  1998,  Mathematical  Handbook  of 
Formulas  and  Tables,  McGraw-Hill,  2nd  Ed.,  New  York.), 


jzp(ax)xdc  = 


x dZ  x 

— \—^(ax)\  +- 
2a  I dx  2 


2 2 

V a x ) 


{Zp(ax)}2 


, Z = J,Y 


7 From  Spiegel,  M.R.  and  Liu,  J.,  1998,  Mathematical  Handbook  of  Formulas  and  Tables,  McGraw-Hill, 
2nd  Ed.,  New  York. 
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This  equation  can  be  written  in  fully  scaled  form  by  defining  a 0 = Roulcro  and 


The  value  of  <jo  , the  smallest  root  of  J0(a0 ) = 0 , is  roughly  equal  to  2.4,  hence  the 
sign  of  a\  remains  always  positive.  Therefore,  <j]  is  always  positive. 

Now  <x2 , the  smallest  eigenvalue  for  the  perturbed  disk,  is  given  in  terms  of  a] , 
the  smallest  eigenvalue  for  the  disk  it  self,  as 


The  critical  value  of  8 1 is  always  the  smallest  value  of  er  , hence  82cnUcal  for  a 

perturbed  disk  is  always  greater  than  S2crUical  for  a circular  disk.  Based  on  this  we  can 

conclude  that,  an  elliptical  disk  is  thermally  more  stable  than  a circular  disk  of  the  same 
area.  This  set  the  background  for  the  problems  to  come. 


This  section  presents  a study  of  heat  generation  in  the  region  between  a rod  and  a 
pipe  (/'.<?.,  in  an  annular  region).  We  are  interesting  in  the  effect  of  moving  the  rod  off- 
center.  In  fact  heat  exchangers  are  often  build  in  concentric  cylinder  form  and  the 
question  that  might  arises  is:  do  we  need  to  be  careful  to  get  the  alignment  right?  To 
answer  this  question  the  critical  value  of  82  for  the  on-center  case  and  for  the  off-center 
case  must  be  determined.  That  is  our  aim  in  this  chapter.  We  will  organize  our  work 
along  the  lines  of  Chapter  2,  Chapter  3 and  the  previous  section,  section  4.1 . 


(t2  = RluPi  > then  it  becomes 


(4.90) 


(4.91) 


4.2  Thermal  Stability  of  a Heat-Generating  Annular  Region 
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Now,  let  us  begin  by  describing  the  physics  of  this  problem.  Consider  Figure  4-2.  It 
depicts  a heat-producing  material  confined  in  the  space  between  two  concentric  cylinders. 
The  surface  temperature  of  the  pipe  is  Tw . The  conditions  at  the  surface  of  the  rod  remain 
to  be  specified.  Inside  the  rod  no  heat  is  being  generated.  The  thermal  conductivity  of  the 
material  of  the  rod  is  denoted  kc , a variable  whose  value  can  range  from  zero  to  infinity. 
The  thermal  conductivity  of  the  material  between  the  rod  and  the  pipe  is  denoted  k , and 
s denotes  the  distance  by  which  the  rod  is  shifted  from  the  center  of  the  geometry.  The 
heat  source  will  be  taken  to  depend  linearly  on  the  temperature  of  the  heat-generating 
material.  It  will  be  of  interest  to  study  the  effect  on  the  thermal  stability  of  this  geometry 
as  the  rod  is  shifted  and  its  thermal  conductivity  changes.  In  other  words,  we  are 
interested  in  knowing,  for  different  boundary  conditions  at  the  inner  wall,  if  the  thermal 
stability  is  advanced  as  the  rod  is  moved  off-center. 


Figure  4-2.  Displaced  solid  rod  inside  a pipe.  A)  On-center.  B)  Off-center. 
4.2.1  The  Mathematical  Problem  of  Heat  Transfer  by  Conduction 

Now,  as  we  learned  in  Chapter  2,  where  the  rod  and  the  pipe  were  at  different 
temperatures,  a shift  in  the  rod  causes  the  heat-transfer  rate  by  conduction  to  increase. 
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But  now  the  shifted  rod  also  creates  both  a thick  and  a thin  heat-producing  region.  It  is 
the  thick  region  that  would  appear  to  determine  the  fate  of  the  thermal  stability  and  if  the 
azimuthal  temperature  gradients  from  this  region  cannot  conduct  heat  fast  enough  then 
thermal  instability  will  set  in  earlier  in  the  off-center  case.  Only  a calculation  can  tell 
whether  the  rate  of  heat  production  in  the  distorted  annular  compartment  will  be  higher 
than  the  enhanced  heat-transfer  rate  or  the  other  way  around.  This  problem  will  be  solved 
for  three  different  boundary  conditions  at  the  inner  wall. 

Now,  let  us  begin  with  the  right  part  of  Figure  4-2.  For  this  geometry  the 
temperature  rise  with  respect  to  the  pipe  wall,  referring  to  Figure  4-2B  for  a definition  of 
the  variables,  can  be  described  in  partly  scaled  form  by 


LK  . I i.(r  «L)4^+ *(1  + T) , {*(«•')■ < ' < *- 

a dt  r dr  dr  r2  d6  1 0 < 6 < In 


(4.92) 


Our  aim  is  to  find  S2rUical  where  S2rilical  corresponds  to  an  unbounded  temperature. 

When  the  rod  is  on-center  we  can  do  this  by  solving  the  steady  form  of  Equation  (4.92) 
but  this  would  not  lead  us  to  a result  for  the  off-center  rod  by  direct  domain  perturbation. 
Hence  we  turn  to  the  eigenvalue  problem  and  deduce  S2riUcal  as  the  value  of  S2  when 
-A2  = 0 . 


Then,  by  following  the  steps  given  in  section  4.1,  the  eigenvalue  problem  is  found 

to  be 


V2u  + er2u  = 0 


(4.93) 


where  again  a 2 =S2  + A2 / a 


and  where  for  an  isothermal  outer  wall  o must  satisfy 


»('■=*«,)= 0 


(4.94) 
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Now  we  are  going  to  consider  a variety  of  conditions  at  the  inner  wall  (i.e.,  isothermal), 
adiabatic  and  perfectly  conducting  rod.  In  these  cases  u must  satisfy 

v(r  = R(6,e))  = 0 (4.95) 

or 

n • Vu(r  = = 0 (4.96) 

or 

o{r  = R{e,s))  = vc  (4.97) 

where  vc  remains  to  be  defined.  In  no  case  do  we  need  a heat  conduction  equation  for 
the  rod. 

For  this  problem  (i.e..  Figure  4-2B),  the  outer  wall  (i.e.,  the  pipe  wall),  presents  no 
problem;  it  is  the  inner  wall  (i.e.,  the  rod  wall),  whose  surface  is  displaced.  For  such  a 
case,  the  surface  of  the  rod  is  given  by  r = R (0,z)  where  R is  expanded  as8 

R = R,+eR,+jR2+...  (4.98) 

where 

*.  = *.,  *,=  cosS,  and 

Ko 

Again,  the  solution  of  the  reference  case,  the  on-center  case,  will  be  denoted  by 
affixing  a subscript  zero  to  its  variables  while  the  subscripts  one  and  two  will  denote 
terms  in  the  expansion  to  first  and  second  order. 

Let  in  denote  the  outward  normal  to  the  rod.  Then  n is  given  by 

8 For  details  on  the  expansions  of  R and  n see  Chapter  2. 
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r r R' 


lr~le 


n = ■ 


R 


1 + 


\Rj 


and  it  can  be  expanded  as 


n=n0+eiil+~n2  + ... 


where,  using  the  expansion  of  R , see  Appendix  D,  we  obtain 


r - r sin  0n  , _ T sin2  0n 
na  = ir , n.=  ig 2-  and  n7  = -i ^ 

R,„  2 r 2Rl 


The  expansion  of  n is  needed  in  the  expansion  of  n.Vv  . The  expansion  of  Vo 
surface  of  the  rod  is 


Vu(R,0)  = Vu0  +s 


V u,  + 9?, 


dVn 


V 

2 f 


dr. 


O / 


Vv2+2RX^^  + R 


i , n2d2Vu„  „ dVu„ 


V 


dr.  1 dr' 


dr 


+ . 


o y 


Hence  the  expansion  of  n.Vu  at  r = R(0,s)  is  given  by 


«.Vt>  = 


-ir-Vu0-ir-e 

.2  7 

V 


V Uj  + 


dVu 


V 


dr 


o 7 


r e 
1.  — 
f 2 


V u2  + 2R,  + R ZZii 

dr  1 dr 2 2 dr 


o y 


r sin  <9 


_ £le  'Vuo~  eie 


r sind 


/ 


R 


V u,  + 


dVu, 


\ 


in  V 


dr 


o y 


£ r Sin  d0 

+ lr y2-  • V V 

2 r Rl 


(4.99) 


(4.100) 


at  the 


(4.101) 


(4.102) 


which  reduces  to 
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n.Vu  = -^-e 


dr 


s 

~2 


2 ( 


^L  + cose_^  + siDff^ 

v*. 

da. 


° dr? 


° dO, 


— - + 2cOS# 0^-¥r 
dr  0 dr? 


+ cos  6, 


V O 


O / 

A, 

0 dr* 


sin  Op  d o0 
R dr? 


|2sinfl0du,  | 2sin<90cos<90  d2ua 


sin2  9n  da 


Rt  dd„ 


R: 


dGdr  2 Rl  dr 


in  o y 


(4.103) 


Therefore,  in  the  next  three  sections  where  heat  is  lost  by  conduction  the  perturbed 
problems  are  obtained  at  various  orders.  At  order  s° , the  domain  equation  is 


V v+au= 0 


o o o 


(4.104) 


where 


v„(r0  = RoJ  = 0 


(4.105) 


For  order  s'  we  have 


W2ul+a2ovl+a^vo=0 


(4.106) 


where 


°Aro  = KJ  = o 


(4.107) 


For  order  s2  we  have 


2 V^2  + ~ °lV2  + ofa  + 1 = 0 


(4.108) 


where 


»2(ro=RoJ  = 0 (4-109) 

In  all  these  problems  a2  will  be  zero  and  in  the  first  and  the  second  cases  the  proof  is 
just  like  the  perturbed  disk  problem  and  it  will  not  be  given. 

We  are  now  ready  to  solve  some  problems.  Our  first  one  would  be  the  case  where 
the  rod  wall  is  at  a fixed  temperature  and  it  is  presented  in  the  following. 
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4.2.1. 1 Isothermal  inner  wall 

In  this  case,  the  case  of  constant  temperature  walls,  the  heat  generated  in  the 
annular  region  is  removed  by  conduction  to  the  walls,  which  serve  as  heat  sinks.  As 
depicted  in  Figure  4-3A,  this  case  has  two  heat  sinks,  an  inner  sink  and  an  outer  sink, 
and,  therefore,  the  maximum  temperature  is  expected  to  be  located  somewhere  away 
from  the  walls9.  When  the  inner  rod  is  perturbed,  as  depicted  in  Figure  4-3A,  there  will 
be  two  factors  by  which  the  thermal  stability  of  this  problem  can  be  affected.  They  are 
the  wider  region  to  the  left  of  the  rod,  which  reduces  the  thermal  stability  as  it  produces 


Figure  4-3.  Heat  transfer  between  a rod  and  a pipe  both  at  fixed  temperatures.  A)  On- 
center.  B)  Off-center. 


more  heat,  and  the  6 -diffusion,  which  enhances  the  thermal  stability  because  it  can  carry 
heat  from  the  thick  to  the  thin  region  and,  therefore,  to  the  nearby  sinks. 

9 In  this  case  whether  the  maximum  temperature  is  closer  to  the  inner  wall  or  outer  wall  cannot  be  guessed 
and  the  reason  for  this  is  discussed  in  Appendix  C. 
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Now  for  this  case  the  boundary  condition10  at  the  inner  wall  is  given  by  u - 0 at 
r = R {6,  £•) . Hence  we  have  at  order  s° 


oo(ro=RJ  = 0 


(4.110) 


At  order  e'  we  have 


°i(ro  = RJ  = 


du„ 


dr 


(4.111) 


At  order  s 2 we  have 


°2(ro  = RJ=-2Ri 


dv , 


dr 


-Rl 


do. 


ro=K 


dr2 


-R. 


r°=Rin 


dv0 

dr 


(4.112) 


At  order  s°  the  eigenfunctions  are  products  of 


A cos  M90  + B sin  M60 


and 


where  M = 0,1,2,... . The  eigenvalues  are  roots  of 

J U ( Rout^o )yM  ( K°o ) J M (K°o)YU  (KuPo ) = 0 (4.1  13) 

The  most  dangerous  perturbation  corresponds  to  the  eigenfunction  having  the  least 
eigenvalue,  this  is  the  smallest  root  of  the  above  equation  when  M = 0 . It  depends  on 
Rou ,/ Rm  • Then,  for  M = 0 , the  foregoing  equation  can  be  scaled  by  defining  da  = Rmcro 
and  written  as 


R, 


R.. 


*o)  = 0 


(4.114) 


10  Note  that  the  perturbed  boundary  conditions  are  no  longer  isothermal  because  they  try  to  simulate 
isothermal  by  putting  a condition  other  than  isothermal  on  the  reference  domain. 
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and  the  smallest  values  of  a0  ’s  at  different  values  of  Roul/Rm  are  presented  in  Table  4-1. 


Table  4-1.  Values  of  a0  at  various  R0UJ Rm  for  isothermal  case. 


RoutlR,n 

5 

0.763 

10 

0.331 

15 

0.210 

The  eigenfunction  is  found  as 

=C[-Y0{R0uta0)J0{r0o0)  + Y0{r0a0)J0{R0Utan)\  (4.1 15) 

where  C is  a constant  that  can  have  any  value  except  zero.  This  equation  can  be  written 
in  fully  scaled  form,  that  is 


v =C 


A*.  A,„ 


(4.116) 


where  r0  = r0  / Rm  and  therefore 


dvo 

dr 


= C 


- x dJ0{r0&0)  dYo(r06o)  R^ 

1 o\  n (-'o)  1*  J o\  D °o/ 

R._  dr  dr  R,„ 


(4.117) 


This  eigenfunction  will  simplify  our  calculation  because  at  M = 0 there  is  only  one 
eigenfunction  for  each  eigenvalue  but  when  M is  not  equal  to  zero  there  are  two 
eigenfunctions  for  each  eigenvalue  and  when  we  perturb  the  domain  the  case  M - 0 will 
still  give  one  eigenfunction  for  each  eigenvalue  while  the  other  case,  M not  equal  to 
zero,  will  give  two  eigenvalues  each  with  one  eigenfunction  and  this  would  make  our 
calculations  more  complicated. 

Again  the  critical  value  of  S2  corresponds  to  -X1  = 0 and  hence  S2critical , where 


8 = Rm8  , is  given  by  <r2  and  one  can  note  from  Table  4-1  that  thick  heat-producing 
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regions  are  thermally  less  stable  than  thin  heat-producing  regions.  This  result  is  expected 
as  it  agrees  with  what  we  learned  from  the  planar  problem  discussed  in  Chapter  3. 

Now  we  have  the  eigenfunctions  in  the  reference  state  and  the  corresponding 
eigenvalues.  These  must  be  corrected  as  the  rod  is  moved  off-center  and  so  we  turn  to  the 
calculation  of  erf  and  o\  which  will  allows  us  to  estimate  the  effect  of  the  displacement 
on  <r~  via 


2 2 2 & 

a - <r  + cot  + — 

0 1 2 


er,  +... 


Now,  o\  - 0 . This  result  is  due  to  the  symmetry  of  the  problem.  Because  it  should 
make  no  difference  in  the  answer  whether  the  rod  is  shifted  to  the  right  (i.e.,  s > 0 ),  or  to 
the  left  (i.e.,  s < 0 ).  Hence  to  learn  the  effect  of  a displacement  we  must  go  to  second 
order  of  s . But  there  we  will  need  u,  which  can  be  determined  using 


where  vx  must  satisfy 


V ux+cr0vx  = 0 


(4.118) 


vMo  = KJ  = 0 

and 


dr 


Notice  that  the  vx  problem  is  not  an  eigenvalue  problem  since  o]  is  known  and  its 
general  solution  is  the  sum  of  a homogeneous  solution  where  -Rx  ( dua/dr0)\  is  set  to 

zero  and  a particular  solution.  The  homogeneous  part  is  just 

= C[-Y0(R0Ulo0)J0(r0o0)  + Y0(r0o0)J0(R0Uto0 )]  = Cva  (4.1 19) 


o. 


* //omogeoeous 
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and,  because  R , is  a multiple  of  cos  60,  we  can  get  a particular  solution  in  the  form 

u,  = /(r0)cos<90  (4.120) 

Now,  by  substituting  Equation  (4.120)  into  Equation  (4.1 18)  and  solving  for 
f(r0),  a particular  solution  to  the  u,  problem  can  be  written  as 

•W  =cos«!,[Cr/,(W)  + C2i;(r„<T„)]  (4.121) 

where  the  constants  C,  and  C2  can  be  determined  by  using  the  boundary  conditions. 
Doing  this  we  have 


u,  = Cu0  +cosd0 


Y\  (Rou,°o  )J  1 (r0a0 ) - E|  {r0a0  )J  x(Routc r0 ) 

dv0 

-Yi(Rou,<r0  VlWnVo)  + 

dro 

(4.122) 


and  dvj dr 0 , needed  later,  is  given  by 


dvx  = ^ dva 

dro  dro 


+ COS  0oO)l 


don 


dr„ 


r„=Ri„ 


(4.123) 


where 


co,  = 


Y(R  T^i  (r0a0)  dYx{roG0 ) 

YAKout<To) ^ dr  J\  yKoutGo) 

-Y\(Rout°oV \(Rm°o)  + Yl{Rin^o)JxiRoutao) 


and  where  the  subscript  I stands  for  the  word  isothermal.  Notice  that  the  homogeneous 
part  of  the  vx  will  have  no  effect  on  the  value  of  o\  because  it  will  enter  the  calculation 
multiplied  by  cos#0  which  when  integrated  over  0,2;r  will  vanishes.  So,  we  drop  this 
term  henceforth. 

At  the  second  order  of  e the  problem  is 


V2o2  + <t20v2  + cr 2u0  = 0 


(4.124) 
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where 

Ul(ro  = Rou,)  = 0 

and 


U2(ro=RJ=-2^ 


dvx 


dr 


-R 


'„=K 


2 d\ 
dr 2 


R 


do„ 

dr 


ro=Rtn 


Now  we  can  get  o\  without  determining  o2 . To  do  this  multiply  Equation  (4.124) 
by  v0,  multiply  Equation  (4.104)  by  u2  and  subtract  the  second  from  the  first  to  obtain 


V • (u0  Vu2 ) - V ■ (u2  Vu0)  + (TjUg  =0  (4.125) 

Then,  integrate  Equation  (4.125)  over  the  reference  domain  and  then  use  the  divergence 
theorem,  to  get 

J (« • (u0V  o2)-n-  (u2  V oa ))  ds  + JJ  (<r2u02  )dA  = 0 (4.1 26) 

perimeter  area 


Because  the  perimeter  consist  of  two  circles,  an  inner  circle  at  ra  = Rm  with 
ds  = d60Rm  and  outer  circle  at  ro  = Rout  with  ds  = d60R0Ut , and  because  dA  = dd0rodro , 
Equation  (4.126)  can  be  arranged  as 

Rou!  2k  2k 

- J f {°Wo)d0orodro=  \Rout(n\vyv2)-h\v2Vv0))d60 


Kin  0 


2x 


(4.127) 


0 r„=R,n 

Now  o0  and  o2  vanish  at  r0  = Rout  and  ua  vanishes  at  r0  = Rm , hence  only  the  last  term 
on  the  right-hand  side  survives,  whence 
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ROUl  2tl 


j \{<&l)d0orodro  = 

Rin  0 

lit  ( 


M 


2 R, 


dv]  dv0  2 dv~  do. 


dr0  dro 


+ R 


dr„  dr0 


*-  + R , 


fi/ftl 

2> 

ldro  ) 

2 

J r.=R- 


(4.128) 


where  ft  and  ft  are  given  by 


ft  = cos  ft , ft=- 


sin~  ft 
ft, 


Now,  to  simplify  this  equation,  we  use 


drt 


1 do,. 


R,„  dr 


(4.129) 


and  Equation  (4.123),  at  r0  = ftn , without  the  homogeneous  part,  viz., 


do , 


dr 


ro=R,n 


n I i/ft 

= cosftty,  — 5 

0 /|r‘=R"  dr 


r„=R„ 


to  get 


Rcul  2jt 


ft2  \ j(ft2Vft/,A  = 


ft„  0 


dv 

V 7r0=^  0 


f(2«„<0,|r^Cos!e„-lfy„  (4.130) 


This  is  our  equation  for  cr]  . It  has  been  obtained  without  solving  for  v2 . On 


evaluating  the  integral  of  the  left-hand  side1 1 we  obtain 


Rou,  In 

Jj 

Ri, „ o 


out 

\ J »ld0orodro=n 


R 


2 ( do y 


v dro 


R: 


j/ft 

dr 


0 V ° 'r=R, 


(4.131) 


11  Done  by  using  the  following  formula  (Spiegel,  M.R.  and  Liu,  J.,  1998,  Mathematical  Handbook  of 
Formulas  and  Tables,  McGraw-Hill,  2nd  Ed.,  New  York.), 


j 

jz*  ( or  jc)x<ic  = 


2or  I dx 


^(ccx)  1 +—  1 


J \ 


2 2 

ax) 


{Zp(ax)\ 


, Z = J,Y 


106 


which  is  positive  and,  on  evaluating  the  integral  of  the  right-hand  side,  we  obtain 


( do  ) 

0 

l dro  ) 

°2  = 


R 


2 'do* 


dr 


R 


^ do  ^ 


o v O J r =ft 

'O  <lOI 


>'.-K 


In  scaled  form  this  is 


( do  ^ 

1^=1  ^ 

ldPo  j 

= 


r R„.  N 


V y 


cr. 


dr 


«2 


f do.  ^ 


O V / p -^out  &0 
°~Rin 


dr 

V aro  7p=1 


where  cr2  = i?*cr22  and  where 


dOo 
dr . 


c 


_v  As.*  x dJ0{r0a0)  dYo(ro<jo)  Roul 
A R,  it  it  J°(R  °°) 


and 


co,  = 


(4.132) 


(4.133) 


Y(R™la.  dYx{roao)  Rou 

R,n  dro  dro  Rm 

R„  a,.. 


Notice  that  ex2 , like  <r2  , depends  only  on  Roul/Rm  . 

Now  the  sign  of  <x2  depends  only  on  the  sign  of  the  factor  (<2d  - 1)  because  the 

*ro~ * 

signs  of  all  the  other  components  of  Equation  (4.133)  are  known,  they  are  positive. 
Unfortunately,  we  have  been  unable  to  determine  the  sign  of  (co,\.  - 1)  without  a 


calculation.  But  the  calculations  show  that  it  is  always  negative,  hence  o\  must  be 


negative. 
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Because  5 


critical 


= <T2 


and  because 


*.  2 a 2 £ 

<T  =cr:  +— 


C t2  +. 


(4.134) 


tells  us  what  happens  on  displacing  the  rod.  The  displacement  decreases  the  value  of  <x2 , 
and  hence  the  system  becomes  less  stable.  It  appears  that  the  9 -diffusion  cannot  offset 
the  effect  of  the  wider  region  to  the  left  of  the  shifted  rod.  Based  on  this  we  can  conclude 
that,  at  constant  walls  temperatures,  a symmetric  annular  region  is  thermally  more  stable 
than  a distorted  one.  Now  we  turn  to  the  adiabatic  rod. 

4.2. 1.2  Adiabatic  inner  wall 

In  this  case,  the  surface  of  the  rod  wall  is  now  adiabatic  (/.  e. , kl  =0),  and  the 
surface  of  the  pipe  is  still  isothermal.  The  heat  generated  in  the  annular  region  is  removed 
by  conduction  to  the  outer  wall  which  serves  as  the  only  heat  sink,  as  depicted  in  Figure 
4-4A,  and,  therefore,  the  maximum  temperature  is  expected  to  move  inward  and  located 
near  the  rod  wall.  Again,  when  the  inner  rod  is  perturbed,  as  depicted  in  Figure  4-4B,  the 
thermal  stability  of  this  problem  can  be  affected  by  two  factors.  They  are  the  wider  region 
to  the  left  of  the  rod  and  the  9 -diffusion.  Notice  that  in  this  case  the  larger  region  might 
now  become  more  important  because  the  maximum  temperature  moves  inward  while  the 
9 -diffusion  can  now  carry  heat  only  to  the  pipe  wall. 

Because  the  surface  of  the  rod  wall  is  an  insulator,  the  surface  variable  n comes 
into  play  and  it  changes  as  the  rod  is  displaced.  Hence  it  needs  to  be  expanded  in  powers 
of  s to  turn  the  adiabatic  condition  on  the  current  domain  into  the  corresponding 
condition  on  the  reference  domain  (the  symmetric  annular  region).  The  expansion  of  n , 
the  unit  outward  normal  to  the  annular  region,  in  powers  of  e is  given  in  Appendix  D. 
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Heat  transfer  by  conduction  on  6 -direction 


A (Pipe  wall)  B 


Figure  4-4.  Heat  transfer  between  an  adiabatic  rod  and  a pipe  at  fixed  temperature.  A) 
On-center.  B)  Off-center. 

i 

Now  for  this  case  the  boundary  condition  at  the  inner  wall  is  given  by  n • V u = 0 
at  r = R ($,£■) . Hence  we  have  at  order  s° 


do. 


dr 


Hr0  = RJ  = 0 


(4.135) 


At  order  sx 


or„ 


1 2 
dro 


- sin  0, 


don 


° dOn 


ro=Rin 


At  order  s 2 


(4.136) 


12  Note  that  the  perturbed  boundary  conditions  are  no  longer  adiabatic  because  they  try  to  simulate 
adiabatic  by  putting  a condition  other  than  adiabatic  on  the  reference  domain. 


109 


(4.137) 


R d\  2sin  6 do, 


At  order  e°  the  base  eigenvalues  of  are  determined.  Then,  picking  out  one  of 
these,  its  corrections  because  of  displacement  of  the  rod  are  determined.  The  first  order 
problem  produces  of  and  the  second  order  problem  produces  of  . The  plan  is  the  same 
as  earlier,  only  the  boundary  condition  at  the  rod  is  different. 

At  order  e°  the  eigenfunctions  are  products  of 


Again,  the  most  dangerous  perturbation  corresponds  to  the  eigenfunction  having 
the  least  eigenvalue  (the  smallest  root  of  the  above  equation  when  M = 0 ).  It  depends  on 
RjRm  ■ Then,  for  M = 0 , the  foregoing  equation  can  be  scaled  and  written  as 


A cos  M60  + B sin  M 60 


and 


AJKfir0(7o)  + BYM{r0(Jo) 


where  M = 0,1,2,... . The  eigenvalues  are  roots  of 


(4.138) 


(4.139) 


and  the  smallest  values  of  &0  ’s  at  different  values  of  Roul/Rm  are  presented  in  Table  4-2. 
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Table  4-2.  Values  of  &o  at  various  RouJ Rm  for  adiabatic  case. 


RoutlRm 

<70  = R,„<J0 

5 

0.514 

10 

0.245 

15 

0.162 

The  eigenfunction  is  found  as 

r„)]  (4. 140) 

where  C is  an  undetermined  constant.  In  fully  scaled  form  this  equation  becomes 


«„=C 


-r.fyd.V'VA) + 1 


(4.141) 


and  therefore 


do 


dr„ 


_Y(^ouLA  \ dJo^oao)  , dYo(r<£o)  J (KuLJL  , 

1 °\  D 7*  J/V  ^oV  n 

dr  dr 


(4.142) 


Again,  S*ritical  corresponds  to  -2 2 = 0 and  hence  df.i(lcu/  is  given  by  er2  and  one  can 

notice  from  Table  4-2  that  thick  heat-producing  regions  are  thermally  less  stable  than  thin 
heat-producing  regions. 

Now  to  correct  the  values  of  of  for  the  displacement  of  the  rod  we  pick  one  out, 
here  the  most  dangerous  one  at  M = 0 , and  find  of  and  of  so  that 


2 2 2^2 
a = of + sof +yof +... 


Now,  of  = 0 . This  result  is  due  to  the  symmetry  of  the  problem.  Hence  to  learn  the 
effect  of  a displacement  we  must  go  to  second  order  of  £ . But  there  we  will  need  o, 
which  can  be  determined  by  using 


V2i>i  + of  o,  = 0 


(4.143) 


Ill 


where 


°i(ro  = Ku.)  = o 


(4.144) 


and 


—(ro  = RJ  = -^~r 

dr 


dr 


(4.145) 


Notice  that  in  ( doJdra ) at  r0  - Rm , which  is  defined  earlier  by  Equation  (4.136),  the 
term  sin^  (dv0/dd0)  vanishes  and  this  is  because  va  at  M = 0 is  independent  on  0o . 
Also,  notice  that  the  t>,  problem  is  not  an  eigenvalue  problem  since  cr  is  known  and  its 

general  solution  is  the  sum  of  a homogeneous  solution  where  -/?,  (d2vo/dr2  )|  is  set 

v 0 \=K 

to  zero  and  a particular  solution.  The  homogeneous  part  is 

= C \-Y0(Routcr0  )JQ  ( roa0 ) + Y0(r0o0  )Jo  (Roul(Jn)]  = Cva  (4. 1 46) 


1 //omogeneous 


and,  because  Rx  is  a multiple  of  cos#0 , we  can  get  a particular  solution  in  the  form 

uW=/(r»)c°s^  (4.147) 

Now,  by  substituting  Equation  (4.147)  into  Equation  (4.143)  and  solving  for 
f(ra),a  particular  solution  to  the  vx  problem  can  be  written  as 


= Cos0c  + C2Yy{r0a0j] 


(4.148) 


where  the  constants  C,  and  C2  can  be  determined  by  using  Equations  (4.144)  and  (4.145) 
. Doing  this  we  have 


/,  „ d2on 

!;i  = C°0  + cos  0/oA  —j 
dr: 


(4.149) 


r„=R.„ 


where 
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°o)-Yx(r0(J0)Jx(Roulao) 

Y(R  cr 

, dYAr„°„) 

II 

5^ 

JS 

S 

R 

dr„ 

dr- 

and  where  the  subscript  A stands  for  the  word  adiabatic.  As  we  explained  earlier,  the 
homogeneous  part  of  the  u,  will  have  no  effect  on  the  value  of  cr \ because  it  will  enter 
the  calculation  multiplied  by  cos#0  which  when  integrated  over  0,27t  will  vanish.  So,  we 
drop  this  term  from  now  on. 

At  the  order  s°  the  problem  is 

V2u2  + a]u2  + c t22v0  - 0 (4.150) 

where 


lh(r„  = Kut)  = 0 


and 


do2 

~dr 


iro  ~ R-in)  ~~2RX 


d~v. 


dr! 


-r; 


ro=Rin 


dr: 


-R 


d2v„ 


2 dr2 


^ sin#  dux 


r„=R.. 


Ri  dO 


Now  we  can  find  a\  without  also  find  o2 . To  do  this,  multiply  Equation  (4.150)  by 


uo , multiply  Equation  (4.104)  by  o2  and  subtract  the  second  from  the  first  to  obtain 


V ■ (t>0 V u2 ) - V • (u2 V ) + cr]o20  -0  (4.151) 

Then,  integrate  Equation  (4.151)  over  the  reference  domain  and  make  use  of  the 
divergence  theorem  to  get 
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Rout  2k  2k 

\ \{°Wo)d0orodro=  { Rmt  (n  • (u„  V u2)-n-  (u2  V oo))ddo 


R,„  0 


'e=Rou, 


2 K 


+ \R,n{d\vyo2)-n\v1Vo0))deo 


(4.152) 


Now  u0  and  o2  vanish  along  the  pipe  wall  while  n.Vo0  = -(dv0/dr0) I is  zero  along 

”o=Rin 

the  rod  wall.  This  eliminates  three  terms  on  the  right-hand  side  of  this  equation  including 
the  terms  in  which  o2  appears.  This  is  important  because  we  do  not  know  o2  at  rQ  - Rin . 

Then  since  ( dv2/dr0 ) is  specified  on  terms  of  o0  and  u,  on  the  inner  wall  we  get  the 
equation  for  <j22  , namely 

Rout  2 k 


a2  { \H)dOnrodro  = 

K 0 

2 K 

I 


-2 Rx  ^-R^-R^-2™^dv' 


(4.153) 


dr 


1 dr!  2 dr 2 


Rt  do 


d6„ 


To  simplify  this  result  we  use  the  fact  that  o0  satisfies 


d v0  1 du  2 

-7t  + --r  + <ro»o=Q 
dr„  r0  dr0 


(4.154) 


and  hence  also 


d2vn  1 d2u„  1 do„ 


- + - 


+ a. 


dr:  r.  dr2  r2  dr  0 dr 


^=o 


(4.155) 


O O O 0 0 


Now,  at  r0  = Rm , uo  must  also  satisfy  (duo/dro)  = 0 whereupon  we  have 


d2n 


dr! 


-CT><.U 


(4.156) 


and 


114 


dV 


dr3 


1 d2v„ 


r„=R<„ 


ro  dr0 


'o=Ri* 


. 1 2 I 

R Go  Volo=Rm 


(4.157) 


Turning  to  u, , on  the  right-hand  side  of  Equation  (4. 1 53)  we  have 


do , 


dr 


= v0\r=R 


ro=Rin 


(4.158) 


and  we  can  make  use  of  the  fact  that  v,  satisfies 


d2u , \ do,  1 d2v,  2 n 

f + L + -T f + °o°\  =° 

dr02  r0  dr0  r2  dO2 


(4.159) 


to  get  d2v,  I dr2  at  r0  = Rm  via 


d\ 


dr2 


i a2u, 


r„ 


R[(7°  v°\r°=R‘"  Rl  dd2 


- cr  u, 


o 1 /•  = 


'o=Ri* 


(4.160) 


Hence,  we  need  (5u,/50o)  in  Equation  (4.153)  and  (d2ul/d&2'j  in  Equation  (4.160)  both 
evaluated  at  ro  = Rm  . But  ox  at  r0  = Rin  is  given  by 


n I d2V0 


"’l_f  n:  m'e. 

l,o  in  "o  iVm 


(4.161) 


and  by  using  this  we  find 


dvx 


dQ„ 


= 0),\  „ cr  lm  „ sin# 


(4.162) 


and 


d2u, 


a#2 


= (o\  „ <T  D „ cos# 


(4.163) 


and  hence 
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d'u, 


dr2 


r„=R„ 


=~t°°v°  Ucosfl-  -^U  <r>-Ucos9» 

/«  \/7 

+ lOi.-Ka'Vi.-KmS0- 


(4.164) 


Now  all  the  0O  dependence  in  our  equation  for  cr]  is  explicit  and  we  can  carry  out  the 
integration  over  0o  to  get 


f »lr0dr„=-RiHul 


ra=R„  <J°  <°A 


(4.165) 


This  is  our  equation  for  a\  and  it  has  been  obtained  without  solving  for  v2 . On 
evaluating  the  integral  of  the  left-hand  side  we  obtain 


Rout 

| o2rdr  = 

Rl 

fdu0' 

J ° 0 0 

*in 

to 

ldr»  J 

-Sl (y  )2 

2 v 


(4.166) 


which  is  positive.  Then  al  can  be  written  as 


*2  = 


-2  Rmv2\  <x>.|  B 

m 0 A'ro=‘L 


(duA 

h2 

ldro  ) 

(4.167) 


and  in  fully  scaled  form  it  becomes 


-2 

cr2  = 


-2  vi 


6). I.  , 

r=  1 0 A'r0=l 


( R.  ^ 


\ J 


( dv  ^ 


a: 


V dK  J 


f.  _ Roui 
0 


(4.168) 


where 


do. 


dr 


3-  = C 


Y(Ro«<  £ dY0{r0a0)  Rout  , 

•V  rfr  </;  J 


and 
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-K(rAW~°-J 

Km Km 


Vf^uLrr  \dLl^A 
l(  R ° dr„ 


+ 


dYSr0  °o) 


rn=  1 


dr 


rn=  1 


' R.„  ° 


Notice  that  &\ , like  a] , depends  only  on  RouJ Rm  . 

Now  the  sign  of  a;  depends  only  on  the  sign  of  <y J.  because  the  signs  of  all 

'ro~l 

other  components  of  Equation  (4.133)  are  known,  they  are  positive.  Unfortunately,  we 
have  been  unable  to  determine  the  sign  of  ebA\.  without  a calculation.  But  the 


calculations  show  it  must  be  positive,  hence  <r22  must  be  negative. 
Again,  because  S]rMcal  = cr  and  because 


<j2=&20+^*22  +...  (4.169) 

tells  us  what  happens  on  displacing  the  rod.  The  displacement  decreases  the  value  of  <x2 , 
and  hence  the  system  becomes  less  stable.  It  appears  that  the  6 -diffusion  cannot  offset 
the  effect  of  the  wider  region  to  the  left  of  the  shifted  rod.  Based  on  this  we  can  conclude 
that,  at  adiabatic  inner  wall,  a symmetric  annular  region  is  thermally  more  stable  than  a 
distorted  one.  Therefore,  the  perturbation  in  this  case  decreases  the  thermal  stability  of 
the  annular  region. 

To  study  the  difference  between  the  previous  problem,  the  constant  temperatures 
walls,  and  this  problem,  the  adiabatic  inner  wall,  a comparison  between  the  results 
obtained  from  each  of  these  two  problems  is  required.  This  comparison  will  be  made  and 
presented  at  the  end  of  this  section  along  with  the  results  obtained  from  the  next  problem 
(/. e. , the  perfectly  conducting  inner  wall).  Now  let  us  turn  to  the  perfectly  conducting  rod. 


117 


4.2. 1.3  Perfectly  conducting  rod 

In  this  case,  the  rod  is  now  perfectly  conducting  (i.e.,  k(  ->  qo  ).  The  heat  generated 
in  the  annular  region  is  removed  by  conduction  to  the  outer  wall,  which  serves  as  the  only 
heat  sink.  On  the  on-centered  case,  as  depicted  in  Figure  4-5  A,  the  maximum  temperature 
will  be  at  the  inner  wall  just  as  in  the  adiabatic  case,  hence  it  has  the  same  8critical  as  the 

adiabatic  case;  smaller  than  the  isothermal  case.  We  saw  this  earlier  in  the  planar 
problem.  In  the  off-centered  case,  depicted  in  Figure  4-5  B,  the  thermal  stability  of  this 
problem  can  be  affected  by  three  factors.  They  are  the  wider  region  to  the  left  of  the  rod, 
the  0 -conduction  and  the  heat  conduction  through  the  rod.  The  third  factor  can  enhance 
the  thermal  stability  as  it  can  carry  heat  directly  to  the  thin  region.  It  is  only  via 
calculation  we  can  see  the  roles  of  these  factors  and  learn  how  perturbing  the  perfectly 
conducting  rod  can  affect  the  thermal  stability  of  this  problem. 


Perfectly  conducting 
(Rod 


The  expected  location  of  _ 

the  Maximum  temperature  Heat  transfer  bY  conduction  on  6 -direction 


Heat-producing 

material 


Heat  transfer  by 
conduction 


A 


Outer  heat  sink 
(Pipe  wall) 


B 


Heat  transfer  by 
conduction 
through  the  rod 


Figure  4-5.  Heat  transfer  between  a perfectly  conducting  rod  and  a pipe  at  fixed 
temperature.  A)  On-center.  B)  Off-center. 


o 
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Because  k(  — » oo , the  boundary  condition  at  the  rod  wall  needs  to  be  explained. 
Once  that  is  done  the  eigenvalue  problem  on  the  annular  domain  can  be  solved  to  obtain 
the  values  of  a 2 and  cr2 . This  eigenvalue  problem  is  a little  different  from  those  in 

sections  4. 2. 1.1  and  4. 2. 1.2  and  so  some  explanation  by  way  of  simpler  problem  is  in 
order.  This  is  given  in  Appendix  E.  In  this  simpler  problem  we  study  heat  loss  from  a 
well-mixed  tank  by  conduction  through  an  attached  rod  and  try  to  see  the  roles  of  the  tank 
and  the  rod  in  determining  the  rate  at  which  temperature  perturbation  dies  out. 

Let  us  write  the  boundary  condition  that  the  temperature  would  have  to  satisfy.  It  is 

f « • qds  = nR^npcCcv  —j- , at  r = Rm  (4.170) 

J , at 

perimeter 

where  Tc  denotes  the  uniform  temperature  of  the  rod,  which  is  equal  to  T at  r = Rm , 


q = -kS7T , p(  denotes  the  density  of  the  material  of  the  rod,  Cf  denotes  its  heat 

capacity  and  n is  the  unit  outward  normal  to  the  surface  of  the  rod. 

Now  expressing  the  integral  on  the  left-hand  side  of  Equation  (4.170)  presents  a 
difficulty  when  the  rod  is  off-center.  It  is  not  easy  to  decide  the  element  of  arc  length,  ds , 
on  the  surface  of  the  rod  in  terms  of  coordinate  from  the  center  of  the  pipe.  This 
illustrated  in  Figure  4-6.  In  fact  even  the  range  of  6 depends  on  e . To  retain  the  same 
physics  but  in  a little  simpler  form  let  us  center  our  coordinates  system  on  the  center  of 
the  rod  whereupon  it  appears  as  though  the  pipe  has  been  displaced,  as  depicted  in  Figure 
4-7. 


Now,  in  scaled  form  Equation  (4.170)  is 


In 


07) 

dr 


d6  = xp^adT 

/<„  R,npC*a  dt 


(4.171) 
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A B 


Figure  4-6.  Displaced  rod  with  a fixed  pipe.  A)  On-center.  B)  Off-center. 


where 
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7 = 


npcCcva 


Rmpcv 

and  this  is  the  boundary  condition  at  the  rod  wall,  now  not  displaced. 
The  eigenvalue  problem  then  is 

j 2 N 


V u + cr  D = V'u  + 


s2+— 

a 


o = 0 


where  now 


2 71  -S 

rdu 

dO  = 

' X" 

J dr 
o 

Kn 

V 

u(r  = /?(#,£:))  = 0 , on  the  pipe  wall  (4.173) 

and 

tjv\  , on  the  rod  wall  (4.174) 

Notice  that  o at  r = Rm  is  independent  of  0 but  its  value  remains  to  be  discovered. 

This  problem  looks  a little  different  than  the  isothermal  and  the  adiabatic  problems 
which  involved  only  cr2  =S2  + X1  /a . Here  we  have  Xja  in  one  boundary  condition. 

Now,  to  obtain  er  let  us  work  our  problem  on  the  distorted  annulus  illustrated  in 
Figure  4-7B.  In  this  case  the  rod  wall,  presents  no  problem;  it  is  the  pipe  wall,  whose 
surface  is  displaced.  For  such  a case,  the  surface  of  the  pipe  can  be  defined  as 

R2  - 2s R cos  6 = R2out  - e2  (4.175) 

where  R is  a function  of  0 and  e and  where  now  R0  = Rout . 


Then,  we  must  solve  our  eigenvalue  problem  on  the  displaced  domain  by  solving  a 


sequence  of  problems  on  the  reference,  symmetric,  domain.  To  determine  these  problems 
we  expand  R and  cr2  in  powers  of  e and  obtain  problems  in  u0,vvo2,...  on  the 
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reference  domain  by  the  usual  methods.  Write  going  to  second  order,  the  expansion  of  R 
becomes 

R = R0  +eR\  h ~ Rj  + ...  (4.176) 

where 


*.  = *«,  costf.,  rt2  = -s~4^- 

< out 

This  is  much  like  before. 

Now  we  might  hold  82  fixed  and  perturb  A2  or  we  might  even  hold  A2  fixed  and 
perturb  S2 . We  can  find  the  A2  ’s  for  any  S2  when  the  pipe  is  on-center  and  we  are  most 
interested  in  the  value  of  S2  when  A2  = 0 . This  is  S2nncal . 

We  begin  by  not  declaring  the  input  and  allowing  both  S2  and  A2  to  change  as  the 
pipe  is  displaced.  The  problems  are,  on  the  reference  domain:  At  order  e° 


V l>  + 


s:  + 


A. 


a 


2 X 


v =0 


(4.177) 


where  o0  must  satisfy 


o0(r0  = Roul)  = 0 (4.178) 

and 


At  order  s' 


2 7t 


do ■ 


dr 


d0o=Tj 


f A2^ 


K 


a 


(4.179) 


2 X 


V u,  + 


a 


o,+ 


2 , K 


2 X 


v =0 


a 


y 


(4.180) 
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where  u,  must  satisfy 


and 


(ro  = Rou,)  = -Ri 


do. 


dr 


r0=Rou, 


(4.181) 


2 x ^ 


dr 


0 '"o 


d60  = ri 


A 


V aJ 


°°k+T> 


( 

V 


V, 


(4.182) 


At  order  s 2 


V u2  + 


vl 

+ 

tN  c 

Oj  + 2 

( i2  V 

S2+^~ 

u,  + 

( 2 2 '\ 
S2+ ^2- 

l a ) 

{ a ) 

l a J 

o =0 


(4.183) 


where  v2  must  satisfy 


«z(ro=^*)  = - 2Rl 


do , 


dr 


-R 


2 d\ 


ro=Rvu, 


1 dr2 


-R 


do„ 


ro  ^ out 


dr 


ro~^out 


and 


2x 


do. 


o 5/; 


d0o=ri 


K 


V a J 


V°k+2rl 


v aJ 


( 


V aJ 


o. 


(4.184) 


(4.185) 


First  we  are  going  to  try  and  hold  A2  fixed  and  equal  to  zero  whence  S2  is  <5 
and  we  are  going  to  see  if  we  can  find  out  the  effect  of  shifting  the  pipe  on  S2rilical . 
Perturb  S2  and  hold  -A2  = 0 . The  problems  to  be  solved  are:  At  order  e° 


2 

critical 


V2l>  + S2o„  = 0 


o o o 


(4.186) 


where  v0  must  satisfy 


*>0(re  = Rout)  = 0 


(4.187) 


and 
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At  order  e' 


2 K 


dv„ 


0 8ro 


dG=  0 


R,n 


V2^i+^>i  +tfvo=0 


where  r>,  must  satisfy 


ui(ro  = Roul)  = -R] 


dll. 


dr 


and 


At  order  s2 


2 n ^ 

f^L 
J dr 


d0„ 


= 0 


V2t>2  + 8]v2  + 2 S2vl  + S2v0  = 0 


where  u2  must  satisfy 


°2  (To  = Rout)  = ~2Rl 


da 


dr 


-R 


2 d\ 


ro  R out 


dr 2 


- R. 


ro=Ku, 


dr 


and 


2 n 


da 


o dro 


d0=  0 


K, 


At  order  s°  the  eigenfunctions  take  the  form 

[AJu(r06c)+BYu(, A)]cosM0„ 


and 


(4.188) 


(4.189) 


(4.190) 


(4.191) 


(4.192) 


(4.193) 


(4.194) 


(4.195) 


[Mu(r&)  + BYu(rjS.)\*aWc 


(4.196) 
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where  M = 0,1,2,...  and  where  A,  B and  S0  must  be  determined  by  the  boundary 


conditions  at  ra  = Rm  and  r0  = Roul . 

We  see  already  that  we  have  a problem  run  into  a technical  difficulty,  not  at 
M = 0 , but  at  M = 1,2,...  the  problem  is  underspecified.  So  let  us  focus  our  attention  on 

the  case  M-  0 . Then  at  order  e°  our  problem  is  just  the  adiabatic  problem  and  S0  is  just 


what  we  found  earlier. 

However,  the  constants  A and  B are  not  independent,  but  one  can  be  found  in 
term  of  the  other.  Doing  this  we  write  our  eigenfunction  as 

u0  =C[-Y0(RoJ0)Jo(r0S0)  + Yo{r0S0)Jo{RoM]  (4197) 

where  C is  an  undetermined  constant.  This  equation  can  be  written  in  fully  scaled  form, 


that  is 


o0=C 


in  in 


(4.198) 


and  therefore 


dv, 


dt 


± = C 


y(Ku,  ^dJ0{r08o)  dY0(r0S0)  £ 

* dt  JAR„dJ 


(4.199) 


Our  next  job  is  to  correct  820  for  the  displacement  of  the  pipe.  Then  we  will  have 


Now,  we  turn  to  order  sx  and  prove  S2  is  zero.  To  do  this,  multiply  Equation  (4.189)  by 
v0 , multiply  Equation  (4.1 86)  and  subtract  the  second  from  the  first  to  get 


V-(u^)-V-(uiVu.)  + ^=0 


(4.200) 
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Now  integrate  Equation  (4.200)  over  the  reference  domain  and  use  the  divergence 
theorem  to  get 


where  n is  the  unit  outward  normal  to  the  annular  region,  as  shown  in  Figure  4-7B. 

Each  of  the  four  term  on  the  right-hand  side  is  zero  because  uQ  is  zero  at  r0  = Roul , 

u,  is  multiple  of  cos  0O  at  rB  = Roul , vn  and  are  constant  at  r0  = Rin  and  the  integral  of 
both  ( dojdr ;)  and  ( doJdr0 ) over  0,2;r  is  zero  at  r0  - Rm . Hence  Sf  - 0 and  must 
be  found  by  solving 


(4.201) 


o 


(4.202) 


where  u,  is  subject  to  the  following  two  boundary  conditions 


(4.203) 


and 


(4.204) 


Now  notice  that  the  o,  problem  is  not  an  eigenvalue  problem  since  S]  is  known,  so 


too  -R,  (don/dr)\  , hence  u,  = v. 

IV  Ol  o) \l.o=Rovt-‘  1 V 


Homogeneous 


Particular 


where 


o , 


c[-y^A)JMA)  + VW.WU)]  = Co,  (4.205) 


and,  because  is  a multiple  of  cos  6, , we  can  get  a particular  solution  in  the  form 
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v<  m=fMcos0<.  <4'206) 

whence 

=cose„[C,Jl(r/J  + C!F1(rA)]  (4.207) 

and 

u,  =Cu„  + cos  0,  [C,J,  (r„<S„ ) + Cjl)  (r„4 )]  (4.208) 

where  the  constants  C,  and  C2  must  be  determined. 

Now  v0  satisfies  the  boundary  conditions  and  hence  we  would  hope  to  determine 
C,  and  C2  using  the  two  conditions  on  u, . But  the  condition  at  the  rod  is  satisfied  for  all 
C,  and  C2  hence  only  the  relation  between  C,  and  C2  can  be  established  using  the 
condition  at  the  pipe.  Doing  so,  u,  will  turn  out  to  be 


v,  = Co0  + 


Jy(roSo)  duo 


J\(RouA)  dra 


+ C, 


ro  R out 


Yl(KJo) 


•W.)  + W.) 


cos<90  (4.209) 


and  dojdr0 , needed  later,  is  given  by 


do,  _^dv0 
dr0  dr0 


dJMoSp) 

dr0  do0 

Ji(Rou,So)  dr0 


+ Cj(Op 


cos# 


r0=Ro„ 


(4.210) 


where 


cop  = 


-YAKJ. ) 


dr 


dr 


A(Rou  A) 


unless  C2  disappears,  we  are  not  going  to  be  able  to  find  a\ . But  let  us  see. 

Again,  the  homogeneous  part  will  play  no  role  and  we  drop  it  henceforth. 
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The  problem  for  order  s 2 is 


V2u2  + S2o2  + S2o0  = 0 


Vl(ro  = Rout)  = -2^1 


do. 


dr 


-R 


d2o„ 


*1 0 R out 


1 dr 2 


-R. 


ro=Km 


dv0 

dr„ 


and 


2k 


dv-, 


o dro 


d0=  0 


(4.211) 

(4.212) 


(4.213) 


Now  to  get  S]  without  determining  o2  multiply  Equation  (4.21 1)  by  uQ,  multiply 
Equation  (4.186)  by  v2  and  subtract  the  second  from  the  first  to  get 

V-(u0Vu2)-V-(u2Vu0)  + <7>02  -0  (4.214) 

Now  integrate  Equation  (4.214)  over  the  reference  domain  and  use  the  divergence 
theorem  to  obtain 


Roul  2* 

- f \{8lVl)d0orodro 


Rin  0 


f Rou,  {n\v0Wv2)-n- (o2 V u0 )) d0o 


ro=Rin 


(4.215) 


Then,  because  va  vanishes  at  r0  = Rout , ua  and  u,  are  constant  at  r0  = Rin  and  because 


L7l 

J (du2/dro) | ddo  = 0 and  J (duo/dro)\R  d0o  = 0 , Equation  (4.215)  reduces  to 


Rout  2k 


2k 


d2  j \Uod0orodra  = Rou>  J”2|v 


do. 


R,„  0 


^°ut  dv 


de„ 


(4.216) 


where  v2  is  satisfied  at  Rout , therefore 
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Kui  In 

5 2 J \^d0r0dr0  = 


Hn  0 


R ^ 


dr 


2 n 

J 

[a 

1 dr 

0 

+ R, 


d2o„ 


ro  R out 


dr 1 


+A 


f O R out 


dr 


(4.217) 


dO„ 


ro=Rm „ ) 


Now,  using 


d2v. 


dr 2 


1 do,. 


ro  R out 


Ku,  dr0 


(4.218) 


and  Equation  (4.210),  at  ra  = Rout , without  the  homogeneous  part,  viz.. 


dox 


dr 


dJx{r0S0) 


dr„ 


dO0 


J\  (RouA)  dr0 


+ C26)l\r0=RM 


ro=r,u, 


cos6( 


the  formula  for  S2  reduces  to 


W.) 


R 


dr 


ro  RquI 


'do.'1 


Si=- 


\dro  J 


-C,  R,,,„0)„ 


rp  R out 


I doa 

(d»0) 

CN 

ro~Rtmt  dy 

1 

3 

4 

H 

V.® 

ldro  j 

II 

Rout 


(4.219) 


AA 


But  we  do  not  know  C2 . Thus,  the  perturbation  that  we  had  loved  does  not  work. 

There  are  two  ways  by  which  we  can  solve  this  problem  without  facing  this 
difficulty.  The  first  way  is  to  solve  the  problem  holding  S2  fixed  and  perturb  -X1  /a , 
which  now  becomes  our  eigenvalue,  and  we  must  check  for  its  sign  as  the  rod  is  shifted. 
For  this  case  we  can  choose  S 2 based  on  our  expectation  that  the  critical  value  of  S2  in 
the  reference  case  is  equal  to  that  for  the  adiabatic  problem.  The  second  way  is  to  solve 
the  problem  holding  - A2 /a  fixed,  at  a value  other  than  zero,  and  perturb  S1  and  see  if 
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its  value  increases  or  decreases  as  the  rod  is  shifted.  These  two  ways  are  illustrated  in  the 
following. 

Perturb  - and  hold  82  fixed.  In  this  case  the  problems  to  be  solved  are:  At 
order  s° 


where  va  must  satisfy 


and 


VV  + 


V 


s2+^ 

a 


2 A 


o=0 


Vo(ro  = Rout)  = 0 


At  order  s' 


2n 


do,. 


dr 


0 ‘"o 


dda=T] 


( 

V aJ 


V. 


°\R 


V2u,  +8\+^ul+^v0=  0 
a a 


where  u,  must  satisfy 


ro=Rou, 


and 


At  order  s2 


do, 


d0o=r] 


a 


°°k+TJ 


A 

a 


2 \ 


O, 


(4.220) 


(4.221) 


(4.222) 


(4.223) 


(4.224) 


(4.225) 


V2l>2  +S2o2  + —o2  + 2—vl  +—i )a  =0 
a 


a 


a 


(4.226) 
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where  u2  must  satisfy 


vi(r„  = Ku,)  = -2/?, 


du, 


dr 


R, 


2 d\ 


1 J..2 


ro=Rvut 


dr 


-R 


du. 


dr 


(4.227) 


and 


2k 

I 


3d. 


3r 


0 " o 


d0o=T] 


v 


t'4+2'7 


V 


L>, 


..  *4-^' 


(4.228) 


and 


Again,  at  order  e°  the  eigenfunctions  take  the  form 

[AJM{r0a0  ) + BYu  (t0cj0  )]  cos  MG0 

[AJM(ro°o ) + BYm  (r0cr0 )]  sin  M0o 


(4.229) 


(4.230) 


where  M = 0,1,2,...  and  where  A,  B and  cr0  must  be  determined  by  the  boundary 


conditions  at  ro  = Rm  and  r0  = Roul . 


To  find  A and  B we  turn  to  Equations  (4.221)  and  (4.222)  and  obtain 

AJM(RoutCTo)  + BYM(Roul*o)  = 0 


(4.231) 


and 


2k 


<dIM(ro°o) 


drn 


+ B 


dyM(ro°o) 


dro 

v 


cos  M6d0„  - 


V 

( 

V aJ 


(4.232) 


[AdM  (Rin°o)  + BYM  (R,n°o)]C  0S  M GQ 


where  the  integral  on  the  left-hand  side  is  given  by 


,^a jir<Po) 
dr 


+ B 


dYM{r0cr0) 

dr 


2 K 


cos  M3, <7 <9, 


(4.233) 
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and  this  is  zero  unless  M = 0 . Hence  for  all  M other  than  zero  no  heat  will  be  conducted 
into  the  rod  and  because  of  this  the  temperature  of  the  rod  remains  fixed.  Consequently 
the  problem  is  just  the  problem  for  constant  temperature  walls  (i.e.,  isothermal  walls). 

For  M = 0 things  are  little  different  and  this  case  is  our  focus.  Hence  at  M = 0 we 
have  at  ra  = Roul 


AJo(Rout<Jo)  + BYo(RoutcTo)  = 0 (4.234) 


and  at  ra  = Rm 


{AJoir0G0) 

dr 


+ B 


dYo(ro°o) 


dr 


= JL 

» 2;r 

[AJ0(Rma0)  + BY0(Rina0)\  (4.235) 


and  these  two  equations  can  be  written  as 


JXKuPo) 


dJ0{r„(Xo) 

, 7 

dro 

R,  l7X 

I®  ) 

dY0{r0a0 ) 
dr 


'out  0 
( i2  X 


+ 


_7_ 
2 n 


kt 


\a  j 


A 

B 


(4.236) 


To  get  a solution  other  than  A-  0 and  5 = 0 the  determinant  of  this  matrix  must  vanish. 


which  means 


JoiKjto) 


dYo(ro^o) 


dr 


+ 


JL 

2 n 


r o2\ 


k 


J 


UR^o) 

Mo^o) 


dr 


+ 


JL 

2 n 


(4.237) 


\a  J 


do(Rm<r0) 


= 0 


But  we  know  that 


cr:  = 


S2 


j 2 X 


+ - 


a 


(4.238) 


then,  we  can  write 
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22 

^ = v20-S2 
a 


(4.239) 


Therefore,  by  substituting  this  into  Equation  (4.237)  we  get 


Jo(Rou,°o) 


dYo(ro°o) 


dr. 


-UKs.) 


dJ0(r0(T0) 


dr 


(4.240) 


= 0 


and  in  fully  scaled  form 


dm&i 


dr„ 


+£(* -*)«*•> 


r = 1 


R. 


-Yipsa-a  ) 

o'-  ^ o' 


dr 


(4.241) 


= 0 


where  7 = 7/  Rin . This  is  the  equation  determining  the  allowable  values  of  a0  for  the 

reference  domain  where  S2  is  given  and  where  the  critical  value  of  8 is  expected  to  be 
equal  to  the  critical  value  of  8 in  the  reference  case  for  the  adiabatic  inner  wall  problem 


(i.e.,  8t 


critical 


= 8: 


critical 


),  where  the  subscripts  P and  A stand  for  the  terms  perfectly 


conducting  and  adiabatic,  respectively. 

Solving  Equation  (4.241)  determines  the  values  of  aQ  for  any  given  values  of 
Rou,/R,n , 82  and  f\ . But  because  we  are  interested  in  obtaining  82rilical , we  are  going  to 


set  8 to  be  equal  to  8critical 


which  is  expected  to  be  equal  to 


critical 


The  value  of 


critical 


for  any  given  value  of  RouJ Rin  can  be  obtained  from  section  4.2. 1.2. 
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To  check  if  this  expectation  is  correct,  let  us  choose  a value  for  R0UJ  Rm  and  obtain 


the  corresponding  value  of  82critica,  from  the  previous  section.  Then,  let  us  set  values  for 


S2  such  that  it  is  slightly  higher  than  82nllcal  , equal  to  S2rilic J and  slightly  lower  than 


J critical 


and  see  how  the  eigenvalues,  -T2/or , behave.  To  do  this,  substitute  the  chosen 


value  of  S2  into  Equation  (4.241)  with  a selected  value  for  77  and  with  the  previously 
selected  Roul/Rin  • Some  results  are  presented  in  Table  4-3. 

From  our  calculation,  see  Table  4-3,  we  found  that  for  the  case  S~  > 82nlical  the 

\A 

first  eigenvalue  , -(T02 /a)  , is  positive  while  the  remaining  eigenvalues,  -(A , 


2 

-(T02/a)  ,...  are  all  negative.  From  this  we  can  conclude  that  the  selected  value  of  8~ 


is 


greater  than  S2nlical 


and,  hence,  the  system  is  unstable  at  this  value  of  S2 


Table  4-3.  Values  of  S2critical 


at  r)  = 2n  and  Roul/R„,=5. 


S2  > slmcal 

A 

k2  - k2 

° O critical  . 

A 

S2<82crmcal 

A 

82 

0.270 

0.264 

0.260 

3.74x1  O'3 

0 

-4.2  xlO'3 

-(x°la\ 

-0.875 

-0.880 

-0.885 

-(4?H 

-2.700 

-2.710 

-2.720 

In  the  case  where  52  =S, 


critical 


, we  found  that  the  first  eigenvalue,  -(l2/«)i , is 


zero  while  all  the  other  eigenvalues  are  negative.  From  this  we  can  conclude  that  8 is 
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equal  to  8)ritical  and,  consequently,  S]rUlcal 


= 8. 


critical 


and,  therefore,  our  expectation  is 


correct. 


Moreover,  in  the  case  8 < Scntlcal 


we  found  that  all  the  eigenvalues  are  negative 


/S  a 2 

which  indicates  that  the  selected  value  of  8"  is  less  than  Scnlical 


and,  hence,  the  system 


is  stable  for  all  values  of  82  equal  to  or  less  than  the  selected  S2 . 


Now,  because  S2crilical 


= 8 


critical 


in  the  symmetric  case  and  because  we  know  that 


the  critical  value  of  8 is  reached  when  -A2  = 0 (i.e.,  a2  - 82  - 8critical ),  then  the  value  of 
j 7 will  not  affect  the  first  value  of  <j0  , (x0i , and,  consequently,  it  will  not  affect  the  first 
value  of  -(A* /a)  . This  is  because,  as  we  can  see  in  Equation  (4.241),  fj  is  multiplied 

by  (a02  - J2  j which  is  in  this  case  equal  to  zero  and,  therefore.  Equation  (4.241)  reduces 


to 


, (Rou,  > n dYo(ro&0) 
J°(R„  df 


r„= 1 


dr. 


r„=l 


f(^(T  ) = 0 

° V r of 


(4.242) 


which  is  similar  to  Equation  (4.139)  obtained  from  the  adiabatic  inner  wall  problem. 
However,  solving  Equation  (4.241)  determines  the  values  of  <r(J  for  any  given 

value  of  Roul/Rm  , 8 and  rj . But  because  82  is  set  to  be  equal  to  82critlcal, 


y critical 


_ 

u critical 


, then  the  value  of  <r0  can  be  affected  by  two  factors,  the}’  are 


R0u,/Rm  and  rj . To  study  the  effect  of  each  of  these  two  factors  on  the  value  of  a 0 the 
calculation  will  be  done  as  follows:  First  we  will  fix  i)  and  determine  the  values  of  a0  at 
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various  values  of  RouJ Rm  , then  we  will  fix  Rou,/Rin  and  determine  the  values  of  60  at 
various  values  of  77 . The  results  obtained  for  the  two  cases  are  illustrated  in  Tables  4-4 
and  4-5. 


Table  4-4.  Values  of  a0  at  77  = 2 n and  various  Roul/Rm  ■ 


Rou,/R,n 

^0 

5 

0.514 

10 

0.245 

15 

0.162 

Table  4-5.  Lowest  values  of  <r0  at  Roul/R,„  = 5 and  various  77 . 


V 

&oX 

&o2 

0.1  n 

0.514 

1.99 

2 n 

0.514 

1.72 

10tt 

0.514 

1.59 

From  Table  4-4  we  can  notice  that  thick  heat-producing  regions  are  thermally  less 
stable  than  thin  heat-producing  regions.  This  result  agrees  with  our  earlier  calculations. 
From  Table  4-5,  we  can  see  that  the  value  of  77  will  not  affect  the  first  value  of  <j0  , 

<j0  , which  is  the  value  of  interest,  and,  consequently,  it  will  not  affect  the  first  value  of 


-(T02/«)i  as  we  explained  earlier. 

However,  the  constants  A and  B are  not  independent,  but  one  can  be  found  in 
term  of  the  other.  Doing  this  we  write  our  eigenfunction  as 

o0  = C[-Y0(R0Ula0)J0(r0a0)  + Y0{roao),J  0{R0U,ao)\  (4.243) 

where  C is  an  undetermined  constant.  This  equation  can  be  written  in  fully  scaled  form, 
that  is 


= C 

/L 


R,. 


(4.244) 
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and  therefore 


do. 


dr 


°-  = C 


_Y  finL.fi  | dYo<Jo°o)  jfiou,  fij 


R 


dr 


dr 


R.. 


(4.245) 


Having  the  value  of  <r2  , the  values  of  -A20j a can  be  determined  via 


;2 

_A.  = <52_(j2 
a 


Our  next  job  is  to  correct  -A2J a for  the  displacement  of  the  pipe.  Then  we  wall 


have  cr  as 


( 3 2 \ 

U2] 

e2 

£2+  — 

V « J 

s 2 +— 

l « J 

+ £ 

\a  ) 

2 

<a  j 

Now,  to  find  -T,2/a  we  must  solve  Equation  (4.223),  which  is 


V2u,  +—o„  + S2u,  +—o,  =0 


a 


'i  1 

a 


where  u,  must  satisfy 


Vi(r0  = Rou,)  = -R> 


do0 

dr 


ro=Km, 


and 


2 71 


do. 

It 


d0o=r] 


< 

V <*  J 


°o\r  +7? 


f A2^ 


V 


f, 


To  obtain  -Af  ja  let  us  multiply  Equation  (4.223)  by  oa  and  Equation  (4.220)  by  vx  and 


subtract  the  second  from  the  first  to  obtain 


V-(u0Vu,)-V-(u,Vu0) 


(4.246) 
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Now  integrate  Equation  (4.246)  over  the  reference  domain  and  use  the  divergence 
theorem  to  get 


Rout2x(  V 

- J \\—°o  d0orodro  = j^(«-(y0Vyi)-«-(WlVUo))^0 

Rm  0 V a ) 0 


2 K 


+ f K (« • (^„v ) - n • fav ))  de0 


(4.247) 


where  « is  the  unit  outward  normal  to  the  annular  region,  as  shown  in  Figure  4-7B. 

Now  the  first  integral  in  the  right-hand  side  of  Equation  (4.247)  is  zero  due  to 
vo(ro  = Roul)  = 0 and  because  v ,(r0  = Roul)  is  a multiple  of  cos0o  and  when  integrated 


over  0,2^  it  vanishes.  Hence  we  need  to  pay  attention  only  to  the  second  integral,  hence 
this  equation  becomes 


1 2 \ ^ out  2;r 

7 o 


2n  * 

1 c do. 

d6n-  R,„  ox 

2 n j 

rdun 

1 1 

I 2- 

'ro~Rin  J /jy 
0 o 

o 

a? 

ll 

dd0  (4.248) 


By  using  Equations  (4.222)  and  (4.225),  Equation  (4.248)  becomes 


f£_ 

a 


R out  2^ 


J \vlddorodro  + Knv\ 


R*.  o 


= 0 


(4.249) 


Because  v]  is  neither  zero  nor  negative  and  rj  cannot  be  negative,  then  - A,2 /a  must  be 
zero.  Again,  this  is  an  expected  result  and  it  happened  because  of  the  symmetry  of  the 
annulus.  Hence  to  learn  the  effect  of  a displacement  we  must  go  to  second  order  of  e . 
But  there  we  will  need  u,  which  can  be  determined  by  solving 


A2 

S/\+S\+^-ox  =0 
a 


(4.250) 


which  can  be  written  as 


V2o,  + a]vx  = 0 


(4.251) 
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where 


°Ar.  = Rm)  = -^ 


(4.252) 


'o=Ku, 


and 


2 n 


f 3wj_ 
J Fr 


dr 


0 o 


d0o=ri 


f 

V aJ 


v, 


(4.253) 


Notice  that  the  u,  problem  is  not  an  eigenvalue  problem  since  a]  is  known  and  its 
general  solution  is  the  sum  of  a homogeneous  solution  where  ~RX  (dv0/dr0)\  is  set  to 

zero  and  a particular  solution.  The  homogeneous  part  is 

q.  - C[-n(*0,CT„)J„(W)  + n(W)/.(J?_<7„)]  = Cq  (4.254) 

and,  because  i?,  is  a multiple  of  cos$0 , we  can  get  a particular  solution  in  the  form 

v\  = /(r0)cos<90  (4.255) 

Now,  by  substituting  Equation  (4.255)  into  Equation  (4.251)  and  solving  for 
f(r0) , a particular  solution  to  the  u,  problem  can  be  written  as 

= COS0o  [CXJMo°o)  + C2Yl(ro°o)\  (4.256) 

and 


u,  = Cv0  + cos  0o  [C,J \ ( r0o0 ) + C2T,  (roao )] 


(4.257) 


where  the  constants  C,  and  C2  can  be  determined  by  using  Equations  (4.252)  and  (4.253) 


. Doing  this,  will  turn  out  to  be 


U[  = Cva  +cos  0o 


Yi  (Rin<r0  )A  ir0(r0 ) - Yx  (r0an  )J{  {Rmcro ) 

-Y\  (Rin<?o  WRo^o  ) + Yl  (Rou,°o  )J  1 (R,n°o  ) 


dv„ 


dr 


(4.258) 
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and  dvj dr 0 , needed  later,  is  given  by 


du,  • doa  n do 
— - = C — °-  + cosGn(op — - 
dr  dr 


where 


(Op  = 


<K ^ 

j0)  + Y^cjMR^o) 


Again,  the  homogeneous  part  will  play  no  role  and  we  drop  it  henceforth. 
The  problem  at  order  e 2 is 

V2d2  + S2v2  + —o2  + —oa  = 0 
a a 


V2( ro  = Rou<)  = ~2Rt 


dvx 


drn 


R 


2 d2v0 


rO  R out 


1 dr1 


n dVo 

~R 2*T 


^0~^OU! 


and 


2 71 


do. 


8r 


0 o 


d0o  = T] 


r Ap 

v 


V°W+T1 


( 

a 


u , 


(4.259) 


(4.260) 


(4.261) 


(4.262) 


Now  to  get  - A^/a  without  determining  u2  multiply  Equation  (4.260)  by  va,  multiply 
Equation  (4.220)  by  v2  and  subtract  the  second  from  the  first  to  obtain 


V-(u„Vu2)-V(u2Vu„)+i-u„'=0 


(4.263) 

Now  integrate  Equation  (4.263)  over  the  reference  domain  and  use  the  divergence 


theorem  to  get 
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R„,  2*  / - 2 \ 2* 

- j J — 1 0o  d0orodro  = j Rou,  («  • (^0V  ^2  ) - « • (U2  V ))  ^ do 

„ o V a / o 


+ f^,n(«-(^Vy2)-«-(y2Vyo))^ 


(4.264) 


ro=Rm 


Then,  because  o0  vanishes  at  ra  = Roul  Equation  (4.264)  becomes 


( ^ 2 'N  2*  2 * 

± JEXrA=-^H- 


Ju„ 


\a  ; R,n  o 


0 

2;r 


^012/  dy 


dd„ 


r„=IL, 


R.%  I *1  ^ + Uu2| 

m J dr  J 2lr<.= 


c/u„ 


'1=^, 


dr 


(4.265) 


J6> 


ro=Ri» 


and  because  dval dr o is  independent  of  0o  and  o0(r0  = Rm)  and  u,(r0  - Rin)  are  fixed  and 
by  using  Equations  (4.222),  (4.261)  and  (4.262),  Equation  (4.264)  reduces  to 

( 12  \V<2^  dv 


0 Z \ lvOM/ 

i j jU>„rA  = /f„ 


\a  J R,n  0 


dr 


In 

1 

du ' 
1 Jr 

0 

d2o„ 


'o=Ro„ 


+ R , 
dr2 


+/J. 


Jt> 


Jr 


ro~^oui  ) 


d0  + 


\a  J 


nRM 


Now,  using 


d2i) 


dr2 


1 dv. 


ro~K>ut 


Rou,  drQ 


and  using  Equation  (4.259),  at  r0  = Roul , without  the  homogeneous  part,  viz., 


do. 


dr. 


a I d°o 
= COS«.«l,|(JU  — 


*0  ~^OUl 


(4.266) 


(4.267) 


the  formula  for  - X,2  /«  reduces  to 
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'dv' 


A 

a 


dr 

V “r°  Jr^,  0 


Rout 

2n  jo20r0dr0  + TjRlu( 


(4.268) 


Notice  that  the  denominator  of  this  equation  is  always  positive. 

On  evaluating  the  integrals  in  the  numerator  and  the  denominator  we  obtain 


A 

a 


(r  . o)„\  -l) 

( do0) 

\ OU  P'ro-^,  / 

ldro  J 

R 


2 fdv' 


2cr. 


dr 


R 


2 < do ' 


2(7. 


0 V » /r0=R„„, 

and  in  fully  scaled  form  it  becomes 


2 ° 


+ 


f- 

1 2* 


(4.269) 


( 


A=. 

a 


0)p\  -1 

: &!L 
°~K.n 


f dv.  ^ 


\dt 


ft  _RquI 
0 


( R V 1 ( A 


v y 


l 


2^0  V.  ^ ) f =!*™l 
° 


dOo 

dr 


( do.  ^ 


2(7. 


dr. 


o \ o Jf=  1 


--u2 
2 0 


/ r,  \ 


+ 

4-1  v2^- 


L> 


4-1 


(4.270) 


where 


dv 


dr 


°-  = C 


_Y  A- * + j (Ala-  1 

R,„  dr  drn  R,„ 


and 


R„ 


(Op  = 


R.. 


dr» ±, 


Notice  that  -i^/a  depends  on  ra , whose  value  can  range  from  one  to  R0UJ Rin , 


and  on  f) , whose  value  can  range  from  zero  to  infinity. 
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Now  the  sign  of  - i^/a  depends  only  on  the  sign  of  the  factor  ( S)v\  - 1 ) 

because  the  signs  of  all  the  other  components  of  Equation  (4.270)  are  known,  they  are 
positive.  As  in  the  previous  two  problems,  we  have  been  unable  to  determine  the  sign  of 

( mp\  - 1 ) without  a calculation.  But  the  calculations  show  that  it  is  negative  and, 


consequently,  the  sign  of  -A%  / a must  be  negative. 

Thus  far  all  the  components  of  the  eigenvalue,  - A2 /a , are  obtained  (/.  e. , -A]  /a , 
-/l,2  /or  and  ).  The  next  step  is  to  determine  the  value  of  -A2 /a  for  the  distorted 

annulus,  which  is  defined  as 


x_ 

a 


' A2' 


v 


+ £ 


V 


( 


+ - 


K 


v 


+ . 


and  then  compare  its  value  with  that  at  the  reference  state  ( i.e .,  -22/a ).  To  do  this,  let  us 


keep  in  mind  that,  and  is  a negative  quantity,  f is  a positive  quantity  and 

-2,2/a  is  zero.  Then  we  can  notice  that  the  eigenvalue,  -X1/ a , for  the  distorted  annulus 
is  less  than  it  is  for  the  reference  state.  Whereupon  a is  assumed  to  be  fixed,  then  this 
can  only  mean  that  the  growth  constant,  -A2 , of  the  distorted  annulus  is  lower  than  the 
growth  constant  of  the  reference  state.  And  we  know  that,  as  the  growth  constant 

decreases  the  thermal  stability  of  the  system  increases.  And  because  in  this  case  S2  is 
hold  fixed,  then  the  increase  in  the  thermal  stability  will  be  due  to  an  increase  in  the 
thermal  diffusion.  Therefore,  we  can  say  that  the  effects  of  the  0 -diffusion  and  the  heat 
conduction  through  the  rod  overcome  the  effect  of  the  wider  region  to  the  right  of  the  rod. 
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Based  on  this  we  can  conclude  that,  at  perfectly  conducting  inner  wall,  a distorted 
annular  region  is  thermally  more  stable  than  a symmetric  one.  Therefore,  the  perturbation 
in  this  case  increases  the  thermal  stability  of  the  annular  region. 

Now,  to  check  our  calculation,  let  us  solve  this  problem  by  using  the  second 
method  (i.e.,  holding  -X1  /a  fixed  at  a value  other  than  zero  and  perturb  S2 ),  and  see  if 
we  can  recover  the  same  conclusion. 

Perturb  S2  and  hold  - X2ja  fixed  at  a value  other  than  zero.  In  this  case  the 
problems  to  be  solved  are:  At  order  e°  the  domain  equation  is 


where  va  must  satisfy 


( 


VV  + 


s;  + 


A 


a 


2 A 


v =0 


(4.271) 


»0(ro  = Rou ,)  = 0 


(4.272) 


and 


2 n 


do,. 


o dro 


d0o=l 1 


K 


< A2^ 


v aJ 


v. 


o\R„ 


(4.273) 


At  order  ex 


V2u,+ 


1 2 A 


S2+- 


a 


vi+S2uo=0 


(4.274) 


where  u,  must  satisfy 


Ui(r0  = RoJ  = -Ri 


do,, 


dr 


Rout 


(4.275) 


and 
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2 7t 


du, 


o dro 


d0o  = ri 


{ 


R* 


v ff; 


v, 


>k 


At  order  e 2 


V u2  + 


( 

$l+  — 

a 


u2  + 2 £,2u,  + S]v0  = 0 


where  v2  must  satisfy 


kk  = = -2/?, 


dr 


-R 


d2n 


Rout 


1 £fc2 


Rout 


dr 


Rout 


and 


lit  ^ 

f ^2 

i SrB 


deo=n 


f A2\ 


V k 


L>, 


and 


Again,  at  order  e°  the  eigenfunctions  take  the  form 

[ AJm  iro°o ) + BYm  {rocr0)\ cos  M 90 

[AJM(.ro°o)  + BYM(r0cjoj\s™M60 


(4.276) 


(4.277) 


(4.278) 


(4.279) 


(4.280) 


(4.281) 


where  M = 0,1,2,...  and  where  A , B and  a0  must  be  determined  by  the  boundary 


conditions  at  ra  = Rm  and  r0  = Rout . 


To  find  A and  B we  turn  to  Equations  (4.272)  and  (4.273)  and  obtain 


AJm(R0UIct0)  + BYm(R0Ui(j0)  = 0 


(4.282) 


and 
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2 ic 


, dJu{r0a0) 


dr 


+ B 


dYM{r0o0) 


dr 


Hr 


cos  M0od9o  = 


V aJ 


(4.283) 


[M + BYM(Rtnao)]cosM0o 


where  the  integral  on  the  left-hand  side  is  given  by 


A 


dd M{r0ao) 


dra 


Hr 


j,dYu(ro<Jo) 


dr 


(4.284) 


and  this  is  zero  unless  M = 0 . Again,  for  all  M other  than  zero  no  heat  will  be 
conducted  into  the  rod  and  because  of  this  the  temperature  of  the  rod  cannot  changes.  As 
a result  of  this  the  problem  becomes  just  like  the  problem  of  constant  temperatures  walls. 

For  M - 0 things  are  little  different  and  this  case  is  our  focus.  Hence  at  M = 0 we 
have  at  r0  = Rou, 


AJo(Roulvo)  + BYo(Romcro)  = 0 


(4.285) 


and  at  r — R 

o in 


/.(rA) 


dr 


+ B 


dY0(r0cr0) 


Hr 


dr 


_ J7_ 

f A2' 

R 

, «, 

[AJ0(Rina0)  + BY0(Rin<r0)]  (4.286) 


and  these  two  equations  can  be  written  as 


dJ0(r0o0) 

Jo(Rou, 
+ 77 

°o) 

dra 

it  2* 

J 

UK*.) 


dY0(r0a0 ) 


dr 


Y0(R0ulcr0) 

( i2\ 


+ 


v_ 

2 n 


r 


\a  J 


Y0{R,n<y0) 


(4.287) 


To  get  a solution  other  than  A-  0 and  5 = 0 this  determinant  must  vanish,  which  means 
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Jo(Rou,°o) 


dYo(r0cr0 ) 


dr 


+ - 


( A2^ 


2# 


-nw**.) 


n(^) 

dJo(r0<r0) 


dr 


r t2\ 


+ - 


2 n 


\a  J 


J.(KPo) 


(4.288) 


= 0 


Now,  to  determine  S2  which  indicates  the  strength  of  the  heat  source  for  the  symmetric 
annulus,  we  first  must  decide  about  the  value  of  — X1  fa  that  we  are  going  to  use.  One- 
way to  do  this  is  to  use  Table  4-3  where  the  value  of  S2  is  known  (/'.  e. , 82  = 82ntical  ), 

A 

and  choose  a value  of  -A 2 fa  other  than  zero.  Then,  in  this  calculation  80  is  just  8 and 
whereupon  cro2  is  given  by 


2 e2  h 

= °o  + — 

a 


(4.289) 


then,  we  can  write 


o-0=J^2+  — 

V a 


Therefore,  by  substituting  this  into  Equation  (4.288)  we  get 


(4.290) 


+—) 
V a 


V a 


dr 


( i2  N 


+ - 


2 n 


\a  ) 


+—) 
V a 


do+—  ) 

a 

k2+— ) 
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+ *1 

(A2} 
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2n 

Rm 

la  ) 

V a 


(4.291) 


= 0 


and  in  fully  scaled  form 
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D 

J (SUL 

oK  ft. 
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dUK 


a2 

82  + —) 
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dr. 
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[a  j 
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?2  . A2 
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V / 1Xout 
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dJ„{r0, 
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dr. 


(4.292) 


+ ■ 


^ A2^ 


In 


\a  j 


52 


d0(Jd:+—) 

V a 


= 0 


c,=i 


This  is  the  equation  determining  the  allowable  values  of  £0  for  the  reference  domain 


where  - A2  joe  is  known.  Notice  that  80  depends  on  Rout/Rm  , - A1/ a and  on  fj . 


Solving  Equation  (4.292)  determines  the  values  of  8a  for  any  given  values  of 
Rout/Rm  ’ - A1 /a  and  77.  But  because  - A2 /a  is  held  fixed  the  value  of  8a  can  be 
affected  by  two  factors;  they  are  Roul/Rin  and  fj . The  effects  of  these  two  factors  on  the 
stability  of  this  problem  were  discussed  in  full  earlier.  Therefore,  solving  Equation 
(4.292)  determines  the  values  of  8a  for  any  given  value  of  Rout/R,„  and  fj . For  the  case 

where  Rout/Rin  = 5 and  fj  = 2n  the  first  value  of  8a  is  equal  to  0.5 14  which  is  the  one 
obtained  from  the  previous  calculation. 

However,  the  constants  A and  B are  not  independent,  and  one  can  be  found  in 
term  of  the  other.  Doing  this  we  write  our  eigenfunction  as 

u.  =C[-r.(W.W+  n(W,M,(4-<0]  (4.293) 

where  C is  an  undetermined  constant.  This  equation  can  be  written  in  fully  scaled  form, 
that  is 


v =C 


(4.294) 
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Our  next  job  is  to  correct  S]  for  the  displacement  of  the  pipe.  Then  S2  will  be 


d 2 = 5 2 + eS\  + — eL8\  + ... 
0 1 2 


Now,  to  find  S 2 we  must  solve  Equation  (4.274),  which  is 


V2u.  + 


V 


£+  — 
a 


v,  + S2v0  = 0 


where 


(To  = RoJ  = ~Ri 


dv0 

dr 


Rout 


and 


2/r 


du . 
o 5r» 


d0o=ri 


( 


V 


tv 


To  obtain  let  us  multiply  Equation  (4.274)  by  v0 , multiply  Equation  (4.271)  by  u, 


and  subtract  the  second  from  the  first  to  obtain 


V ' (t'o  V ) ~ V • (yi  V u0 ) + =0 


(4.295) 


Now  integrate  Equation  (4.295)  over  the  reference  domain  and  use  the  divergence 
theorem  to  get 

Ku  In 


} \(d^l)dOorodrn  = j Roul  (n  • (uoV  • (u, V vo )) d 0n 


K,  o 


'o  = Ku< 


2 7U 


(4.296) 


where  n is  the  unit  outward  normal  to  the  annular  region,  as  shown  in  Figure  4-8B. 

Now  the  first  integral  in  the  right-hand  side  of  Equation  (4.296)  is  zero  because 
uo  = 0 at  ra  = Roul  and  because  t>,  at  ra  = Rout , which  is  given  by  Equation  (4.275),  is  a 
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multiple  of  cos 6o  and  when  integrated  over  0,2;r  it  vanishes.  Hence  we  must  pay 
attention  only  to  the  second  integral.  Because  at  the  rod  wall,  at  r0  = Rm , v0  and  u,  are 
fixed,  then  Equation  (4.296)  reduces  to 


Kut  In  J In  J 

s>  } R A'A  = K J A - K U.  f 


R,„  0 


0 dro 


0 o 


d0o  (4.297) 


By  using  Equations  (4.273)  and  (4.276),  Equation  (4.297)  becomes 

Km  2tr 

u 

o 


$ } R2A/A=o 


(4.298) 


Because  v]  is  not  zero,  then  S2  must  be  zero  which  is  an  expected  result  and  again  it 
happened  due  to  the  symmetry  of  the  annulus.  And  again  to  leam  the  effect  of  a 
displacement  we  must  go  to  second  order  of  s . But  there  we  will  need  ut  which  can  be 
determined  by  solving 


f 


V2u,  + 


)2\ 


<?02+  — 
V « 


Uj  = 0 


(4.299) 


which  can  be  written  as 


V2Uj  + cr2u,  = 0 


(4.300) 


where 


»x(ro  = Rou<)  = ~R\ 


do,. 


dr 
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Su, 


dr 


0 ~ o 


d0o=rj 


r A2^ 
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o, 


and 
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Notice  that  the  v]  problem  is  not  an  eigenvalue  problem  since  cr]  is  known  and  its 
general  solution  is  the  sum  of  a homogeneous  solution  where  -Rx  (du0/dr0)\  is  set  to 

' ro  =Rout 

zero  and  a particular  solution.  The  homogeneous  part  is 

= C[-Y0(R0ulcr0)J0(r0cr0)  + Yo(r0a0)Jo(R0ut<j0)]  = Cu()  (4.301) 


1 /homogeneous 


and,  because  Rx  is  a multiple  of  cos0o , we  can  get  a particular  solution  in  the  form 

°^=f(ro)cos0o  (4.302) 

Now,  by  substituting  Equation  (4.302)  into  Equation  (4.300)  and  solving  for 
f(ra),a  particular  solution  to  the  ox  problem  can  be  written  as 

ui„  = cos0o  [C,J,(r0cr0)  + C2Yx{r0a0) ] (4.303) 

and 

ux=Cu0+  cos  60  [C,J,  {rpo ) + C2Yx  {r0o0 )]  (4.304) 

where  the  constants  C,  and  C2  can  be  determined  by  using  Equations  (4.275)  and  (4.276) 

. Doing  this,  d,  will  turn  out  to  be 


u,  = Cv0  + cos  60 


Y\  )J  i (rn(T0 ) - Y{  (r0cr0 ) J,  (Rma0 ) 1 dvg 

-Yx(Rma0)Jl(Roulao)  + Yx(Roupo)Jx(Rmcj0)  dr0 


(4.305) 


ro=Ku, 


and  dox!dr0 , required  later,  is  given  by 


dox 

dro 


do  dv0 

C — 2-  + cos^n<y„ — - 
drn  dr 


r0  R out 


(4.306) 


where 
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0)p  = 


dr 


dr 


-Yx(Rmo0)Jx{Routcjo)  + Yx{R0ul<70)Jx{Rma0) 


Notice  that  these  two  equations  are  similar  to  Equations  (4.258)  and  (4.259)  obtained 
from  the  previous  method.  As  shown  previously,  the  homogeneous  solution  of  the  vx  will 

play  no  role  on  the  value  of  8\  and  we  drop  it  from  now  on. 

At  order  s2  the  problem  is 


V u2  + 


( j 2 \ 

50  + — 
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02  + S2u0=  0 


(4.307) 


»2(r0  = R0Ut)  = -2Rx 
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d0o=r) 


V a) 


Now  we  can  get  S2  without  determining  v2  multiply  Equation  (4.307)  by  vo,  multiply 
Equation  (4.271)  by  u2  and  subtract  the  second  from  the  first  to  obtain 


V • (u0Vu2 ) - V • (u2  V d0  ) + S2o2  = 0 


(4.308) 


Now  integrate  Equation  (4.308)  over  the  reference  domain  and  use  the  divergence 
theorem  to  get 


2x  2 n 

- I \{SWo)d^orodr0=  { Ku, («  • V v2)-n- (u2V vQ ))dd0 


R,,  0 
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(4.309) 


+ J K (« • (<7,V u2 ) - « • (o2 Vvo))d0o 


ro=R,n 
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Then,  because  v0  vanishes  at  ra  = Roul , which  is  important  as  we  do  not  know  (du2/dr0) 
at  r0  = RouI , Equation  (4.309)  becomes 

Rout  2.K 


Rout  2.K  2 K 

S22  J \v20ddorodr0=R0Ut 


do. 
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+Mu«U'fL  de-~ M^U 

0 ° H-K*  0 


do,. 


dr. 


(4.310) 


d6n 


and  because  do0/dro  is  independent  of  0o  and  o0  and  ox  are  fixed  at  r0  = Rm , then 
Equation  (4.310)  will  be 
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(4.311) 


dd 


and  by  using  Equations  (4.278),  (4.279)  and  (4.273),  Equation  (4.3 11)  reduces  to 
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= ff  . 0 

1 l\»Ut 


-2  R.  dU' 


dr 


ro  Rout 


-R 


d2o„ 


1 dr2 
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r<,=Rou, 


dr 


(4.312) 


r0  Rout  J 


dd„ 


Now,  using 


do.. 


dr2 


1 do.. 


rO  Rout 


Rout  dro 


(4.313) 


rc=K« 


and  Equation  (4.306),  at  r0  = Roul , without  the  homogeneous  part,  viz., 


do. 


dr 


a I dvo 

= COS#  0)p\  D — 2 

° PK=Ku,  rtf 

r^K.,  0 


r0=Ku, 


we  get 
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Rout  2 n ( , 

8]  J \v2od0orodro=  ° 
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2 7U 


dr 

' '•  U-R-  0 


and  hence  the  formula  for  8;  reduces  to 


f do.  V 


2 K 
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J l»ld0orodro 

Rir  0 


Notice  that  the  denominator  of  this  equation  is  always  positive. 

On  evaluating  the  integrals  in  the  numerator  and  the  denominator  we  obtain 


f do.  ^ 
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and  in  fully  scaled  form  it  becomes 
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(4.314) 


(4.315) 


(4.316) 


(4.317) 


and 
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C0D  =■ 


R„ 


R.. 


dr 


dr 


Notice  that  82  depends  on  r0 , whose  value  can  range  from  one  to  Rout/ Rlt 


Now  the  sign  of  8:  depends  only  on  the  sign  of  the  factor  ( 1 - mp\  ) because 

the  signs  of  all  the  other  components  of  Equation  (4.317)  are  known,  they  are  positive. 
We  have  been  unable  to  determine  the  sign  of  this  factor  without  a calculation.  But  the 
calculations  show  that  it  is  positive  and,  hence,  the  sign  of  8 2 must  be  positive. 

Thus  far  all  the  components  of,  82 , are  obtained  (i.e.,  8] , 82  and  82 ).  The  next 


step  is  to  determine  the  value  of  82  for  the  distorted  annulus,  which  is  defined  as 

82  =82+£82+—82+... 

0 1 2 

and  then  compare  its  value  with  that  at  the  reference  state  (i.e.,  82 ).  To  do  this,  let  us 
keep  in  mind  that,  82  and  8]  and  s are  positive  quantities  and  S2  is  zero.  Then  8 for 

the  distorted  annulus  is  greater  than  it  is  for  the  reference  state.  This  means  that  the 
distorted  annulus  can  tolerate  higher  heat  generation  than  the  symmetric  annulus.  This  is 
because  the  effects  of  the  6 -conduction  and  the  heat  conduction  through  the  rod 
overcome  the  effect  of  the  wider  region  to  the  right  of  the  rod. 

Based  on  this  we  can  conclude  that,  for  a perfectly  conducting  inner  wall,  a 
distorted  annular  region  is  thermally  more  stable  than  a symmetric  one.  Therefore,  the 
perturbation  in  this  case  increases  the  thermal  stability  of  the  annular  region.  Notice  that 
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this  result  agrees  with  what  we  obtained  earlier  by  using  the  first  method  (i.e.,  perturb 
-/i2/cir  and  hold  S2  fixed). 

Now,  the  main  problem  of  this  chapter  (i.e.,  thermal  stability  in  a distorted  annular 
geometry  with  heat  being  produced  within  the  domain),  is  solved  for  the  three  different 
inner  boundary  conditions  (i.e.,  isothermal,  adiabatic  and  perfectly  conducting  inner 
wall).  The  calculations  are  made  under  the  assumption  that  heat  is  being  transferred  only 
by  conduction.  The  solutions  of  each  of  these  three  different  boundary  conditions  are 
demonstrated  in  the  sub-sections  4. 2. 1.1, 4.2. 1.2  and  4. 2. 1.3.  Our  job  now  is  to  show  how 
the  boundary  conditions  changes  can  affect  the  thermal  stability  of  this  problem.  To 
achieve  this,  let  us  compare  the  results  obtained  from  the  three  problems  solved  earlier. 
And  let  us  begin  by  comparing  the  values  of  a2  obtained  at  the  reference  states,  a2 . To 
do  this,  let  us  plot  the  values  of  a2  obtained  from  each  of  the  three  problems  vs1. 


R0jRm  ■ This  is  depicted  in  Figure  4-8. 


In  Figure  4-8  we  can  see  that,  the  curves  of  the  adiabatic  and  the  perfectly 


conducting  inner  wall  lies  exactly  on  each  other13  (i.e.,  a2 


*2 


= <T 


).  And  because  of  this 


the  critical  value  of  S for  the  two  cases  must  be  the  same  ( S( 


critical 


= S 


critical 


).  From  this 


we  learn  that,  the  thermal  stability  of  a symmetric  annulus  with  adiabatic  inner  wall  is 
equal  to  the  thermal  stability  of  a symmetric  annulus  with  perfectly  conducting  inner 
wall.  This  result  agrees  with  our  earlier  work  in  the  planar  problem,  which  is  presented 
and  discussed  in  Chapter  3,  where  we  found  that,  in  the  symmetric  case,  the  critical  value 
of  S2  for  the  adiabatic  and  the  perfectly  conducting  central  layer  are  the  same.  Also  in 


13  The  reason  for  this  and  its  prove  were  presented  and  discussed  earlier  in  section  4.2. 1.3. 
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Figure  4-8.  Comparison  between  the  values  of  a ] obtained  at  different  boundary  conditions  at  the  inner  wall. 
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Figure  4-8,  we  see  that  the  curve  of  the  isothermal  inner  wall  case  lies  at  a higher  level 
than  the  other  two  cases.  This  means  that  the  isothermal  inner  wall  case  has  bigger  values 
of  than  those  for  the  adiabatic  and  perfectly  conducting  inner  walls  (i.e..  the 
isothermal  inner  wall  has  the  lowest  growth  rate  constant),  and,  thus,  its  critical  value  of 

S must  be  the  largest.  This  leads  us  to  conclude  that  in  the  reference  state  the  isothermal 
inner  wall  case  is  thermally  more  stable  than  the  other  two  cases  as  it  can  tolerate  more 
heat  generation.  This  is  because  in  this  case  both  the  inner  wall  and  the  outer  wall  serve 
as  heat  sinks  and  then  the  heat  generated  can  be  conducted  away  from  the  annular  region 
through  the  two  walls  while  in  the  other  two  cases  only  the  outer  wall,  which  is 
isothermal,  will  serve  as  heat  sink.  But  notice  that,  a2  has  high  values  at  small  values  of 
RouJ  Rm  while  as  the  value  of  Rout/ Rm  increases  the  value  of  or]  decreases  and  the 
distance  between  the  isothermal  curve  and  the  other  two  curves  becomes  shorter  until, 
eventually,  all  the  curves  lies  on  each  other.  This  happens  because  as  RouJ  Rm  increases 

the  thickness  of  heat-producing  region  increases,  but  we  know  that  thick  heat-producing 
regions  are  bad  conductor  and,  therefore,  they  are  thermally  less  stable  than  thin  heat- 
producing  regions. 

Now,  to  see  how  the  displacement  affects  the  thermal  stability  of  these  problems, 
let  us  compare  the  results  obtained  from  the  distorted  annulus.  In  this  case  we  will  begin 
by  comparing  the  values  of  the  correction  factors,  a]  fa2  , then  the  values  of  a2  obtained 

from  each  case.  To  do  this,  let  us  plot  the  values  of  a2  / <t02  obtained  from  each  of  the 
three  problems  vs.  Rout/Rin . This  is  depicted  in  Figure  4-9. 
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Figure  4-9.  Comparison  between  the  values  of  &\ / a]  obtained  at  different  boundary  conditions  at  the  inner  wall. 
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From  Figure  4-9  we  can  observe  that,  the  curve  of  the  perfectly  conducting  inner 
wall  is  positive,  o"22/ <j]  > 0 , but  its  values  are  nearly  zero.  This  is  because  in  the  distorted 

annulus,  as  we  explained  earlier,  the  heat  generated  in  the  domain  will  be  conducted  in 
both  the  radial  and  the  azimuthal  directions  but  for  this  case  the  heat  will  also  diffuse 
through  the  perfectly  conducting  rod  and  this  diffusion  plays  an  important  role  on  the 
sign  and  the  magnitude  of  S'l/ &20  . This  is  because  the  rod  will  act  as  a short-circuit, 
where  heat  can  diffuse  through  towards  the  thin  region  on  the  right-hand  side  of  the  rod 
which  improves  the  thermal  stability  of  the  system  as  it  helps  the  9 -diffusion  to 
overcome  the  effect  of  the  thick  region  and  because  of  this  the  sign  of  a\  / a2  will  be 


positive.  On  the  other  hand,  this  inner  rod  will  act  as  heat  storage,  which  will  store  the 
diffused  heat  and  then  release  it  back  into  the  region  as  the  domain  temperature  decreases 
and  this  back  release  of  the  heat  reduces  the  values  of  a\  / <j2o  . This  agrees  with  what  we 
learned  from  the  well-mixed  tank  problem,  which  is  presented  in  Appendix  E.  However, 
because  of  the  small  values  of  a\j a]  , which  are  almost  zero,  we  can  conclude  that,  in 

the  case  of  a perfectly  conducting  inner  wall,  the  rod  displacement  will  have  a very  small 
effect  on  the  thermal  stability  of  the  annulus  and,  consequently,  we  can  say  that 

This  conclusion  agrees  with  our  previous  work  in  the  planar  problem 


= a2 


discussed  in  Chapter  3.  That  is:  the  location  of  the  perfectly  conducting  central  layer  does 
not  affect  the  critical  value  of  S and,  consequently,  it  does  not  affect  the  thermal  stability 
of  the  system. 

Moreover,  we  can  see  that  the  curves  of  the  isothermal  inner  wall  and  the  adiabatic 


inner  wall  boundary  conditions  are  located  on  the  negative  side  of  the  graph  because 
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cy\  / a2  < 0 . Therefore,  for  these  two  cases  the  displacement  will  lower  the  speed  of  the 

diffusion  and,  consequently,  the  growth  constant,  -A.2 , will  increase,  and  because  of  this 

the  critical  value  of  S will  decrease.  Then,  these  two  systems  will  become  thermally  less 
stabile.  But  notice  that  the  curve  of  the  isothermal  inner  wall  is  located  at  lower  level  than 

the  adiabatic  inner  wall  curve  (i.e.,  <j2J <t02|^  < <j22/<t2|^  ),  which  means  that  thermal 

diffusion  for  the  case  with  adiabatic  inner  wall  is  higher  than  it  is  for  the  case  with 
isothermal  inner  wall.  This  indicates  that  the  adiabatic  case  is  trying  to  stabilize  faster 
than  the  isothermal  case.  To  explain  this  let  us  recall  that  in  the  isothermal  case  there  are 
two  heat  sinks,  the  inner  and  the  outer  walls,  while  in  the  adiabatic  case  only  the  pipe 
wall  will  serve  as  heat  sink.  Then,  the  heat  generated  in  the  two  cases  cannot  be  the  same. 
The  heat  generated  in  the  adiabatic  case  must  be  higher  than  the  heat  generated  in  the 
isothermal  case.  And  the  higher  the  heat  generated  the  higher  the  temperature,  but  the 
higher  the  temperature  the  stronger  the  temperature  gradient  and,  therefore,  the  higher  the 
tendency  for  the  heat  to  get  out.  Thus,  the  thermal  diffusion  in  the  adiabatic  case  becomes 
stronger  than  it  is  in  the  isothermal  case.  Also  notice  that  the  values  of  / c>20  are  large 
in  magnitudes  at  small  values  of  Roul/Rm  but  as  the  value  of  RouJ Rm  increases  the  value 
of  S'2  / <?o  decreases  in  magnitude  and  the  difference  between  the  isothermal  curve  and 
the  adiabatic  curve  becomes  less  until,  ultimately,  the  two  curves  lies  on  each  other.  This 
happens  because  as  Rou,/R,„  increases  the  thickness  of  heat-producing  region  increases, 
and  hence  thick  regions  are  less  sensitive  to  small  perturbation  than  thin  regions. 

Now  to  compare  the  values  of  c>2  let  us  plot  obtained  from  each  of  the  three 
problems  vs.  R0UjRm  ■ This  is  depicted  in  Figure  4-10. 
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Figure  4-10.  Comparison  between  the  values  of  a1  obtained  at  different  boundary  conditions  with  « = 0.5%  of  RJR,„ . 
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In  Figure  4-10  we  observe  that,  the  curve  of  the  isothermal  inner  wall  case  lies  at  a 
higher  level  than  the  other  two  cases.  Therefore,  the  case  with  isothermal  inner  wall  is 
thermally  more  stable  than  the  other  two  cases  even  if  the  displacement  decreases  its 
thermal  stability  and  even  if  its  tendency  to  loss  heat  is  less  than  that  for  the  adiabatic 
case,  as  we  learned  earlier  from  Figure  4-9.  This  is  because  of  the  existence  of  the  two 
heat  sinks.  Also  observe  that  the  curve  of  the  adiabatic  inner  wall  and  the  curve  of  the 


perfectly  conducting  inner  wall  lie  on  each  other  (/.  e. , <j2|  = 62  p ).  And  because  of  this 


the  critical  value  of  8 for  the  two  cases  must  be  the  same  (i.e.,  <5 


critical 


= 8 


critical 


).  From 


our  computation  we  found  that  this  is  always  true  except  for  the  case  with  very  small 
Rout/R-in  where  the  annulus  begin  to  behave  like  two  parallel  plane  walls.  In  such  a case 


»2 


we  found  that  the  values  of  a 


becomes  less  than  the  values  of  a2  . This  result  agrees 


with  our  previous  work  in  the  planar  problem  discussed  in  Chapter  3.  That  is:  when  the 
central  layer  is  displaced,  the  critical  value  of  82  for  the  case  of  perfectly  conducting 
central  layer  does  not  change  while  it  decreases  for  the  case  of  adiabatic  central  layer. 

In  the  next  section,  the  effect  of  heat  being  transferred  by  both  conduction  and 
convection  on  the  thermal  stability  of  a distorted  annulus  with  heat  being  produced  within 
the  domain  is  studied  and  solved. 

4.2.2  Mathematical  Problem  in  the  Case  of  Heat  Transfer  by  both  Conduction  and 
Convection 

This  section  presents  a study  of  the  effect  of  perturbing  the  inner  cylinder  on  the 
thermal  stability  of  an  annulus  in  which  heat  is  being  produced  within  the  domain  ( i . e. , in 
the  annular  region,  and  carried  to  the  walls  by  both  conduction  and  convection).  In  this 
section  we  add  to  one  of  the  problems  solved  earlier  a radial  flow  outward  from  the  rod  to 
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the  pipe  or  inward  from  the  pipe  to  the  rod.  To  do  this,  let  us  consider  the  problem  with 
isothermal  inner  wall  and  let  us  imagine  that  the  annulus  is  fdled  with  a porous  catalyst 
that  produces  heat.  To  cool  this  catalyst  down  we  are  going  to  allow  fluid  to  flow  either 
outward  or  inward  by  controlling  the  pressure  at  the  inner  and  the  outer  walls.  This 
problem  with  outward  flow  is  depicted  in  Figure  4-1 1 . In  this  simple  model  the  fluid  flow 
can  be  described  via  Darcy’s  law  where  the  velocity  of  the  fluid,  V , is  proportional  to  the 
pressure  gradient,  VP , viz., 

kn 

V = — LVP 

n 

where  kp  is  the  permeability  of  the  porous  medium  and  //  is  the  viscosity  of  the  fluid. 

In  this  case,  the  case  of  constant  temperature  walls,  the  heat  generated  in  the 
annular  region  is  removed  by  convection  due  to  the  radial  flow  and  by  conduction  to  the 
walls,  which  serve  as  heat  sinks.  As  depicted  in  Figure  4-1 1A,  this  case  has  two  heat 
sinks,  an  inner  sink  and  an  outer  sink,  and,  therefore,  the  maximum  temperature  is 
expected  to  be  located  somewhere  in  the  middle.  Moreover,  the  thermal  stability  of  the 
system  is  expected  to  increase  due  to  the  radial  flow.  This  is  because  the  fluid  flows, 
regardless  of  its  direction,  will  push  the  maximum  temperature  closer  to  one  of  the  two 
heat  sinks  and  this  will  strength  the  temperature  gradient  and,  consequently,  the  rate  of 
the  heat  loss  will  increase.  But  when  the  inner  rod  is  perturbed,  as  depicted  in  Figure  4- 
1 IB,  the  factors  which  control  the  thermal  stability  of  this  problem  will  increase.  They 
are  the  wider  region  to  the  left  of  the  rod,  which  reduces  the  thermal  stability  as  it 


produces 
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Inner  heat  sink  at  > Heat  transfer  by  conduction  on  9 -direction 


( P = PL ) 


A B 

PH  : High  pressure  P' : Low  pressure 

CZI3^>:  Direction  of  fluid  flows  due  to  the  pressure  difference, 
i P>:  Direction  of  heat  conduction  due  to  temperature  difference. 

Figure  4-11.  Heat  transfer  by  conduction  and  convection  between  a rod  and  a pipe  both  at 
fixed  temperature.  A)  On-center.  B)  Off-center. 

more  heat,  the  6 -diffusion,  which  enhances  the  thermal  stability  because  it  can  carry  heat 

from  the  thick  region  to  the  thin  region  and,  therefore,  to  the  nearby  sinks  and  the  radial 

flow,  which  increases  the  thermal  stability  as  it  pushes  the  maximum  temperature  closer 

to  one  of  the  two  heat  sinks.  Beside  this  notice  that,  in  this  case  the  radial  flow  is  not 

equally  spread  in  the  region  because  the  radial  pressure  gradient  is  not  evenly  distributed 

around  the  inner  cylinder.  In  this  case  the  radial  pressure  gradient  for  the  thin  region  will 

be  higher  than  it  is  for  the  thick  region.  This  is  because  by  shifting  the  inner  cylinder  to 

the  right,  as  depicted  in  Figure  4-1  IB,  the  distance  between  the  rod  wall  and  the  pipe  wall 
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to  the  right  of  the  rod  will  become  shorter  and  since  the  pressure  at  the  tw  o walls  is  held 
fixed  then  the  pressure  gradient  increases.  And  on  the  same  measure,  we  can  show  that 
for  the  thick  region  the  pressure  gradient  decreases.  As  a result  of  this,  the  radial  velocity 
across  the  thin  region  ought  to  be  higher  than  that  for  the  thick  region.  Thus,  the 
displacement  slows  the  response  of  the  radial  flow  in  the  thick  region  (/.  e. , the  radial  flow 
in  the  thick  region  will  not  be  able  to  push  the  maximum  temperature  close  enough  to  one 
of  the  two  heat  sinks),  and  this  will  decrease  the  thermal  stability.  Also  we  know  that,  in 
order  for  the  fluid  to  flow  through  the  region  from  the  rod  wall  to  the  pipe  wall,  as  in  this 
case,  the  pressure  at  any  point  in  this  region  must  rise  above  that  of  the  outer  wall.  And 
the  more  distance  a point  in  the  region  is  from  the  outer  wall  the  higher  its  pressure  must 
rise.  From  this  we  understand  that,  at  any  point  at  a fixed  distance  from  the  center  of  the 
rod,  the  pressure  in  the  thick  region  will  be  higher  than  that  in  the  thin  region.  But  we 
know  that  the  fluid  will  flow  from  high-pressure  region  to  low-pressure  region.  Based  on 
this,  the  fluid  in  the  thick  region  will  start  to  flow  in  the  azimuthal  direction  toward  the 
thin  region.  Figure  4-1  IB  depicts  such  a case.  Consequently,  the  radial  velocity  across  the 
thick  region  will  become  weaker  and  this  will  slow  the  response  of  the  radial  flow  in  the 
thick  region,  but  in  the  same  time  the  total  volumetric  flow  rate  will  increase  as  the 
azimuthal  pressure  gradients  can  come  into  action  and,  therefore,  the  rate  of  the  heat  loss 
will  increase  and  this  will  enhance  the  thermal  stability  of  the  system.  From  this  we  can 
conclude  that  the  total  volumetric  flow  rate  for  a distorted  annulus  is  greater  than  that  for 
a perfectly  centered  one.  This  conclusion  will  be  verified  during  this  work. 

As  usual,  we  will  begin  with  a simpler  problem  in  order  to  get  some  guidance.  This 
simpler  problem  is  the  case  of  parallel  plane  walls  and  it  is  presented  in  the  following. 
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Heat  transfer  by  conduction  and  convection  from  a heat-producing  materia! 
confined  between  two,  parallel,  plane  walls.  To  study  this  problem,  let  us  consider  the 
simplest  planar  problem  discussed  in  Chapter  3,  where  no  central  layer  exists  between  the 
two  parallel  walls,  and  let  us  assume  that  the  confided  space  between  the  two  walls  is 
filled  with  a porous  catalyst  that  produces  heat.  To  cool  this  catalyst  down  we  must  let 
some  fluid  flow  through  the  porous  medium  by  controlling  the  pressure  at  the  two  walls. 
Again,  Darcy’s  law  can  be  used  to  describe  the  fluid  flow  in  this  model.  This  problem  is 
depicted  in  Figure  4-12. 


T = T 


T = T 


pcv 


dT  T _ dT 
— + VX  — 
dt  dx 


d2T 

k~ZT  + Q(T) 
ox 


Heat-generating  material 


x = 0 


PH  : High  pressure  P' : Low  pressure 

: Direction  of  fluid  flows  due  to  the  pressure  difference. 


I ^>:  Direction  of  heat  conduction  due  to  temperature  difference. 


Figure  4-12.  Planar  geometry  when  no  central  layer  exists. 

Notice  that  in  this  problem  the  two  walls  are  held  at  constant  temperatures  (z'.e., 
isothermal  walls),  then,  in  the  absence  of  flow,  the  maximum  temperature  is  expected  to 
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be  in  the  center  of  the  region,  at  x = 0 . But  in  the  presence  of  flow  the  maximum 
temperature  will  be  either  to  the  left  or  to  the  right  depending  on  the  direction  of  the  flow 
and  hence,  the  direction  of  the  flow  will  not  affect  the  thermal  stability  of  this  problem. 
This  is  because  in  either  case  (i.e.,  the  right  to  left  flow  or  the  left  to  right  flow),  the  flow 
will  push  the  maximum  temperature  closer  to  one  of  the  two  isothermal  walls,  which 
serve  as  heat  sinks,  and,  therefore,  the  system  becomes  thermally  more  stabile.  But  if  one 
of  these  two  walls,  let  us  say  the  right-hand  wall,  is  adiabatic  then  the  maximum 
temperature  is  expected  to  be  on  this  wall  and,  therefore,  the  direction  of  the  flow  will 
affect  the  thermal  stability.  This  is  because  if  the  fluid  flows  from  right  to  left  then  the 
flow  will  push  the  maximum  temperature  towards  the  isothermal  wall  which  will  enhance 
the  thermal  stability.  But  if  the  fluid  flows  from  left  to  right  then  the  flow  will  bring  more 
heat  to  the  adiabatic  wall  and  then  the  thermal  stability  will  decrease. 

Let  us  begin  by  writing  the  domain  equation  for  this  problem.  The  temperature  rise 
must  satisfy  the  thermal  energy  equation 


where  T is  the  temperature  field,  Vx  is  the  velocity  of  the  fluid  flows  in  the  x direction 
and  where  Q(T ) denotes  the  rate  at  which  heat  is  produced  in  the  material  per  unit 
volume,  assumed  to  be  linear  function  in  T . The  temperature  is  subject  to  two  boundary 
conditions  viz.. 


(4.318) 


T(x  = -L)  = Tw 


(4.319) 


and 


nx  = L)  = Tw 


(4.320) 
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Let  Q(T) be  a linear  function  of  T (i.e.,  Q(T)-Q0+Ql(T-Tw))  and  set 
f = T -Tw.  Based  on  Equation  (4.3 1 8)  T must  satisfy 


where 


pcv 


ar  + F 8T_ 
dt  x dx 


- k 


dx 2 


• + 


Q,(\  + St) 


(4.321) 


S 


e. 


Q0 


Then  rewriting  Equation  (4.321)  in  scaled  form  by  defining  T = T T' , VX  = VX  V‘, 
x = x x*  and  t = T t\  where  T = 1 /S,  Vx=  kf pCvL , x-L  and  t = pCvlJ  jk  , we  get 


^ = <^-Vl^  + S\\  + T'),  - 1 < x*  < 1 (4.322) 

dt  dx  2 x dx 

where 

j2  QpSL2 
k 

Again,  the  value  of  S2  indicates  the  strength  of  the  heat  source  and  (1 + T ) 

indicates  how  fast  it  increases  as  T * increases. 

On  dropping  the  *’s  Equation  (4.322)  will  be 

= K + s\l  + T),  -1 <x  <1  (4.323) 

dt  dx2  x dx 

and  at  steady  state  the  temperature  rise  must  satisfy 

_ y*  dT^  + S2q  + J . } = 0 (4.324) 

dx  dx 

where 


W*  = -'>=0 


(4.325) 
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and 


W*  = i)  = 0 (4-326) 

From  now  on  we  will  drop  the  subscripts  steady  and  jc  from  Equation  (4.324)  and 
its  boundary  conditions. 

To  solve  Equation  (4.324)  we  must  define  its  homogeneous  and  particular 
solutions.  A particular  solution  can  easily  be  determined  viz., 

Tp=- 1 (4.327) 

and  the  homogeneous  solution  can  be  found  by  solving 

+ S2T  = 0 (4.328) 

dx2  dx 

Trying  a solution  of  the  form  the  values  of  m must  satisfy 

m2-Vm  + 82  = 0 (4.329) 

hence  there  are  two  values  of  m , denoted  m[  and  m2  where 


V + slv2-4S2 
2 


(4.330) 


and 


m2  = ■ 


V-yJv2-482 


(4.331) 


Now  our  job  is  to  find  Scritical  (i.e.,  8 at  which  no  solution  exist),  and  it  appears  that  three 

cases  present  themselves,  depending  on  whether  V2  - 4 82  is  positive,  zero  or  negative. 
These  three  cases  are  presented  and  discussed  in  the  following. 

Case  I:  Set  V 2 - 4 82  > 0 , then  mt  and  m2  are  real  and  distinct,  and  we  write  the 


solution  to  Equation  (4.324)  in  the  form 
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T = Aem,x  + Bem'x  - 1 , - 1 < x < 1 (4.332) 

To  find  A and  B substitute  this  formula  for  T into  Equations  (4.325)  and  (4.326) 


to  get 


and 


Ae~m'  + Be~mi  -1  = 0,  x = -l 


Aem'  + Bem>  -1  = 0 , x = l 
which  can  be  written  in  matrix  form  as 


(4.333) 


(4.334) 


e m‘ 

e mi 

" A ' 

T 

em' 

em>  _ 

B 

1 

(4.335) 

To  find  ScrUjcal  the  determinant  of  the  matrix  in  Equation  (4.335)  must  vanish.  But  this 
determinant  does  not  vanish  unless  ml=m2,  which  cannot  be  true  because  in  this  case 
the  roots  must  be  real  and  distinct.  As  a result  of  this  we  can  find  A and  B uniquely  and 
then  8 cannot  be  critical.  Therefore,  this  case  is  rejected  because  it  can  give  no  8 that  is 
critical. 

Case  II:  If  V2  - 4 82  = 0 , then  mx  and  m2  are  equal  and  the  solution  to  Equation 
(4.324)  is 

T = Aem'x  + Bxem'x  - 1 , - 1 < x < 1 (4.336) 

Again  A and  B must  be  chosen  so  that  T satisfies  Equations  (4.325)  and  (4.326)  viz., 

Ae~m'  - Be~m'  - 1 = 0 , x = -1  (4.337) 

and 

Aem'  + Bem'  -1  = 0 , x = 1 (4.338) 


or  as 
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e m' 

-e  m‘ 

~A 

T 

em' 

em 1 

B 

1 

(4.339) 

It  is  clear  that  this  determinant  cannot  be  zero;  it  is  equal  to  2 . Because  of  this  the  values 
of  A and  B can  be  obtained  uniquely  and,  therefore,  A cannot  be  critical.  Again,  this 
case  is  rejected. 

From  the  prior  two  cases  we  can  see  that,  the  roots  ml  and  m2  cannot  be  real. 
Therefore,  they  must  be  complex  conjugate  numbers. 

Case  III:  If  V'  - 4 82  < 0 , then  ml  and  m2  are  complex  conjugates  and  we  write 
the  solution  as 

77  = v4e'“cos(lm-x)  + 5emjcsin(lm-x)-l , — 1 < jc  < 1 (4.340) 

where  m is  the  real  part  of  m]  and  Im  is  its  imaginary  part  viz.. 


V 

m-  — 
2 


and 


(4.341) 


lm~—yj4S2  -V2 
2 


(4.342) 


To  find  the  constants  A and  B , turn  to  the  boundary  conditions  (/.  e. , Equations 
(4.325)  and  (4.326)),  whereupon  A and  B must  satisfy 


_k  f 
Ae  2 cos 


\/4£2-] 


V 


_T  f 

— Be  2 sin 


yj4S2  - V2 


\ 


■1  = 0 , x — — 1 


(4.343) 


and 


v f 
Ae 2 cos 

V 


yj4S2-V 


+ Be2  sin 


a/4  S2-V2 


\ 


-1=0 , x=l 


(4.344) 


which  can  be  written  in  the  form 
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e L cos 


\/4  S2-V2 


-e  z sin 


V4  S2-V2 


eA  cos 


\]4S2  -V2 


eA  sin 


yj4S2-V2 


\A 

T 

lB _ 

l 

(4.345) 


Now  to  find  the  critical  value  of  8 , the  determinant  of  the  above  matrix  must  vanish. 
Hence  8crUical  must  satisfy 


cos 


\l4 82-} 


sin 


\J4S2-V2 


+ COS 


yj482-V 2 


sin 


y/482  -V2 


= 0 (4.346) 


or 


cos 


\J482  -V2 


sin 


J482 


= 0 


or 


sinyj482  - V2j  = 0 

whereupon  the  critical  value  of  8 must  be  found  among 


2 _ V nr  IT  _n . 0 , 

^ critical  . ^ 0,1, 2, 3,. 


(4.347) 


(4.348) 


(4.349) 


Notice  that  the  lowest  8critica,  occurs  at  n = 0 but  this  is  not  allowed  because  when  n = 0 

we  get  V2  - 4 82  = 0 while  in  this  case  (i.e..  Case  III),  we  set  V2  - 4 82  < 0 . Hence,  the 
lowest  8 m [ will  be  at  n-  1 . Then,  at  n = 1 


c2 

u critical  4 ~ ^ 


(4.350) 
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Now  in  Chapter  3,  where  only  heat  transfer  by  conduction  is  considered,  we 
found14 

(4-351) 

and  so  we  can  write 


c2 

u critical 


=s: 


critical 


v 1 

H 

conduction  ^ 


(4.352) 


hence 


J critical 


>8 


2 

critical 


conduction 


(4.353) 


Then  when  both  conduction  and  convection  heat-transfer  modes  are  considered  the 
critical  value  of  8 increases  and,  therefore,  the  system  becomes  more  stable  as  it  can 
tolerate  more  heat  generation.  Thus,  our  system  is  stabilized  by  convection.  This  result 
agrees  with  our  earlier  expectation. 

Now,  let  us  return  to  the  main  problem  of  this  section  (i.e.,  the  effect  of  conduction 
and  convection  on  the  thermal  stability  of  a distorted  annular  region).  As  we  decided 
earlier  we  are  going  to  consider  the  case  with  isothermal  inner  wall.  Notice  that  without 
convection  this  problem  was  solved  in  section  4. 2. 1.1  and  now  we  add  in  convection. 

Let  us  begin  with  the  right-hand  side  of  Figure  4-1 1 . In  this  problem  the 
temperature  rise  can  be  described  by  the  thermal  energy  equation 

PCV  ^ = kV2T  - pcysr  + Q(T)  (4.354) 

ot 


14  Written  in  completely  scaled  form. 
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where  T is  the  temperature  field,  V is  the  velocity  vector  and  where  Q(T)  denotes  the 

rate  at  which  heat  is  produced  in  the  material  per  unit  volume,  assumed  to  be  linear 
function  in  T . The  temperature  is  subject  to  two  boundary  conditions  viz., 

T(r  = K„)  = T.  (4355) 

and 

T(r  = R(6>,e))  = Tc  (4.356) 

and  as  we  mentioned  earlier,  the  fluid  flow  will  be  described  via  Darcy’s  law  viz., 

V = -—VP  (4.357) 

where  VP  is  the  pressure  gradient,  kp  is  the  permeability  of  the  porous  medium  and  ju 
is  the  viscosity  of  the  fluid.  The  pressure  is  subject  to  two  boundary  conditions  viz., 

P{r  = Rout)  = PL  (4.358) 

and 

P(r  = R(0,s))  = PH  (4.359) 

Before  going  any  further,  it  is  important  to  mention  that  for  this  problem  we  choose 
to  work  with  the  completely  scaled  equations  from  the  beginning. 

Let  Q(T)  be  a linear  function  of  T (i.e.,  Q(T ) = Q0  + QX(T  ~ Tw))  and  set 

f = T -Tw,  whence  T must  satisfy 

pCv ^ = kW2T  - pey.VT  + Q0(  1 + 5r)  (4.360) 


S 


Qo 


where 
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which  is  the  sensitivity  of  the  heat  generation  to  temperature.  And  on  dividing  by  k we 
get 

^L-  = S/2T-^1-V.Vf+—(\  + Sf)  (4.361) 

k dt  k ky  ’ 

Then  rewrite  this  equation  in  scaled  form  by  defining  T = T T* , t = t t* , r = 7 r , 

V = V V*  and  V = V V*  where  T = \/S,T  = pCvR*Jk , 7 = Rm , V = k/pCvRm  and 

where  V = 1/  Rjn . Then  we  get 

^_  = v*2r‘-i7’.vY*  + j2(  l + r*)  (4.362) 

dt  v ’ 

where 

Q0SRj 

k 


Moreover,  the  flow  equation  (i.e..  Equation  (4.357)),  can  be  written  in  scaled  form 


by  defining  P = P P*  where  P = kp!kppCv . Then  we  get 


F*=-V*P*  (4.363) 


On  dropping  the  *’s  Equations  (4.362)  and  (4.363)  will  become 


?J-  = V2T-V.VT  + S2(l  + T ) (4.364) 


and 


V = -VP  (4.365) 


Then,  by  substituting  Equation  (4.365)  into  Equation  (4.364)  we  get 


^L  = y2T  + WP.VT  + S2(\  + T)  (4.366) 


whence  the  steady  state  temperature  rise  must  satisfy 
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0 = + Vf.  vr_, + <5!  (1  + r„^)  (4.367) 


The  input  variables  of  this  problem  are  VP , s and  S2 . All  the  input  variables  are 
held  fixed  except  S2 . The  only  output  variable,  at  steady  state,  is  therefore  Tsteady . It 


depends  on  r and  0 . 

Based  on  what  we  learned  earlier  in  section  4.1  and  section  4.2.1  and  in  Chapters  2 
and  3,  this  problem  can  be  solved  by  the  domain  perturbation  method.  But  since  we  want 
to  determine  the  critical  value  of  S2  which  is  defined  when  T — » co , the  domain 
perturbation  method  cannot  be  applied  directly  to  the  domain  equations.  Instead  we  must 
introduce  the  corresponding  eigenvalue  problem  and  solve  it  for  a reference  case,  the 
symmetric  annular  region  (/.  e. , Figure  4-1 1 A).  The  eigenvalue  problem  of  the  distorted 
annulus  geometry  is  then  solved  by  perturbing  the  equations  about  the  reference  state. 

Then,  by  following  the  steps  given  in  section  4.1,  the  eigenvalue  problem  is  found 

to  be 

V2o  + VP.V  v + cr2v  = 0 (4.368) 


where  a2  = S2  + X2 , 


v{r  = Rj  = 0 


(4.369) 


and 

v(r  = R(0,e))  = O (4.370) 

However,  similar  to  what  we  learned  in  the  previous  sections,  anything  that  lowers  — A~ 
makes  the  system  more  stable  (/'.  e. , allows  greater  values  of  81 ),  and  what  lowers  -A2  is 
cr2 , the  measure  of  the  diffusion  strength,  and  since  the  critical  value  of  8 2 is  reached 
when  -A2  = 0 , then  larger  values  of  <5>2  corresponds  to  larger  values  of  cr2  which  means 
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higher  thermal-diffusion  rates.  Thus,  the  effect  of  perturbing  the  inner  cylinder  on  the 
thermal  stability  of  the  annulus  can  be  seen  from  the  change  in  the  value  of  a2 . 

Now,  for  this  problem  ( i.e .,  Figure  4-1  IB),  the  pipe  wall  presents  no  problem;  it  is 
the  rod  wall  whose  surface  is  displaced.  For  such  a case,  the  surface  of  the  rod  is  given  by 
r = R(d,s)  where  R is  expanded  as 


where 


R — R + sR . H R2  + ... 

o 1 2 2 


R0  = 1 , R{=  cos0o  and  R2  = -sin2  0o 


(4.371) 


Again,  the  solution  of  the  reference  case  will  be  denoted  by  affixing  a subscript 
zero  to  its  variables  while  the  subscripts  one  and  two  will  denote  the  factors  in  the 
expansion  to  first  and  second  order  of  s , respectively. 

The  expansion  of  n , see  Appendix  D,  can  be  written  as 


where 


_ _ s _ 

n = m +£«,  h n-,  + ... 

o i 2 2 


- - - t • a A - r Sin2  9o 

n0=ir , «1  = ig  Sin6>0  and  n2  = -ir— — 


(4.372) 


The  expansions  of  o and  P on  the  domain,  by  using  the  rule  given  in  Appendix  A, 
can  be  written  as 


v -o„  +eo,  H + ... 

o 1 2 


(4.373) 


and 
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P = P0  + ePl+  — P2+... 


(4.374) 


and  the  expansions  of  v and  P at  r = R(0,e) , are  given  by 
v(R,0)  = vo+s 


f du  ) 

e2( 

o,  + R , — - 

+ — 

l V) 

A 

v,+2R^  + R^  + RdV' 


dr  dr~ 


dr 


+ ...  (4.375) 


O / 


and 


^3 

e2( 

\P,+R  i — 

+ — 

l1  dr0  J 

2 l 

R+IR^  + Rt^  + R^ 


dr. 


dr  dr 


+ ...  (4.376) 


0 / 


The  expansion  of  V is 


V = V0  + eVl+^-V1+.. 


(4.377) 


The  expansion  of  the  eigenvalue,  a2 , will  be 


? 7 7 2 

cr  = cr  + fcr.  + — cr7  + . 

° 1 2 


(4.378) 


which  is  same  as 


<r!  = (S’  + ) = (£  4-  *’)+ £(<S,!  + % ) +■ ej(Sl  + $)■ + . ...  (4.379) 


The  equations  to  be  solved  with  their  boundary  conditions  are:  First  at  order  s 

(4.380) 


where 


V2u0+VP0.Vu0  + o-02u0=° 


V0(ro  = = 0 


(4.381) 


and 


15  Note  that  the  perturbed  boundary  conditions  are  no  longer  isothermal  because  they  try  to  simulate 
isothermal  by  putting  a condition  other  than  isothermal  on  the  reference  domain. 
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°Sr0  = i)  = o 


(4.382) 


For  order  s' 


where 


V u,+  VPo.V u,  + V/J.V u0  + <t0u,  + ct,d0  = 0 


V\(ro  = Rout)  = 0 


(4.383) 


(4.384) 


and 


dr 


(4.385) 


<•„=  i 


For  order  £2 


1-7*.  1 

2 z 2 


V2d2  + 4- VP0.V v2  + V/>.V r>,  + — VP2.V o0  + -ct2l>2  + cr2ul  + -cr2u0  = 0 (4.386) 


where 


Ul(ro  = Rou,)  = 0 


(4.387) 


and 


= !)  =-27?, 


do. 


dr 


-R 


d2u„ 


' dr 2 


-R 


du„ 


r=\ 


dr 


(4.388) 


r„= 1 


To  explain  where  Equations  (4.385)  and  (4.388)  come  from,  notice  that  the  expansion  of 
o at  r - R(9,s),  is  given  by  Equation  (4.375),  namely  by 


v(R,0)  = uo  + s 


f do  ^ 

s2( 

+ — 

1 dro  ) 

2 1 

U2+2 

dr.  dr  * dr„  , 


+ . 


and  that  u(R,0)  must  vanish  for  all  values  of  s . 

Now,  in  order  to  solve  these  problems  we  must  first  solve  for  VPa,WPl  and  VP2 . 
This  calculation  is  presented  in  Appendix  F.  From  this  calculation  we  obtain 
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Moreover, 


and 


(pH  _pL\ 

p = pH -A — ^ -2ln(r ) 

In  (RJ  Ko) 


dPo  (PH-PL)  l 

^ ln(XJ  ^ 


1 


(4.389) 


(4.390) 


dr2 


In  (Jtj 


(4.391) 


These  derivatives  will  be  useful  later  on.  However,  by  setting  C = (PH  - PL  )/ln(/?ou() 


Equations  (4.390)  and  (4.391)  can  be  rewritten  as 

(PH  -PL)  i 


dr 


C 


HRou<) 


(4.392) 


and 


(p"-P^X  C 

dr2a  ln(/U 


r2  r 2 

o o 


(4.393) 


where  the  magnitude  of  C and  its  sign  determine  the  strength  of  the  flow  and  its 
direction,  respectively.  In  this  problem,  positive  values  of  C will  stand  for  outward  flow 
(i.e.,  from  the  rod  to  the  pipe),  while  negative  values  of  C will  stand  for  inward  flow 
(i.e.,  from  the  pipe  to  the  rod).  Also  we  obtain 


Px  = cos  9, 


1 


R 


2 \ 


dP 


o Jdro 


(4.394) 


r„=\ 


and  by  this,  there  obtains 
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and 


P2  is  found  to  be 


dPx  a 

-j±  = COS0° 


(««->) 


2 \ 


D 

\+-s*L 


'o  y 


dr 


(4.395) 


ra=\ 


dP, 


d0. 


i _ 


-sin  6) 


"(t-i) 


r -- 


R 


2 '\ 


ro  )dr0 


(4.396) 


rn=\ 


p,=- 


(*L-i)ln(*«.) 

and  by  this,  there  obtains 


In 


O / 


+K,-i) 


R 


\ 


21  rt 


out  _ j.2 


cos  20„ 


dP^ 

dr 


(4.397) 


r„=  1 


dP 


2 _ 


dr 


(C-i)i »(*.)-; 


f R\  \ 

dP 

— T-  + rn 

003  26* 

0 

V 

V ro  > 

dr0 

(4.398) 


r„=l 


and 


l 

2 

( p4  ) 

sin  20 0 

dPa 

d0o 

K.-1)1 

U -J 

drQ 

r„=1 


(4.399) 


These  derivatives  will  be  useful  later  on. 

Now,  given  that  Pa,Pl  and  P2  are  obtained  then  the  energy  problems  (i.e.. 

Equations  (4.380),  (4.383)  and  (4.386)),  can  be  solved  but  before  doing  that  let  us  try  to 
verify  our  previous  conclusion  on  the  total  volumetric  flow  rate  for  this  problem  that  is: 
the  total  volumetric  flow  rate  for  a distorted  annulus  is  greater  than  that  for  a perfectly 
centered  one.  To  achieve  this,  we  must  determine  the  velocity  at  each  order  of  s {i.e., 
V0,VX  and  V2 ),  which  can  be  done  by  perturbing  Equation  (4.365).  From  this  we  find  that 


for  order  e° , which  is  the  reference  case 
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V = iV  =-i  ^-=-VP 
° r r"  r dr  ° 


and  by  using  Equation  (4.390)  we  get 


y < (PH-PL)\ 

dro  |n(^,)  r0 


For  order  sl , 
and  from  Equations  (4.395)  and  (4.396)  we  find 


dP 

V = = — cos  0 

1 dr 


v'A  r0d9.j 


= -VP 


and 


2 \ 


(£.-9 


i + R"“ 


t , 


dP„ 


dr 


r.=l 


v.~m 


r d6n 


1 

< 

i >3 

1 W 

dP0 

>3 

1 M 
1 

' o 

V ro  ) 

dro 

r„= 

For  order  e2 , 


^2  ~ l'rK,  + — 


fi™L  + 
v'*.  r0  d0o  j 


= -V/> 


and  on  using  Equations  (4.398)  and  (4.399)  we  obtain 


V — 
h dr 


(C-l)ln(^K+(C-l) 


( R 4 

dP 

* out 

+ r 

cos  26, 

u 

J 

dro 

and 


Va  = — 


a> 

1 

1 

2 

sin2#0 

dP0 

a* 

1 

.(«L-i)2 

U '"J 

dro 

r„=l 


(4.400) 


(4.401) 


(4.402) 


(4.403) 


(4.404) 


(4.405) 


(4.406) 


(4.407) 
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Now,  the  total  volumetric  flow  rate,  Qf , per  unit  length  across  the  boundaries, 
which  is  given  by 

Qf  ~ jdAn  • V (4.408) 

can  be  obtained.  It  is  important  to  notice  that  V0=O  at  the  boundary.  Hence,  because  of 
radial  symmetry  Qf  becomes 


Q,  = K.]km 


(4.409) 


which  can  be  written  as 


2 7t 

e 2 

\ 

f 

V.  +eVr  + — V 

+ ... 

J 

0 

[ “ 1 2 

ri 

J 

dd„ 


or 


(4.410) 


Qf-Qfo+sQf+—Qf2+. 


(4.411) 


where  Qf°  is  the  total  volumetric  flow  rate  for  the  symmetric  case  and  where  Qf  and 
Q/2  are  the  corrections  terms  because  of  the  displacement  of  the  inner  cylinder.  From  this 
the  total  volumetric  flow  rate  for  the  reference  case,  Qf  , is  found  to  be 

(PH -PL) 

- L 


Qfi  which  is  the  coefficient  of  the  first  perturbation  term  (i.e.,  s' ),  found  as 

2 dP„ 


ip  2 ji 

I- 

o \ out  o ro=\  O 


cos  9dd„  = 0 


(4.412) 


(4.413) 


whence 
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Qfl  = 0 (4.414) 

This  means  that  Qf<  which  appears  in  Equation  (4.41 1)  has  no  effect  on  the  total  Qf . 

This  is  an  expected  result  due  to  the  symmetry  of  the  annulus.  Hence,  to  see  the  effect  of 
the  displacement  of  the  inner  rod  on  the  volumetric  flow  rate  we  must  go  to  the  second 
order  of  e . 

The  value  of  Qh  which  is  the  coefficient  of  the  second  perturbation  term  (i.e.,  s2 ), 
is  equal  to 


= ".-J 


-+- 


4 Ri 


(C-l)ln  (Roul)  (Rl,-\) 
whereupon  integrating  this  equation  we  obtain 


-cos  26 „ 


dP^ 

dr 


d0o  (4.415) 


r„=l 


Qr  = 


4 tt[Ph  -PL) 


>0 


(4.416) 


Observe  that  the  value  of  Qf  is  always  positive  because  Roul  can  only  be  greater 
than  one.  In  addition  to  this,  notice  that  this  calculation  of  Qf  is  similar  to  the  calculation 
of  the  total  heat-transfer  rate  done  earlier  in  Chapter  2. 

However,  since  e , Qf  and  Qh  are  positive  quantities  and  Qf  is  zero,  we  can 

observe  that  the  total  volumetric  flow  rate,  Qf , for  the  distorted  annulus  is  greater  than  it 

is  for  the  perfectly  centered  one.  This  result  agrees  with  what  we  expected  from  the 
picture  argument. 

Now  let  us  solve  the  energy  problems  at  each  order  of  e (i.e..  Equations  (4.380), 


(4.383)  and  (4.386)). 
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Begin  with  the  problem  at  order  e°  ( i.e .,  Equation  (4.380)),  namely 


where 


and 


Vu  + VP  .V  on  + crt>  = 0 

O 0 0 0 0 


vo(ro  = RoJ  = 0 
°o(ro  = 1)  = 0 


VP -Vt>  =/. 


Wo. 

dr 


rdv^ 

V ' dro  J 


dr  dr. 


(4.417) 


because  in  the  reference  state  (i.e.,  the  symmetric  case),  there  is  no  variation  of  P or  u 
in  the  Q -direction.  Then,  by  using  Equation  (4.392)  we  get 

Cdu 


VP -Vu  = — 


r,  dr 


and  hence  Equation  (4.380)  becomes 


d2ua  (1  -C)du0  1 d2v0  2 r, 
— ®-  + - - — - + -r — f + <t  l>  = 0 


dr2 


dr  r d6: 


(4.418) 


(4.419) 


So  long  as  va  does  not  depend  on  6a , this  problem  has  solutions  of  the  form 

<H.(ro)cosM0o 


(4.420) 


and 


<K,(ro)smM0o 


(4.421) 


where  M must  be  one  of  0,1,2,...  in  order  to  satisfy  periodicity  and  where  ^ must 
satisfy 

d\  . _ /,  ^ 


r^+rAl-C)^+(rX-M^0 


dr 


(4.422) 
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where  <2^  is  subject  to  two  boundary  conditions  viz., 

=o= ° <4-423) 

and 

3tfro=l)  = 0 (4.424) 

To  solve  Equation  (4.422)  we  can  view  it  as  a special  case  of  the  generalized  form 
of  the  Bessel’s  equation16,  which  means 
„2  d2y  , , ^,\dy 


dx 2 


■ + x 


(a  + 2bxr^ 


dx  (4.425) 

+ [c  + dx2s  - b(\  - a - r)  xr  + b2 x2r~^y  = 0 


whose  solution  is  given  by 


(l-a)/2  -{bx'/A 

y = jr  " e v ' 

ci  Zp 

T ) 

— Xs 

+ c2  Z_p 

s 

V 

J 

\ y 

(4.426) 


where 


1 If  1 - a ^ 


p=7< 


-c 


(4.427) 


vz  y 


and  where  Z;)  denotes  a Bessel  function  whose  kind  depends  on  the  value  of  ~Jd  js . If 
/.s'  is  real  and  p is  not  zero  or  an  integer,  Zp  denotes  J p , Z p denotes  J _p ; if  p is 
zero  or  an  integer,  Zp  denotes  J p , Z p denotes  Yp . If  4d  /s  is  imaginary  and  p is  not 
zero  or  an  integer,  Zp  denotes  I p , Z p denotes  I_p ; if  p is  zero  or  an  integer,  Zp 


16  A clear  explanation  on  how  to  use  this  generalized  form  is  given  in  Mickley,  H.S.,  Sherwood,  T.K.  and 
Reed,  C.E.,  1957,  Applied  Mathematics  in  Chemical  Engineering,  McGraw-Hill,  2nd  Ed.,  New  York. 
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denotes  Ip , Z_p  denotes  Kp , where  I p and  Kp  are  the  modified  Bessel  functions  of 
order  p of  the  first  and  second  kind,  respectively. 

A comparison  of  Equation  (4.422)  and  Equation  (4.425)  reveals  that,  when  r = 1 , 
b = 0 and  5 = 1 the  generalized  form  reduces  to 

x2^-Y  + ax  — + \C  + dX2]y  = 0 (4.428) 

dx  dx  L J 


and  hence  the  two  equations  match  if  a = (1  - C) , c = - M 2 and  d = a]  . Let  us  focus  on 
the  case  M = 0 . Then 


P = 


C 


c 

2 


(4.429) 


and  we  begin  with  C > 0 , corresponding  to  outflow.  Then,  to  write  a solution  for  this 
problem  let  us  pick  the  case  where  p is  zero  or  integer.  Based  on  this,  C must  be  an 


even  integer.  Therefore,  the  solution  of  Equation  (4.422)  will  be 

f-ir 

0(.  = ro^  AJJvjrJ  + BYgit r0ro) 

2 2 


Therefore,  the  eigenfunctions  will  take  the  form 


If) 


cos  M6n 


(4.430) 


(4.431) 


and 


if) 


AJci^oO  + BYci^oO 

2 2 


sin  M0„ 


(4.432) 


But  as  u0  is  independent  of  6n , Equation  (4.419)  reduces  to 


d2v0  (1  -C)do0  2 r, 

— r +“ ~ — - + °„v0  = 0 

dr}  r dr 


rn  dr 


(4.433) 
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and  the  eigenfunction  takes  the  form 

.(f) 


°o  = r: 


AJc(a0r0)  + BYc(a0r0 ) 

2 2 


(4.434) 


where  A , B and  cr0  must  be  determined.  To  do  this,  apply  the  boundary  conditions 
given  by  Equations  (4.381)  and  (4.382)  to  get 

(4.435) 


and 


^c(^0)  + BY£(Routo 0 = 0 
2 2 


AJcM+BYc((Tc)  = 0 

2 2 

Equations  (4.435)  and  (4.436)  can  be  written  in  matrix  form  as 

y£(*0roJ 
2 2 

■^cK)  YcS°o) 

2 2 


(4.436) 


[A 

= 

'O' 

[b _ 

0 

(4.437) 


To  find  a solution  other  than  A = 0 and  5 = 0 the  determinant  of  the  this  matrix  must 
vanish,  which  means 


= 0 (4.438) 

2 2 2 2 

and  the  roots  of  this  equation  determine  the  values  of  a0  for  any  given  value  of  Roul  and 

C . Notice  that  cr  depends  only  on  Rout  and  C . 

To  determine  the  values  of  a0  using  Equation  (4.438),  let  us  first  hold  Rout  fixed 

and  play  with  C to  see  how  the  strength  of  the  radial  flow  and,  therefore,  the  strength  of 
the  convection  heat-transfer  mode  affects  the  thermal  stability.  This  calculation  is 
presented  in  Table  4-6  for  C > 0 , outward  flow,  and  for  C < 0 , inward  flow.  Then,  let  us 
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hold  C fixed  and  change  Rout  to  see  how  the  thickness  of  the  region  affects  the  results. 
This  calculation  is  presented  in  Table  4-7. 


Table  4-6.  Values  of  <r0  at  Rout  = 5 and  various  values  of  C ’s. 


C>  0 

C<0 

^0 

0 

0.763 

0 

0.763 

2 

0.847 

-2 

0.847 

4 

1.044 

-4 

1.044 

Table  4-7.  Values  of  cr0  at  C = 2 and  various  values  of  Rout. 


Rou ' 

5 

0.847 

10 

0.394 

15 

0.259 

Now,  from  Table  4-6  we  observe  that  at  C - 0 (i.e.,  when  there  is  no  flow),  we 
recover  the  conduction  problem  of  constant  temperature  walls  and  that  the  value  of  crQ  is 

just  that  given  in  Table  4-1  for  the  same  value  of  Rout . Then  observe  that  for  any  given 
value  of  C the  value  of  <jo  is  the  same  regardless  of  the  sign  of  C . This  is  due  to  the 
symmetry  of  the  annulus.  Because  at  any  given  value  of  r0 , 1 < ro  < Rout , the  ratio  of  the 
total  heat  generated  to  the  total  heat  lost  must  always  be  the  same.  From  this  we  can 
conclude  that  in  the  symmetric  case  the  values  of  aQ  are  independent  of  the  direction  of 

the  flow  and,  therefore,  the  thermal  stability  of  this  problem  is  independent  of  the 
direction  of  the  flow. 

Again  the  critical  value  of  S2  corresponds  to  -A2  = 0 and  hence  S2cntical  is  given  by 

a1  and  one  can  note  from  Table  4-6  that  in  the  symmetric  case  the  radial  flow,  regardless 
of  its  direction,  will  increase  the  thermal  stability  of  this  system.  And  from  table  4-7  one 
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can  notice  that  thick  heat-producing  regions  are  thermally  less  stable  than  thin  heat- 
producing  regions. 

However,  the  constants  A and  B which  appear  in  Equation  (4.434)  are  not 
independent  and  then  one  can  be  found  in  term  of  the  other.  Doing  this  we  can  write 


= Br0 


(!) 


-IcfoVcOVo)  + Yc(°oro)Jc(°o) 
2 2 2 2 


(4.439) 


where  B is  a constant  that  can  have  any  value  except  zero.  From  this  we  can  get 


dUo 

dr 


B 


£r( f‘ 

2 0 
v 


~YC  to  )jc  (<Vo  ) + YC  (<V„  )jc  (ao  ) 


+r 


(!) 


ddc{<Tor0)  dYc(cr0r0) 


-Yc(°o> 

2 


dr 


dr 


-JcM 


J/ 


(4.440) 


and  therefore 


dv. 


dr. 


= B 


dJcX^oO 

-Yc(ao) — ~ 


dr 


dYd^/o) 


+ ■ 


dr 


JMo) 


r„=l 


(4.441) 


This  derivative  will  be  useful  later  on. 

Now  we  have  the  eigenfunctions  in  the  reference  state  and  the  corresponding 
eigenvalues.  These  must  be  corrected  as  the  rod  is  moved  off-center  and  so  we  turn  to  the 
calculation  of  of  and  of  which  will  allows  us  to  estimate  the  effect  of  the  displacement 

on  a1  via 


2 2 2 & 2 

(7  —(7  + SCT]  H CTj  + ... 

o 1 2 2 


Again,  we  focus  our  attention  to  the  most  dangerous  case,  M = 0 , and  determine  the 
corrections  to  the  eigenvalues  corresponding  to  the  axisymmetry  eigenfunctions. 
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Now,  to  find  of  we  must  solve  Equation  (4.383),  which  is 
+ VPo.V  u,  + V^.V  va  + a20vx  + cr2v0  = 0 

where 

Vl(ro  = RoJ  = 0 
and 


do0 

dr 


and  where  ux  is  driven  by  dv0/dr0  and  where 


0P 


Sr 


r do,  ia  do, 

i — 1+  e 1 


O \ 


rSrc  r0  dd0  j 


dP^d^ 
dr0  dro 


(4.442) 


and 


VP,  • Vu0  = 


j dP\  | ie  dp\ 
v'3ro  ro30o 


\ 

f-  3u  ^ 

y 

i 

V dro) 

dff  do0 
dr  dr 


(4.443) 


Then  by  using  Equations  (4.392)  and  (4.395)  we  can  write  these  two  equations  in  the 
following  form 


VP  Vu  cav L 

O l 

or 


(4.444) 


and 


V/;.VUo=-C6(r„)^cosO„ 

dr 


(4.445) 


where 


%) 


K,-i) 


D 2 >\ 

1+  ou' 


(4.446) 


Hence,  Equation  (4.383)  becomes 
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d2t>,  (l-C)  dvx  1 d 


dr2 


■ + 


+ - 


o, 


K,  dr  r;  dO2 


o o o 


+ (J20ox  + a2v0  - Cb  (ra  )^LCos0o=O 

dr 


(4.447) 


where  the  general  solution  of  u,  can  take  the  following  form 


=fo+fic°s0o  (4.448) 

Then,  by  substituting  Equation  (4.448)  into  Equation  (4.447)  and  into  its  boundary 
conditions  (i.e..  Equations  (4.384)  and  (4.385)),  we  get  two  ordinary  differential 
equations  one  in  f0  and  one  in  fx , they  are 


(4.449) 


where  fo  must  satisfy 


and 


and 


fo  (ro  = Kut)  = 0 


/.('.=  1)  = 0 


dr; 


where  f{  must  satisfy 


i 0 , 


r.  dr 


V ro  J 


dr 


f\  (ro  = Km,)  = o 


and 


(4.450) 


(4.451) 


(4.452) 


(4.453) 


/i(/;=1)= 


.dOo 

dr 


K.=  1 


(4.454) 
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Notice  that  of  appears  only  in  the  f0  equation  (i.e..  Equation  (4.449)),  therefore  to 
determine  of  we  must  use  Equation  (4.449).  To  begin,  let  us  rewrite  Equations  (4.449) 
and  (4.433)  in  self-adjoint  form.17  To  do  this,  multiply  Equation  (4.449)  by  the  function 
r}'~c^ , which  gives 


(4.455) 


which  can  be  written  as 


d_ 

dr 


. 0-c)  df0 


dr 


O / 


(4.456) 


and  multiply  Equation  (4.433)  by  the  function  rf 1 1 * , to  get 


r)f^+(i-cK 


K) 


du 

dr 


^ + aV°^V=0 


(4.457) 


which  is  just 


dr 


0-c)  duo 

dr 


+ ofr (l  f W = 0 


O V o / 

Then,  multiply  Equation  (4.456)  by  oo , which  gives 


dr. 


.0-c) 


aro  y 


(4.458) 


(4.459) 


and  multiply  Equation  (4.458)  by  f0 , to  get 


/ — 
Jo  j 

dro 


f , (i-c) 


V 


dr 


+ (Jlro]<]fPo={) 


o y 


(4.460) 


17  The  method  to  do  this  is  explained  in  Weinberger,  H.F.,  1995,  A First  Course  in  Partial  Differential 
Equations,  Dover  Publications,  Inc.,  New  York. 
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Then,  subtract  Equation  (4.460)  from  Equation  (4.459),  to  obtain 


v. 


° dr 


,0-c)  df0 


O \ 


dr 


-fo 


O J 


dr 


.0-c) 


do,. 


O \ 


dr 


2 (l-C)  2 

= o0 


(4.461) 


o y 


Now  integrate  Equation  (4.461)  over  the  reference  domain,  which  gives 


out 

JT 


1 o 


d 

dr 


,(i  -c)df„ 


dr. 


O J 


oul  J 


1 dro 


do,. 


.0 -c) 


dr 


dr,  = -of 


O J 


K)Ut 

1 J r}^]o20dr0  (4.462) 


Then,  by  applying  the  integration  by  part  on  the  left-hand  side  of  Equation  (4.462)  we 
obtain 


v 

O O j 

dr 


Rout 


— r 


(1-c)  do* 
° dr 


Rout 


Rout 

= -o]  f r}l~cWdr 


(4.463) 


Now  the  left-hand  side  of  Equation  (4.463)  is  zero  because  of  o0  (ra  = Rou, ) = 0 , 

°o  {ro  = 1)  = 0 , f0  (ro  = Kut)-  0 ancl  f0  (ro  = 1)  = 0 , hence  Equation  (4.463)  reduces  to 


"■out 

j r,^(Mdro = o 


(4.464) 


Because  o]  is  not  zero,  of  must  be  zero  and  there  is  no  effect  on  the  stability  of  our 
problem  at  order  e . This  is  an  expected  result  due  to  the  symmetry  of  the  annulus.  Hence 
to  learn  the  effect  of  a displacement  we  must  go  to  second  order  of  e . But  there  we  will 
need  ol  and  we  must  go  on  and  determine  o,  by  setting  of  = 0 . Thus,  the  o,  problem 


will  reduce  to 


d2ox  (l-C)5u,  1 d2o , 2 \doa  _ . 

L + L — l-  + ——f  + o-2ool-Cb(r0) — 2-cos  6»0  = 0 


dr 


ra  dra  r20de] 


dr 


(4.465) 


which  is  not  an  eigenvalue  problem  since  of  is  known.  Based  on  this,  the  f0  problem 


( i.e .,  Equation  (4.449)),  reduces  to 
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where  f0  must  satisfy 


lAd^)dA 

dr]  rB  drg 


and 


fM  = i)=° 


The  solution  to  this  problem  is 

/„  = 


)JC  (<V0 ) + (<V„  Vc(?o  ) 

2 2 2 2 


(4.466) 


(4.467) 


where  B is  an  undetermined  constant  that  can  have  any  value  except  zero. 

The  next  step  now  is  to  find  fx  by  solving  Equation  (4.452)  which  can  be  written 


as 


dr] 


+ 


(1  -c)df, 

r,  dr. 


+ 


er 


/,=C%) 


O / 


dr 


where  fx  must  satisfy 


fA'.  = K.)  = 0 


and 


(4.468) 


f\  (ro  = 0 


Now,  by  defining  fx  = fx  + fx  the  fx  problem  can  be  divided  into  two  simpler 


problems,  they  are 
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0 ~C)dfx 

ro  dra 


+ 


1 ^ - 

~2  fi=  0 


'o  y 


where  fx  must  satisfy 


fx(ro  = Rou,)  = 0 
and 


and 


(4.469) 


(4.470) 


(4.471) 


dr 


, (1  -c)df, 

r.  dr0 


+ 


\ - 


'o  y 


do0 

dr 


where  fx  must  satisfy 


and 


(4.472) 


(4.473) 


y;k=i)=o  (4.474) 

The  solution  of  these  two  problem  (i.e..  Equations  (4.469)  and  (4.472)),  can  be 


obtained  by  the  same  method  used  to  solve  the  ua  problem.  Based  on  this,  a solution  to 


the  7|  problem  can  be  written  as 


where 


[C^P(^oO  + C2J_p(cyor0)] 


(4.475) 


P = 


4 


(4.476) 
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which  cannot  be  zero  or  integer  because  we  have  decided  to  set  C to  be  an  even  integer, 
and  where  the  constants  C,  and  C2  can  be  determined  by  using  Equations  (4.470)  and 

(4.471).  Doing  this,  fx  will  turn  out  to  be 


J-p^oKu,VP^0r0)-  J P(°„Kut)J -M„r0) 


-J-P (Mo*  VMo  ) + Jp(°„Ku,  V-p K ) 


do. 


dr„ 


r=l 


(4.477) 


and  therefore 


dr 


\ 


2 ° 


J-MoRoUl)dp((y0r0)  - Jp(voRout)J_p(cr0ro) 
-J-P(°oRou')JP(°o)  + JP(°oRou,)J-Mo) 


if) 


J-MoR0u,) 


ddp^oO  T D ,dJ_p(a0ro) 


dr 


-JMoR0J- 


dr 


-J-MoRouVMo)  + J MoRou,)d -Mo) 


do , 


dr 


(4.478) 


r„=  1 


and 


dr , 


r„= 1 


c 

— + 
2 


J-M„Rou,) 


ddp(cr0r0) 


dr„ 


~JS°„Rou,) 


dJrP(<y0ro) 


rn=\ 


dr 


r=\ 


-J-P(°oR0u,)dPM  + dp{(j0Rou,)d-Mo) 


do „ 


dr 


(4.479) 


rn=  1 


J / 


These  derivatives  will  become  useful  later  on. 


In  the  case  of  the  /j  problem  (i.e..  Equation  (4.472)),  notice  that  the  general 


solution  is  the  sum  of  a homogeneous  solution,  fhhmiecxom  , where  Cb(ro)(do0/dr0)  is  set 


to  zero  and  a particular  solution,  fx  . The  homogeneous  part  is 


i (-] 

= ro[2)[^dp(cr0r0)  + e2J_p{a0r0)\ 


(4.480) 


and  then  the  particular  solution  will  be 
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where 


and 


s f-1 

/i™  =ro  [VPK/0)  + V-pfe)]  (4-481) 

rCb{rc)~r^J.p^„ro) 

K=~  f dro  (4.482) 

* w 

rC%)^^2^X<Vo) 

K = J ^ (4.483) 


and  where  w is  the  Wronskian  of  .J  (a  ro)  and ./  (crr0) , which  means 


whence 


w = r 


Jp(°oro) 


dJ-MoO 


dr 


J-p(°oro) 


dJ  (a  r) 

p\  0 0 J 

dr 


(4.484) 


W=  — = Cr^ 

dr 


Jp(°oro) 


dJ-p{v0r0) 


dr 


-J-p(<7oro) 


dJpivjo) 


Jp(^oro) 


d2J_p((J0r0 ) 


-P'  o 0>  1 

dr0 

,2 


+ 


dr 2 


~J-p^oro) 


d J p{ty 0r0) 
dr 2 


(4.485) 


which  will  be  useful  later  on. 

The  Wronskian,  w , of  this  problem  can  be  written  as 

W = ~KZ\  (4-486) 

ro  ’ 

where  a is  a constant  that  can  have  any  value  except  zero.  To  prove  Equation  (4.486)  is 


//omogeneous 


true,  let  us  consider  the  /, 


problem,  which  is 


199 


d2J i 


//omogeneous  ^ 1 J ^ ‘ 


//omogeneous 


dr 


dr 


+ 


f i > 

_2  1 

0 r2 
V r«  j 


y; 


//omogeneous 


= 0 


(4.487) 


where  the  homogeneous  solution  is  given  by  Equation  (4.480).  Then,  write  Equation 
(4.487)  in  a self-adjoin  form  by  multiplying  it  by  r0(1_c) , to  get 


2 A 
, (l-C)  ^ homogeneous  ^ ^ (l-C)  (l  E")  df\ 


homogeneous 


dr 


ao~  — 

v 'o  y 


r0(1^}y;  =0  (4.488) 

° ' //omogeneous  V ' 


Now  set  if/  - r}1  < ] , therefore,  if/  = (dif//dro)  = (l  -C)ra  c and  hence  Equation 
(4.488)  becomes 


¥ 


d fx  dfx 

//omogeneous  # 1 //omogeneous 

- + i// — + 


dr 


dr 


0 r2 
V W 


¥fx 


//omogeneous 


0 


(4.489) 


Next,  substitute  the  homogeneous  solution  into  this  equation.  To  do  this,  substitute 

s 

/<h_ s = ro2  jP(a»ro)  int0  Equation  (4.489),  to  get 


f ( c 


ry}Jp{cToO 


v- 


dr 


+ ¥ 


d 

> V 


( rn 

ro2 


dr 


+ 


( 1 ^ 
_2  1 

0 r2 
V.  W 


¥ro[2)Jp((roro)  = 0 (4.490) 


and  substitute  fx 


Homogeneous 


rq 

= r} 2 J-P(cr0r0)  into  Equation  (4.489),  to  get 


( (c 


ry]J-Mor0) 


( (c 


r}2]J-M0r0) 


v- 


dr 


+ ¥ 


dr 


f 1 ^ 

_2  1 

° r1 
V ro  / 


R 

¥r}2  (a0r0)  = 0 


Then,  multiply  Equation  (4.490)  by  r}2)J_  (<jor0),  to  obtain 


© 


(4.491) 


Wo2)J-P{<rjr0) 


v 


V 


(4.492) 


dr! 


l + V'r}2)J_p(cr0r0)- 


dr 


+ 


f 1 ^ 
_2  1 

a°  r2 

V ro  J 


Wo  J -p^cToV A°oro)  = 0 


f£] 

and  multiply  Equation  (4.491)  by  r}2JJ  (cr0r0)  > which  will  become 


( (c 


f£] 

Wo1  Jp(?oroY 


r0 


( (c 


dr! 


f£) 

+ V'V2vp(<r0rJ- 


f£] 

C2j^P(<vJ 


dr 


+ 


r i 

_2  1 

0 r2  , 
V r° 


Wo  Jp(°oro)J-p(°oro)  = 


Then,  subtract  Equation  (4.493)  from  Equation  (4.492),  to  get 


Wo 


(f) 


f (c 


J-pi^oO- 


f£) 

ry}JJaA) 


( (c 


dr! 


Jp(°oO- 


{-) 

r}2)J-M0r0) 


\\ 


dr! 


( ( c 


J-p(°oro> 


f£l 

r^Jp^oO 


( (c 


dr 


-Jp(°oro) 


(f) 


\\ 


v J-P(°»0 


dr 


where 


( (c 


f£] 

C2)Jp(cr0ro) 


C(C 


dr 


\ 


— -1 
V 2 j 


{--A 

r}2  ]Jp(°oro) 


dr.  ° dr! 


(4.493) 

0 


(4.494) 


(4.495) 
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( (c 


f-1 

C2]J-MoO 


c 


dr 2 


'C-l' 


V z 2 


i-A 

C2  }J-MoO 


(4.496) 


+ Cr 


(f1)  dJ-p^oO  + r (f ) d2J-P{<?oO 


dr 


dr} 


( (c 


f£] 

rrJMoO 


dr 


=£jr')J(  )+  ( fK(<y.) 

2 o p o o ' o ^ 


(4.497) 


and 


6 fc 


C2RPKO 


dr 


or 


(4.498) 


Thus,  Equation  (4.494)  becomes 


¥ 


Cr<c-'» 


+r 


-^>0C 


r /_  ..^P^oO  T,  ,dJ  (ororo) 

J-MoO—2-, — 3 

dr, 

d2J  (cr r ) 

-■/pKO  ~P  °° 


dro 

d2dM0r0) 

-P\“o'o/  ^.2  " P 


d-MoO 


d(dp((r0r0)) 


dr 


~JMoro) 


dr2 

d(j-p(°0r0)) 

dr 


(4.499) 


From  Equations  (4.484)  and  (4.485)  we  can  observe  that  Equation  (4.499)  can  be  written 


or 


^/V  = 


(4.500) 


w i// 


(4.501) 


which  is  just 
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(ln(w))'  = -(ln(^))' 
by  integrating  Equation  (4.502)  we  get 

ln(w)  = -ln(^)  + a 

Then,  take  the  exponential  of  this  equation,  which  is 

elnW  _ g-toW+a 


and  from  this  we  obtain 


_ a _ a 


¥ ro 


(l-C) 


Hence,  Equations  (4.482)  and  (4.483)  will  become 

h'=~Hro)^TroX  2^-P(<r0r0)dr0 


and 


h2=^)b(ro)^Lr!  2'Jp((J0r0)dro 


where 


a = r 


Jp(°oro) 


dr 


J-MoO 


dr 


i.fl 


Therefore,  the  solution  to  the  fx  problem  (Equation  (4.472)),  will  turn 

e\JP{^oro)  + e2J_p((j0ro) 
u J Uro 

+ (~J-r(aoO)h{r0)^L^'  2\j p(aoro)dro 


(4.502) 


(4.503) 


(4.504) 


(4.505) 


(4.506) 


(4.507) 


out  to  be 


(4.508) 
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where  the  constants  e,  and  e2  can  be  determined  by  using  Equations  (4.473)  and  (4.474). 


Doing  this,  fx  will  turn  out  to  be 


-J-P^o)J  M0O  + J P^o)J-MoO 

^-P^oVp^oKu,)  + Jp(<?oV-p(V0RnJ 


I ^pmS]  Kr0)^%_piaoro)dro 


~JMoRom)  2^MoOdr0 

~^JP  (a°r°  > J6  (ro ) r^~^J-p  (<V0  )dro 

u 1 aro 

+~J-P^oO\b{.r0)^r^  2hp(aoro)dro 


Hence,  the  solution  to  the  o,  problem  (i.e..  Equation  (4.465)),  will  be 


=fo+ficos0o  = fo+  \}{+fx  cos6> 


and  from  this  we  can  get 


dui  _ dfo 
dro  dr0 


Vl  + Vl 

Kdro  dr0j 


COS  <9 


(4.509) 


(4.510) 


(4.511) 


and 


dv,  f ~ 1 A 

Jsin^  (4.512) 

which  are  going  to  be  useful  later  on. 

From  our  previous  work  we  know  that  the  fo  part  of  the  solution  of  the  u,  problem 
will  have  no  effect  on  the  value  of  <j\  because  it  will  appear  as  a multiple  of  cos  0o  and 
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when  integrated  over  0, 2 n it  must  vanish.  This  is  important  because  we  do  not  know  the 
constant  B . Therefore,  the  fQ  part  can  be  dropped  from  the  calculation  of  a\ . 

Now,  to  find  o\  we  must  solve  Equation  (4.386),  which  is 


\ V2U2  + | VP0 V v2  + VPX : V u,  + 1 yp2 : V v0  + 1 <j20u2  + afox  + ~ a\v0  = 0 


where  v2  is  subject  to  the  two  boundary  conditions  given  by  Equations  (4.387)  and 
(4.388),  and  they  are 


and 


°2(ro  = RoJ  = 0 


u2^  = l)=-2R,^ 


R 


rn=l 


2 d\ 
dr 1 


R 


rn= 1 


dva 

dr 


r=  1 


From  the  earlier  work  we  know  that  <r2  = 0 . Then,  to  simplify  this  problem,  let  us 
expand  the  following  terms 


and 


- dP 

' V u2  = ir  -r2-  ■ 
or 


f 


J dvi  , 'e  dvi 

r dr  r d0„ 


O V ^ O o o / 


dPo  du2 

dr  drn 


(4.513) 


VPj  • V Uj  = 


'j  SP,  J,8Pt' 

y'Br,  ra  d0o  j 


rdvL+i^duL 


r dr„  r dO, 


dPx  dvx  1 dPx  dvx 


■ + 


o o J 


dr0  dr0  r0  dd0  d0o 


(4.514) 


yp2-vo0  = 


yr  dro  rod0oJ 


dv„ 


r dr 


o 


= dl\doSL 
dr  dr 


(4.515) 


Then  by  using  Equation  (4.392)  we  can  write  Equation  (4.513)  as 


VP0-Vu2  = ^ 

O 2. 

r dr 


(4.516) 


and  by  using  Equations  (4.392),  (4.395)  and  (4.396),  Equation  (4.514)  becomes 
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VP,  ■ Vo,  = -Cb(r,)^-c°sec  +ca(r.)|i sin0„ 


(4.517) 


where 


%)= 


f p2  'N 

1 + ^f- 
v ^ y 


(4.518) 


and 


d(ro)  = 


(*~-0 


vro  ro  y 


(4.519) 


and  by  using  Equations  (4.392)  and  (4.398)  we  can  write  Equation  (4.515)  as 


V^2  ‘ v o0  = - [Ce  (r0 ) + Cf  (r0 ) cos  29 0 ] 


SOo 

dr 


(4.520) 


where 


40= 


(*L-l)ln(l!„)r„ 


(4.521) 


and 


/(0  = 


(*»->) 


( d4 

V ' O 


(4.522) 


Hence,  by  substituting  Equations  (4.516),  (4.517)  and  (4.520)  into  Equation  (4.386)  we 
obtain 


d2v2  (l  -C)dv2  1 d2o2  , ,do{ 

— 7-+- — -+~r — f-2  Cb(r) — Lcos6> 

^ r0  dr0  r2  d62  Ko)dr0  0 


+ 2 Cd  (r0)— Lsin0o -Ce(r)^- 
V 1 d90  ° y drQ 

do. 


(4.523) 


-Cf(r0)—^  cos  26»0  + o>2  + o\v0  = 0 


dr 


where  the  general  solution  of  o2  can  take  the  following  form 
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v2  = So  + ft cos °o  + 82  cos 2eo  (4.524) 

Then,  by  substituting  Equations  (4.524)  and  (4.448)  into  Equation  (4.523)  and  into 
its  boundary  conditions  (i.e.,  Equations  (4.387)  and  (4.388)),  we  get  the  following  set  of 
problems18:  First  for  go,  the  problem  is 


^+li z£hfc+^_c%) 


dr! 


dr 


( * 1 \ 

^L+4\ 

Kdro  dro 


(4.525) 


Ce(ro)^  + CT2yo=0 

dr 


where 


8„<J0  = = 0 


(4.526) 


and 


ft(ro  = 1)=- 


df\ 


dr 


dfi 


+ ^i 
dr 

r„=l  0 


v ^7 


/•«=! 


(4.527) 


For  g] , the  problem  is 


^2g.  , 

ro  dro 


f 1 ^ 

„2  1 

0 r2 

V w 


ft  = 0 


(4.528) 


where 


ft(''o  = ^ur)  = 0 


(4.529) 


and 


ftk  = 1)  =0 


(4.530) 


For  g2 , the  problem  is 


18  Note  that  the  fo  solution  of  the  ut  problem  is  dropped  from  this  calculation  as  it  vanishes  due  to  the 
reasons  explained  earlier. 
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d2gi  . {\~C)dg7 


dr 2 


dr 


+ 


2 4 


O J 


Si-Cb{r0 ) 


f - : ^ 

df\_  _|_  df\_ 

Kdro  dro 


(4.531) 


+ 2cd(ro)[  /;+ii)sin6»o-C/(ro)^  = 0 

7 dr 


where 


g2(ra=Roul)  = 0 (4.532) 

and 


^('•0  = 1)=- 


dfx 


dr 


+ 


K.=  1 


4A 

dr 


r°='J 


C do„ 


2 dr 


r =1 


(4.533) 


Notice  that  cr22  appears  only  in  the  problem  (/.e.,  Equation  (4.525)),  therefore  to 


obtain  <x2  we  must  use  Equation  (4.525).  To  begin,  let  us  rewrite  Equation  (4.525)  in 


self-adjoint  form  by  multiplying  it  by  the  function  ro(1_c) , which  gives 


r M fjjL + (1 . c)  r M fjk  + _ o.M%  ) 


- CrjK  W (r„ ) ( 7;  + /;  J - C/-jw  )e  (r„ ) ^ + <r,V'  c)o,  = 0 


f - : N 


dr  dr 


(4.534) 


which  can  be  written  as 


dr 


.0  -c)d8o 


dr 


+ ^ro{iC)go-Cro{'C)b(ro) 


O 


f * n 

Vl+Va 

dr  dr 


(4.535) 


A +f,  )-Cr„"^(r0)^  + <T!V-C)u„  =0 
V 7 dr 


Then,  multiply  Equation  (4.535)  by  va , which  gives 
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v 


d_ 

0 dr 


r (l-C)  ffeo 

V°  *oJ 


+ °lro(X-C)o0go  - Cr0{'~c)b (ro)v0 


0 -c)i 


/ A \ 

A A 

4fL+df± 

dro  dro 

du„ 


(4.536) 


Cro('^)d{r„y >o\  fi+fij-Cr^e^v^  + a2^1^  =0 

J dr„ 


and  multiply  Equation  (4.458)  by  ga,  to  get 


So 


dr 


.0  -c) 


do 


dr 


+ ofo(l_c  ]gou0 = ° 


O / 


(4.537) 


Then,  subtract  Equation  (4.537)  from  Equation  (4.536),  to  obtain 


u. 


° dr 


r(i  -c)dg0 
\0  dro  J 


d 


r 


-So-r 

dro\ 


.(i-c) 


dn 


dr 


= Cr}'-c)b(r0)o0 


O J 


/ AX 

A A 

dr  dr 


V 


o o 


+ Cr0{'~c)d(r0)v0[  /;  + /,)  + Cr0{'~c)e {ro)o0^f-- <r22rc 


dv„ 


(4.538) 


dr 


Now  integrate  Equation  (4.538)  over  the  reference  domain,  which  gives 


7u#jL  ..MfSt 

! dToV 

*ou, 


‘vui 

dro  ~ \g0 


/ 


1 dro 


j\-c)dOo 

° dr 


dr  = 


J Cr0(l_c)6(r0)u0 


f „ i A 

dr  dr 

v 0 v 

Rout 


\ o J 

Rout 


1 


‘K  + | C'rI|M'!d(/;)uI(  /,  +./,  jdr,  (4.539) 


+ | -'j 


Then,  by  using  the  integration  by  part  on  the  left-hand  side  of  Equation  (4.539)  we  obtain 


v r 

o o 


b-c)  dga 


dr 


Rout 


2 V 

6o  o 


(i-c)  dua 


dr 


R°“ ' Rout 

= ]Cro{}~C)b{ro)o0 

i i 


f „ 

df\_ 

ydr0  dra  j 


dr 


R°UI  f A \ T 

+ | Cr0(1  * ]d (r0)u0[fx+  f^dr0  + | Cr}'  < ]e(ro)vo~^dro  - | cr22r0{'~c)v20dr0 


(4.540) 


Then,  because  v0  and  g0  vanish  at  ro  - Rout  and  because  ua  vanishes  at  r0  = 1 and  by 


using  Equations  (4.527),  Equation  (4.540)  reduces  to 
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f 

A 

\ 

#1 

+ df\ 

dvQ 

dra 

V 

dr° 

r»=1. 

dr„ 

,„=!  V 2 ){dro) 

1 

Kmt 


^L  + ^l 

dr  dr 


dr 


(4.541) 


+ \Cr}'<]d{r0)v0\}x+iyr0 

R out  I ^out 

+ \Cr}x-c)e(ro)v0—±dro-  } A2ro^%2dro 

1 aro  1 

which  can  be  arranged  and  rewritten  as 


cr,  = 


dfx 

dv0 

A 

d°0 

dra 

dr 

<■.=•  0 

dr° 

dr0 

r„=  1 

^ 2> 

{ dro  J 

‘'out 

+ C \r}x~c]b{r0)v0 


( * IN 
^L  + ^i 
dr  dr 


V 


1 W / A \ 

<*i  + c J r^d (r>.  + * Ur.  (4.542) 


+C  |r„IW|f(r 


‘'■out 

/ f r}x~c^o2dr 

Jo  o o 


This  is  our  equation  for  <r22  and  it  has  been  obtained  without  solving  for  v2 . 

Notice  that  all  the  components  of  a\  depend  on  C and  on  ra  . 

Now  to  decide  about  the  sign  of  a\  we  must  find  the  sign  of  the  right-hand  side  of 
Equation  (4.542).  But  in  this  case,  the  sign  of  the  right-hand  side  of  Equation  (4.542)  can 
only  be  found  numerically.  Then,  to  achieve  this,  let  us  begin  by  holding  Rou,  fixed  and 
change  the  value  of  C to  see  how  the  strength  of  the  radial  flow  and,  consequently,  the 
convection  affects  the  correction  factor  a]  / <y 2 . This  calculation  is  presented  as  graphs  in 
Figure  4-13  for  C > 0 , outward  flow,  and  in  Figure  4-14  for  C < 0 , inward  flow.  Then, 
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Figure  4-13.  Values  of  cr2/cr2  at  Rout  = 5 and  different  values  of  C’s  > 0.  (Constant  rod  and  pipe  temperatures) 
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CS  (N 

b 


Figure  4-14.  Values  of  cr\ / <j20  at  Roul  = 5 and  different  values  of  C’s  < 0.  (Constant  rod  and  pipe  temperatures) 
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let  us  hold  C fixed  and  play  with  the  values  of  Roul  to  see  how  the  thickness  of  the 
region  affects  the  results.  This  calculation  is  presented  as  graph  in  Figure  4-15. 

From  these  three  figures  we  observe  that  the  values  of  cr2  / cr2  are  always  less  than 

zero.  Hence,  the  sign  of  cr2  is  always  negative  regardless  of  the  strength  of  the  radial 

flow,  its  direction  and  the  thickness  of  the  annular  region.  This  is  happened  because,  as 
we  explained  earlier,  as  we  shift  the  rod  the  radial  velocity  across  the  thick  region  to  the 
left  of  the  rod  become  weaker  and  as  a result  of  this  the  redial  flow  cannot  push  the 
maximum  temperature,  which  lies  near  the  middle  of  the  region,  closer  to  one  of  the  two 
heat  sinks.  Therefore,  the  temperature  of  the  thick  region  will  increase  and,  then,  more 
heat  will  be  produced.  Because  of  this  the  effect  of  having  thick  heat-producing  region 
will  conquer  the  stabilizing  effects  of  the  other  factors  (i.e.,  the  radial  flow  and  the  heat 
conduction  and  the  fluid  flow  in  the  azimuthal  direction),  and  the  system  become 
thermally  less  stable. 

From  Figure  4-13  and  Figure  4-14  we  can  observe  that  as  the  strength  of  the  radial 
flow  increases  (i.e.,  high  flow),  the  value  of  cr22 / cr2  decreases.  But  we  now  know  that  in 

the  case  of  high  flow  the  correction  factor  o\  / cr2  cannot  be  important.  This  is  because  as 
the  strength  of  the  radial  flow  increases,  regardless  of  its  direction,  it  will  push  the 
maximum  temperature  more  and  more  closer  to  one  of  the  two  heat  sinks  and  above 
certain  value  of  C the  maximum  temperature  will  be  on  one  of  the  two  heat  sinks  and  in 
such  a case  the  temperature  of  the  annular  region  will  be  equal  to  the  temperature  of  the 
incoming  fluid.  Therefore,  this  problem  must  always  remain  stable  regardless  of  the  value 
of  cr 2/cr2 . To  prove  this  turn  to  the  eigenvalue  problem  (i.e..  Equation  (4.368)),  namely 


out 
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Figure  4-15.  Values  of  cr22 / cy]  at  C= 2 and  different  values  of  Roul . (Constant  rod  and  pipe  temperatures) 
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V2l>  + VP.V  v + <j2v  = 0 


and  use  Equation  (4.365)  to  rewrite  this  equation  as 


V2l>  - V.V  v + <j2v  = 0 


where  v must  satisfy 


w(',  = ^»r)  = 0 

and 

v(r  - R(9,e))  = 0 

Then,  let  us  multiply  Equation  (4.543)  by  v , to  obtain 

iN2v  - V.vS/  o + g2v2  = 0 


but  we  know  that 


1 ' 


vVv  = V —v 


(4.543) 


(4.544) 


(4.545) 


then  Equation  (4.544)  will  become 

uV2u  - V.V 


( i > 

-v2 
v2  j 


+ cr2u2  = 0 


Now,  by  using  the  following  formula 


19 


V.V 


( 1 \ 
-o2 

U ) 


= V. 


( 1 A 
-v2V 
\2  ) 


(4.546) 


(4.547) 


and  by  using  the  equation  of  continuity  ( V.V  = 0 ),  we  can  rewrite  Equation  (4.546)  as 


uV2u  - V. 


f i ^ 

-u2V 

V2  j 


+ <72V2  =0 


(4.548) 


where 


1 Granger,  R.A.,  1995,  Fluid  Mechanics,  Dover  Publications,  Inc.,  New  York. 
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uV2o  = V • (uV o)  - Vo  ■ V v 


(4.549) 


Then,  substitute  Equation  (4.549)  into  Equation  (4.548),  to  obtain 


V-(wVu)-(Vu)  -V. 


-&V 


+ffV  =o 


(4.550) 


Now,  let  us  integrate  Equation  (4.550)  over  the  reference  domain  and  then  use  the 
divergence  theorem,  to  get 

Kui  2k  Rou,  2k 


2k 


- (7 2 j J v2dOrdr+  j J(Vr>)2  ddrdr  = — v2V r dO 

o \ dr  2 )r=R 


r o 


ft  o 


2rpf  do  1 2 
+ \R\  -o — +— u F 
J l dr  2 r 


(4.551) 


d6 


/ r=R 


The  right-hand  side  of  this  equation  is  zero  because  o vanishes  at  r = R and  at  r = Ra 


Then,  Equation  (4.551)  reduces  to 


Km  lx 

| J(V u)2  ddrdr 

>0  (4.552) 

j J o2 ddrdr 

ft  o 

which  is  always  greater  than  zero.  Thus,  we  can  observe  form  Equation  (4.552)  that  er2  is 
always  positive  and,  therefore,  this  problem,  the  distorted  annulus  with  radial  flow,  is 
always  stable.  Based  on  this  we  can  conclude  that,  in  the  perturbed  annulus  case  with 
radial  flow  the  correction  to  er 2 cannot  be  important.  From  this  we  learn  that  the  term 
£ 2ct2/2  , which  appears  in  Equation  (4.378),  must  be  small  not  just  e2 . 

Also  in  Figure  4-13  and  Figure  4-14  we  notice  that  the  values  of  er2/er2  in  the  case 

of  outward  flow,  C > 0 , are  greater  than  those  for  the  inward  flow,  C < 0 . This  means 
that  the  system  with  outward  flow  is  more  stable  than  that  with  the  inward  flow.  This 
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might  be  due  to  the  fact  that  for  this  case  the  maximum  temperature  lies  always 
somewhere  in  the  middle  of  the  region  but  closer  to  the  outer  wall,  then  it  become  much 
easier  for  the  outward  flow  to  push  the  maximum  temperature  closer  to  the  outer  wall, 
outer  heat  sink,  other  than  for  the  inward  flow  to  bring  the  maximum  temperature  closer 
to  the  inner  wall,  inner  heat  sink. 

In  Figure  4-1 5 we  can  see  that  as  the  value  of  Rout  increases  the  value  of  cr~  / cr 
decreases.  This  is  an  expected  result  because  of  two  reasons.  The  first  reason  is  that,  as 
Rout  increases  the  thickness  of  heat-producing  region  increases  and  from  our  earlier  work 
we  know  that  thick  regions  are  bad  heat  conductor.  The  second  reason  is  due  to  the  effect 
of  the  displacement  on  the  radial  velocity.  Because,  the  radial  velocity  across  thick 
regions  becomes  weaker  (/.  e. , the  displacement  slows  the  response  of  the  radial  flow), 
and,  therefore,  the  radial  flow  will  not  be  able  to  push  the  maximum  temperature  close 
enough  to  one  of  the  two  sinks.  Thus,  the  maximum  temperature  will  remain  somewhere 
near  the  middle  of  the  region  and,  then,  the  temperature  of  the  thick  region  will  increase, 
but  the  higher  the  temperature  the  higher  the  heat  to  be  generated.  Because  of  these  two 
reasons  the  effect  of  having  thick  heat-producing  region  will  defeat  the  stabilizing  effects 
of  the  other  factors  (/.  e. , the  radial  flow  and  the  heat  conduction  and  the  fluid  flow  in  the 
azimuthal  direction),  and  the  system  become  thermally  less  stable. 

Thus  far  all  the  components  of  <r 2 (i.e.,  cr2  , cr,2  and  cr2 ),  are  found.  The  next  step 

is  to  determine  the  value  of  cr2  for  the  distorted  annulus,  which  is  defined  as 

2 2 7 2 

(7=an+  SO,  4-  — o\  + ... 

0 1 2 
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and  then  compare  its  value  with  that  at  the  reference  state  (i.e.,  a] ).  To  do  this,  recall 


that,  a]  and  s are  positive  quantities  and  of  is  zero  while  c>\  is  a negative  quantity. 


Then  we  can  see  that  cr  for  the  distorted  annulus  is  smaller  than  it  is  for  the  reference 
state  (i.e.,  the  perturbation  decreases  the  value  of  cr ).  This  is  because  the  radial  flow,  the 
heat  conduction  and  the  fluid  flow  in  the  azimuthal  direction  could  not  overcome  the 
effect  of  the  wider  region  to  the  left  of  the  rod  due  to  the  reasons  explained  earlier. 

Based  on  this  we  can  conclude  that,  at  constant  walls  temperatures,  a symmetric 
annular  region  is  thermally  more  stable  than  a distorted  one.  Therefore,  the  perturbation 
in  this  case  decreases  the  thermal  stability  of  the  annular  region. 

It  is  important  to  mention  that,  if  we  solve  this  problem  again  but  without 
perturbing  the  flow  then  the  values  of  a]  will  be  the  same  as  for  the  previous  case  but 

cr2  will  take  the  following  form 


a]  = 


1 

_S> 

do0 

fi-£) 

2 

Km 

/ f 
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dr 

<1-  1 0 

r0=l 

l 2 J 

l dr» ) 

J 

1 

o'~C)v2odr0 


(4.553) 


Then,  to  decide  the  sign  of  cr]  we  must  find  the  sign  of  the  right-hand  side  of  this 
equation  and  to  achieve  this,  let  us  hold  Rout  fixed  and  change  the  value  of  C to  see  how 
the  strength  of  the  radial  flow  and,  thus,  the  convection  affects  the  correction  factor 
a\ / cr20  . This  calculation  is  presented  as  graphs  in  Figure  4-16  for  C > 0 , outward  flow, 

and  in  Figure  4-17  for  C < 0 , inward  flow.  Now  observe  that  Figure  4-16  and  Figure  4- 
17  are  identical  regardless  of  the  direction  of  the  flow  (i.e.,  for  any  given  value  of 


20  This  formula  can  be  obtained  from  Equation  (4.542)  where  all  the  terms  that  depend  on  the  perturbed 
flow  are  canceled. 
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Figure  4-16.  Values  of  a\ / cr20  at  Rout  = 5 and  different  values  of  C’s  > 0.  (Isothermal  inner  wall,  unperturbed  flow) 
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Figure  4-17.  Values  of  o\ / ar20  at  Rout  = 5 and  different  values  of  C’s  < 0.  (Isothermal  inner  wall,  unperturbed  flow) 
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C the  value  of  cr2/ cr2  is  the  same  regardless  of  the  sign  of  C ).  Therefore,  the  thermal 
stability  of  this  problem  is  independent  of  the  direction  of  the  flow.  Thus,  the  effect  of  the 
magnitude  of  C on  the  thermal  stability  of  this  case  can  be  seen  from  any  of  the  two 
figures  (Figure  4-16  or  Figure  4-17). 

Then  on  considering  Figure  4-16  we  can  see  that  the  sign  of  cr2  / a]  is  negative  for 
low  values  of  C , at  low  flow,  but  it  becomes  positive  as  the  strength  of  the  flow 
increases.  Also  we  can  observe  that,  the  values  of  a\  / cr02  will  increase  as  C increases 

(i.e.,  as  the  strength  of  the  flow  increases),  but  at  high  flow,  C > 5 , the  values  of  cr2  / <x2 
will  begin  to  decrease  until  it  becomes  close  to  zero.  This  is  happened  because  as  the 
strength  of  the  flow  increases  the  maximum  temperature  will  be  pushed  closer  to  one  of 
the  two  heat  sinks  depending  on  the  direction  of  the  flow  and  this  will  increases  the 
thermal  stability  but  at  high  radial  flow  the  maximum  temperature  will  be  located  on  one 
of  the  two  heat  sinks  and  then  the  temperature  in  the  annular  region  will  become  equal  to 
the  temperature  of  the  incoming  fluid  and,  thus,  the  correction  of  cr2  cannot  be 
important.  Based  on  this  we  can  conclude  that,  at  constant  temperature  walls  with 
unperturbed  flow,  a distorted  annular  region  is  thermally  more  stable  than  a symmetric 
one.  Therefore,  the  perturbation  in  this  case  increases  the  thermal  stability  of  the  annular 
region. 

Now,  let  us  summarized  what  we  have  done  and  learned  in  this  chapter.  The  aim  of 
this  chapter  was  to  study  the  effect  of  perturbing  the  inner  cylinder  on  the  thermal 
stability  of  a heat-generating  annular  region  and  to  show  how  this  stability  depends  on  the 
boundary  conditions  and  the  heat-transfer  modes.  To  achieve  this,  we  started  by  solving  a 
simpler  problem,  the  thermal  stability  of  a perturbed  circular  disk,  through  which  we  got 
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familiar  with  the  cylindrical  coordinates  and  we  learned  that  the  thermal  stability  of  a 
circular  disk  increases  as  it  is  perturbed,  deformed,  into  an  elliptical  disk.  This  was  a 
useful  result  as  it  confirms  our  earlier  conclusion  in  Chapter  2 that  is:  thermal  stability 
can  be  affected  by  a geometry  change.  Then,  we  came  back  to  the  proposed  problem  (i.  e. , 
the  thermal  stability  of  a heat-generating  annular  region),  and  we  began  by  considering 
the  case  where  the  heat  produced  in  the  domain  is  transferred  only  by  conduction  (i. e. , no 
flow).  For  this  case  the  proposed  problem  was  solved  for  three  different  boundary 
conditions  for  the  inner  wall  while  the  boundary  condition  at  the  outer  wall  was  assumed 
to  be  isothermal  at  all  cases.  Doing  this  we  found  that,  at  constant  wall  temperatures  and 
at  adiabatic  inner  wall,  the  annular  region  becomes  thermally  less  stable  as  the  inner 
cylinder  is  shifted  from  the  center  of  the  geometry,  but  at  the  perfectly  conducting  inner 
wall  we  found  the  opposite  (/. e. , the  distorted  annular  region  is  thermally  more  stable 
than  a symmetric  one).  Then,  a comparison  between  the  results  obtained  from  these  three 
cases  was  made  to  show  the  difference  and  from  this  we  found  that,  at  the  reference  state, 
the  region  with  constant  wall  temperatures  is  thermally  more  stable  than  the  regions  with 
adiabatic  and  perfectly  conducting  inner  wall.  Also  we  found  that  the  region  with 
adiabatic  inner  wall  and  the  region  with  perfectly  conducting  inner  wall  are  equally 
stable.  In  addition  to  that,  again  at  the  reference  case,  we  found  that  thick  heat-producing 
annulus  is  thermally  less  stable  than  thin  heat-producing  annulus.  This  result  agrees  with 
our  earlier  conclusion  in  Chapter  3 that  is:  thick  heat-producing  regions  are  thermally  less 
stable  than  thin  heat-producing  regions.  Then  to  show  the  effect  of  perturbing  the  inner 
cylinder  on  the  thermal  stability  of  these  problems  a comparison  between  the  results 
obtained  from  the  distorted  annulus  cases  was  made.  From  this  comparison  we  learned 
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that,  regardless  of  the  reduction  in  its  thermal  stability  due  to  the  displacement,  the  region 
with  constant  walls  temperatures  is  always  more  stable  than  the  other  two  cases.  Also  we 
found  that,  in  thin  regions,  the  region  with  adiabatic  inner  wall  is  slightly  less  stable  than 
the  region  with  perfectly  conducting  inner  wall.  Furthermore,  we  found  that  the  thermal 
stability  of  the  region  with  perfectly  conducting  inner  wall  is  weakly  dependent  on  the 
location  of  the  inner  cylinder.  Again,  these  results  completely  agree  with  our  previous 
work  in  Chapter  3 that  is:  when  the  central  layer  is  displaced,  the  critical  value  of  S for 
the  case  of  perfectly  conducting  central  layer  does  not  change  while  it  decreases  for  the 
case  of  adiabatic  central  layer.  From  this  we  learned  that,  the  thermal  stability  of  a heat- 
generating annular  region  depends  strongly  on  the  location  of  the  inner  cylinder  and  on 
the  boundary  conditions  of  the  region.  Thus,  in  designing  heat  exchangers,  which 
typically  designed  in  concentric  cylinder  form,  the  designer  must  be  very  careful  to  get 
the  alignment  right  and  to  take  in  his  consideration  the  boundary  conditions  of  the 
system.  Then,  we  considered  the  case  where  the  heat  produced  in  the  domain  is  carried  to 
the  walls  by  both  conduction  and  convection.  To  study  this  case  we  added  a radial  flow  to 
one  of  the  three  problems  solved  earlier,  in  this  work  the  problem  of  constant  walls 
temperatures  was  chosen,  and  then  we  assumed  that  the  fluid  flow  is  described  via 
Darcy’s  law.  As  usual,  we  started  by  solving  a simpler  problem,  the  case  of  parallel  plane 
walls,  to  get  some  guidance.  Then  we  came  back  to  the  proposed  problem  and  we  started 
to  solve  it.  Doing  this  we  found  that,  at  the  reference  state,  the  radial  flow,  regardless  of 
its  direction,  increase  the  thermal  stability  of  this  problem  (i.  e. , thermal  stability  enhanced 
when  heat  transfer  by  convection  comes  into  action).  But  on  perturbing  the  inner  cylinder 
the  thermal  stability  decreases  and  it  becomes  function  in  the  direction  of  the  radial  flow. 
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that  is:  the  case  with  outward  flow  is  thermally  more  stable  than  the  case  with  inward 
flow.  Also,  we  found  that  at  high  flow  the  correction  factors  cannot  be  important  and  the 
problem  remains  always  stable.  In  addition  to  this  we  were  able  to  show  by  using  simple 
derivation  that  this  problem  must  always  be  stable  regardless  of  the  direction  of  the  flow 
or  its  strength.  From  this  we  convinced  our  selves  that  the  thermal  stability  of  this 
problem  strongly  depends  on  the  heat-transfer  mode. 

In  the  next  chapter  (Chapter  5),  another  practical  problem  is  considered.  This 
problem  is  to  study  the  effect  of  moving  boundaries  on  the  thermal  stability  of  a distorted 
annulus. 


CHAPTER  5 

VISCOUS  HEATING  OF  LIQUIDS  IN  SIMPLE  FLOWS 
In  this  chapter  we  will  illustrate  how  the  results  presented  earlier  tie  into  some 
concrete  physical  problems.  Our  main  example  is  based  on  the  fact  that  the  viscosity  of  a 
liquid  is  a decreasing  function  of  the  temperature  of  the  liquid.  In  some  flows  the  stress  is 
constant  throughout  the  flowing  fluid  and  because  of  this  the  rate  of  shearing  is  inversely 
proportional  to  the  viscosity  of  the  fluid.  At  the  same  time  the  rate  of  frictional  heating  is 
given  by  the  product  of  the  viscosity  and  the  square  of  the  rate  of  shearing  and  hence  is 
inversely  proportional  to  the  viscosity  of  the  liquid.  Due  to  this,  the  rate  of  frictional 
heating  is  an  increasing  function  of  the  temperature  of  the  liquid  and  is  thus  a problem  of 
interest  to  us.  We  will  begin  by  explaining  how  viscous  flow  problems  are  in  fact  thermal 
ignition  problems1  and  are  thermal  ignition  problems  in  which  the  heat  source  depends 
linearly  on  temperature.  We  can  illustrate  this  connection  in  certain  simple  problems.  The 
analogy  is  precise  in  the  base  problems  and  only  begins  to  fall  apart  when  the  geometry 
perturbation  induces  a flow  perturbation  as  well  as  a temperature  perturbation.  These 
problems  are  presented  and  discussed  in  the  following  section. 

5.1  The  Temperature  Equation  in  Viscous  Fluid  Flow  Problems 
In  this  section  we  will  discuss  three  simple  viscous  flow  problems  to  show  that 
their  temperature  equations  are  similar  to  those  in  thermal  ignition  problems  for  which 
the  heat-generation  function  depends  linearly  on  temperature.  These  three  problems  are: 

1 The  heat  source  in  thermal  ignition  problems  is  the  exothermic  heat  of  reaction  while  in  viscous  fluid  flow 
problems  it  is  the  viscous  heating. 
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Couette  flow  between  parallel  plane  walls,  Poiseuille  flow  between  parallel  plane  walls 
and  Couette  flow  between  coaxial  cylinders  (i.e.,  between  a rod  and  a pipe).  In  these 
problems,  we  shall  consider  the  fluid  flow  to  be  laminar  and  incompressible.  These  three 
problems  are  presented  and  discussed  in  the  following  sub-sections. 

5.1.1  Couette  Flow  between  Parallel  Plane  Walls 

Let  us  consider  a Newtonian  fluid  confined  in  the  space  between  two  infinite 

parallel  plane  walls  separated  by  a distance  2 L , as  depicted  in  Figure  5-1.  The  upper  wall 
moves  at  a velocity  V in  the  z -direction  while  the  lower  wall  is  at  rest.  In  this  case,  the 
fluid  will  flow  only  in  the  z -direction  due  to  the  movement  of  the  upper  wall  (Vx  = 0). 

Because  of  this  flow,  frictional  heat  is  produced  as  a result  of  shear  between  adjacent 
layers  of  the  fluid.  The  heat  generated  in  the  fluid  is  lost  to  the  boundaries,  which  are  held 
at  a fixed  temperature  denoted  Tw . The  reciprocal  of  the  viscosity  is  called  the  fluidity 
and  for  many  fluids  the  fluidity  depends  linearly  on  the  temperature  of  the  fluid  over  a 
fair  temperature  range.2  Thus,  the  fluidity  can  be  defined  as  p = 1 + s(T  - Tw)  where 

denotes  p{Tw)  and  where  s describes  the  sensitivity  of  the  fluidity  to  the 
temperature.  The  thermal  conductivity  of  the  fluid,  k , is  assumed  to  be  constant  and  the 
flow  takes  place  entirely  in  the  z -direction  at  no  pressure  gradient  (i.e. , dp / dz  = 0 ).  The 
gravity  can  be  neglected. 

To  keep  this  system  stable  the  heat  generated  needs  to  be  removed  from  the  system 
at  the  rate  it  is  produced.  This  heat  is  removed  by  conduction  to  the  two  walls  which 
serve  as  heat  sinks.  To  conduct  the  heat  away  the  temperature  of  the  fluid  must  rise  above 

2 Subrahmaniam,  N.,  2000,  Frictional  Heating  in  Shear  Flows,  Ph.D.  Dissertation,  University  of  Florida, 
Gainesville. 
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that  of  the  two  walls.  And  the  more  distant  a point  of  the  fluid  is  from  the  walls  the  higher 
its  temperature  must  rise.  Therefore,  the  maximum  temperature  is  expected  to  be  in  the 
middle  of  the  flow  domain  (i.e.,  at  x = 0). 


T = T,  '///////////////////////////////////S'  x = L 


t=t.  w///;;;;;;;;;/;);;;;;;/;;///;;/////.  X=~L 

VI  =0 

Figure  5-1.  Couette  flow  between  parallel  plane  walls,  dp/dz  = 0 . 


The  steady  temperature  rise  in  this  problem,  referring  to  Figure  5-1  for  a definition 
of  the  variables,  can  be  described  by  the  thermal  energy  equation 


d2T  ( dK  ^ 


dxz 


+ M 


ydxj 


= 0 


(5.1) 


where  T is  the  temperature  field  and  where  V2  is  the  z -component  of  the  fluid  velocity 


vector.  The  boundary  conditions  to  be  satisfied  are 
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V,(x=L)  = V 

(5.4) 

and 
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V2(x  = -L)  = 0 


(5.5) 


The  shear  stress  txz  must  satisfy 


dx 

^ = 0 (5.6) 

dx 


which  tells  us  that  the  shear  stress  is  constant  across  the  gap,  which  means 


dVz 

**z=v~r=c 

dx 


(5.7) 


where  C is  a constant.  From  this  equation  we  find 


dK  =£H.=  C 

dx  p p 


(5.8) 


and  hence  Equation  (5.1)  becomes 


,d2T  C2  , 
k — T + — = 0 
dx1  p 


(5.9) 


Now,  typically,  the  viscosity  of  a liquid  decreases  with  increasing  temperature. 
Therefore,  as  the  fluid  temperature  rises  due  to  the  frictional  heating  the  fluid  viscosity 
will  decrease  and,  therefore,  the  fluidity,  which  is  the  reciprocal  of  the  viscosity,  will 
increase.  And  according  to  Equation  (5.8),  as  the  fluidity  increases  the  velocity  gradient 
increases  and,  consequently,  the  stronger  the  heat  source  becomes. 

In  this  form  we  see  that,  the  temperature  equation  of  the  Couette  flow  problem  (i.e.. 
Equation  (5.9)),  is  just  the  temperature  equation  of  the  thermal  ignition  problem  of 
parallel  plane  walls  which  was  discussed  and  solved  earlier  in  Chapter  3,  namely 

*^+e(r)= 0 

dx 


(5.10) 
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where  Q(T ) denotes  the  rate  at  which  heat  is  produced  in  the  fluid  per  unit  volume, 

assumed  to  be  linear  function  in  T (i.e.,  Q(T)  = Q0[\  + S(T -Tw)~\),  where  S is  the 

sensitivity  of  heat  generation  to  temperature. 

Next  we  see  what  happens  if  the  flow  is  driven  by  a pressure  gradient,  with  the 

upper  wall  held  fixed. 

5.1.2  Poiseuille  Flow  between  Parallel  Plane  Walls 

The  geometry  is  as  before  and  is  depicted  in  Figure  5.2.  In  this  case,  the  upper  and 

the  lower  walls  are  at  rest  and  the  fluid  will  flow  in  the  z -direction  due  to  a pressure 
gradient,  which  is  assumed  to  be  a constant  less  than  zero. 


V =0 


T = T.  y/Z///////////////////////////////////  X = L 


«n+Ax 


Ax 


T = T 


dp 

dz 


< 0 x - 0 


V=Q 


x = -L 


Figure  5-2.  Poiseuille  flow  between  parallel  plane  walls,  dp / dz  < 0 . 

The  steady  temperature  rise  in  this  problem,  referring  to  Figure  5-2  for  a definition 
of  the  variables,  can  be  described  by  Equation  (5.1),  namely 


, d2T  (dV,  , A 
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But  in  this  case  the  boundary  conditions  to  be  satisfied  are 
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Under  the  conditions  of  this  problem,  the  shearing  stress  must  satisfy 

= (5.15) 

dx  dz 

where  P is  a positive  constant,  whence  rxl  is 


t = /r^  = -Px 
M dx 


(5.16) 


whereupon 

dV  t Px 

^ z xz  

dx  n n 


(5.17) 


and  Equation  (5.1)  becomes 


, d2T  i 
dx2 


= 0 


(5.18) 


Again  we  have  our  positive  feed  back  (i.e.,  the  higher  T is  the  stronger  the  heat 
source  becomes),  but  now  there  is  an  added  complication:  the  heat  source  depends  on  x 
as  well  as  upon  T , being  higher  at  the  wall  due  to  the  x term  where  it  is  lower  due  to  T 
and  lower  in  the  center  due  to  the  x term  where  it  is  higher  due  to  T . 

This  problem  might  then  be  thought  to  be  more  stable  than  the  previous  problem, 
all  other  things  being  equal.  Now  let  us  turn  to  a cylindrical  geometry. 
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5.1.3  Couette  Flow  between  Coaxial  Cylinders 

Let  the  fluid  lie  in  the  space  between  a rod  of  radius  Rm  and  a pipe  of  radius  Rm , 

as  depicted  in  Figure  5-3.  The  pipe  rotates  at  a velocity  O.Rout  in  the  0 -direction  while 
the  rod  is  at  rest.  In  this  case,  the  fluid  will  flow  only  in  the  6 -direction  because  of  the 
rotation  of  the  pipe  ( i.e .,  Vr  = 0 ).  Again  heat  is  produced  as  a result  of  shear  between 
adjacent  layers  of  the  fluid  and  this  heat  must  be  conducted  to  the  boundaries,  which  are 
held  at  fixed  temperatures  denoted  Trod  and  Tpipe,  see  Figure  5-3. 


The  steady  temperature  rise  in  this  problem,  referring  to  Figure  5-3  for  a definition 
of  the  variables,  can  be  described  by  the  thermal  energy  equation 


Figure  5-3.  Couette  flow  between  coaxial  cylinders. 
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where  T is  assumed  to  depend  only  on  r and  where  V0  is  the  6 -component  of  the  fluid 
velocity  vector.  The  boundary  conditions  to  be  satisfied  are 


and 
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T{r  = Rou,)  = Tpipe 
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V0{r  = R0Ut)  = O.Roul 

(5.23) 

In  this  case  the  shear  stress  must  satisfy 

d 


dr 


(r2rr,)  = 0 


(5.24) 


From  this  equation  we  can  see  that  the  shear  stress  depends  on  r and  it  is  given  by 
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where  C is  a constant.  Based  on  this  we  can  write 


[r'( 

dr 

v r )_ 

Tre  _ C 


(5.26) 


M Mr 

and  by  substituting  this  into  Equation  (5.19)  we  find 


, 1 d , &T.  C 2 

k (r — ) + — 7 

r dr  dr  fir 


= 0 


(5.27) 


Again  we  find  a position  and  temperature  dependent  heat  source  whose  position 
dependence  strongly  favors  heat  generation  near  the  rod  and  replacing  r everywhere  by 


3 From  Bird,  R.B.,  Stewart,  W.E.  and  Lightfoot,  E.N.,  1960,  Transport  Phenomena,  John  Wiley  & Sons, 
New  York. 
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Rm  , and  then  by  Rout , we  might  imagine  getting  bounds  on  the  critical  condition.  We 


might  even  anticipate  that  the  position  of  the  rod  matters  less  here  than  before  if  Roul  is 
large. 

Our  earlier  work  then  is  a model  for  some  frictional  heat  generation  problems,  a 
better  model  the  simpler  the  flow. 

Now  to  get  some  idea  of  the  effect  of  the  geometry  in  frictional  heating  we  return  to 
plane  Couette  flow  and  consider  a model  of  a honeycomb  of  channels.  But  first  we  deal 
with  the  simple  case  of  unequal  temperatures  at  the  two  plane  walls. 

5.2  Effect  of  Unequal  Wall  Temperatures  in  Frictional  Heating 

In  Couette  flow  between  parallel  plane  walls,  the  strength  of  the  heat  source  for  the 
cases  of  the  same  and  different  temperature  at  the  walls  is  of  interest.  In  the  case  of  the 
same  wall  temperatures  we  have 

d2T  C 2 

k=-^  + — = 0 (5.28) 

dx~  /r 


where  T must  satisfy 


T(x  = L)  = Tw 


(5.29) 


and 


T(x  = -L)  = Tw 


(5.30) 


and  where 


dx  ju  /u 


(5.31) 


To  start  let  /rw//r  be  a linear  function  of  T (i.e.,  /rw/ ju(T)  - 1 + s(T  - Tw) ),  and  set 


T = T -Tw.  Based  on  Equation  (5.28)  T must  satisfy 


233 


and  Equation  (5.31)  will  be 


£^4-  +— (\  + sf)  = 0 
dx 2 ’ 


(5.32) 


dx  fiw 


(5.33) 


Equations  (5.32)  and  (5.33)  can  be  rewritten  in  scaled  form  by  defining  T = T T* , 
Vz  = Vz  Vz  and  x = x x'  where  T = — , Vz  = yjk/ juws  and  x = L.  Then,  the  equations  to 


be  solved  are 


and 


d T 


dx 


Tr  + S\\  + T ) = 0,  — 1 < jc  <1 


(5.34) 


where 


dV 


dx 


f=4+r) 


2 L2sC 2 L2stI 


8L  = 


(5.35) 


The  value  of  82  indicates  the  strength  of  the  heat  source  and  the  linear  function 
(1  + 7’)  indicates  how  fast  it  increases  as  7’*  increases. 

Notice  that  S2  can  be  zero  for  two  reasons  either  s is  zero,  which  only  means  ju  is 
a constant,  or  C is  zero  which  means  rxz  is  zero,  and  no  shear  must  mean  no  flow  (/.  e. , 

V = 0 ).  But  in  this  problem  we  considered  the  case  where  //  depends  linearly  on  T (i.e.. 


/u  is  not  constant),  then  .v  cannot  be  zero. 

Dropping  the  * ’s,  the  steady  state  temperature  rise  must  satisfy 
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^t  + S\\  + T)  = 0 (5.36) 

dx 

where 

T(x  = 1)  = 0 (5.37) 

and 

T(x  = -1)  = 0 (5.38) 

and  Equation  (5.35)  will  be 

^ = S(\  + T)  (5.39) 

dx 

The  input  variable  of  this  problem  (i.e.,  Equation  (5.36)),  is  S2  and  T is  the 
response  and  it  depends  on  x . 

Equation  (5.36)  can  be  solved  to  give 

r = zfcos£jc  + 5sin£x-l  , -1<x<1  (5.40) 

where  A and  B satisfy 

^4cos<5  + 5sin<!>  -1  = 0 , x = 1 (5.41) 

and 

^4cos<5-5sin<J-l  = 0 , x = -l  (5.42) 


whence  T is  given  by 


^_cos  8x  1 
cos  S 


(5.43) 


From  Equation  (5.43)  the  critical  value  of  S , the  lowest  value  of  8 where  a 


solution  fails  to  exist,  is  given  by4 


4 cos  8 = 0 for  8 = nn/l , where  n = 1,3,5...,  Scnucal  will  be  the  first  of  these  values  encountered  in  every 
8 from  zero. 
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n 


J critical 


(5.44) 


Now,  the  speed  of  the  moving  boundary,  V , can  be  determined  by  using  Equations 
(5.39)  and  (5.43)  which  gives 


dV=S 


( cos£x^ 

v COS<5  J 


dx 


(5.45) 


whereupon 


v=j  dV,=s\ 


\( cos  Sx 


cos  8 


dx  = 2 tan  S 


(5.46) 


This  is  the  speed  of  the  wall  as  a function  of  8 and  as  8 ranges  from  zero  to  $ 


critical 


the  speed  goes  from  zero  to  infinity.  As  the  speed  increases  the  stress  at  the  wall 
increases,  but  as  the  temperature  increases  the  rate  at  which  the  stress  increases  slows  and 
the  stress  never  exceeds  a finite  value  no  matter  how  high  the  speed  (see  Figure  5-4). 

Now,  consider  the  case  with  different  temperatures  on  the  two  walls.5  Let  us 
replace  T (x  = -l)  = 0 by  T(x  = -l)  = co , where  co  = s (Th  -Tw)>  0 . Then,  the  steady 
state  temperature  rise  is  given  by  Equation  (5.36),  namely 


d2T 

dx2 


+ S2(\  + T)  = 0 


where  T must  satisfy 


and 


T(x  - 1)  = 0 


(5.47) 


7’(jc  = -l)  = ffl 


(5.48) 


5 In  this  case  /iw  will  be  measured  at  the  cold  wall  i.e.  juv  = fi{Tw ) • 
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Figure  5-4. 
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The  solution  of  this  problem  is  given  again  by  Equation  (5.40)  viz., 
T = AcosSx  + BsinSx-  \ , -lcxcl 
But  the  constants  A and  B now  satisfy 

A cos  S + B sin  £ — 1 = 0,  x = l 


and 


y4cos<5-5sin^-l  = 0) , x = -1 


(5.49) 


(5.50) 


whence  T for  this  problem  turns  out  to  be 


(2  + <y)cos£xsin£-rycos£sin£x 
2 cos  £ sin  £ 


(5.51) 


Now  to  find  the  critical  value  of  S the  denominator  of  the  first  term  on  the  right- 
hand  side  of  Equation  (5.51)  must  vanish  (i.e.,  2 cos S sin£  = 0 ),  where  S is  the  input 
variable  and  its  value  can  be  freely  set. 

Then,  by  using  the  double  angle  formula  viz., 

sin2<5>  =2  cos  8 sin  5 


Equation  (5.51)  becomes 


(2  + fy)cos<7xsint!> -tucosJsincJx 


sin  28 


(5.52) 


and  hence  the  critical  value  of  5 is  given  by6 


S (5.53) 

critical  2 v 7 

and  this  is  just  the  critical  value  of  S obtained  under  symmetric  conditions,  given  by 
Equation  (5.44)  and  we  can  conclude  that  in  linear  heat  generation  the  critical  value  of 
S is  independent  of  whether  the  temperatures  on  the  boundaries  are  the  same  or  not.  This 


6sin2<5  = 0 at  26  = nn  , where  n = 0,1,2,... . 
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can  be  explained  by  studying  the  temperature  variations  in  the  two  cases  which  will  be 
presented  later. 

Now,  the  speed  of  the  moving  boundary,  V , can  be  obtained  by  using  Equation 
(5.39),  namely 


dVz  =8{\  + T)dx 


where  T for  this  case  is  given  by  Equation  (5.52).  Therefore,  we  have 


dV  =5 


(2  + (o)  cos  8 x sin  8-0)  cos  8 sin  8x 


V 


sin  28 


dx 


and  carrying  out  the  integration  leads  to 

. 'rf  (2  + fij)cosJx sin<!> -(ycos^sin 8x ^ 


(5.54) 


v=jdrt=sj\ 


-1 ' 


sin  28 


(2  + cy)sin£ 

dx=± (5.55) 

8 cos  8 


or 


V =-^(2  + 0))tan8 


(5.56) 


and  again  V rises  from  zero  to  infinity  as  8 increases  from  zero  to  8critical . 

The  temperature  variations  in  the  two  cases  are  drawn  in  Figure  5-5.  The  curves  are 
at  the  same  8 and  hence  at  the  same  shearing  stress  across  the  fluid.  Near  the  hotter  wall 
the  viscosity  is  lower  and  hence  the  velocity  gradient  and  the  heat  generation  are  higher 
than  they  otherwise  would  be.  This  explains  the  higher  maximum  and  its  shift  toward  the 
hotter  wall.  The  hotter  wall  is  still  a sink  albeit  not  as  good  a sink  as  before  and  the  heat 
is  generated  closer  to  it  and  the  heat  generation  is  stronger.  It  would  appear  that  the  two 
effects  just  offset  leaving  Scrltlcal  unchanged. 

At  least  in  this  problem,  the  thermal  stability  of  viscous  heating  does  not  depend  on 
whether  the  two  boundaries  are  at  different  temperatures  or  not  Even  though  the  details 
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Figure  5-5.  Temperature  profile  for  Couette  flow  between  parallel  plane  walls  at  8 = n/A  . (Symmetric  and  unsymmetric  boundary 
conditions) 
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of  the  flow  and  the  temperature  will  be  affected  by  the  temperature  difference  at  the 
boundaries. 

Now,  let  us  see  how  a geometry  change  can  affect  the  thermal  stability  of  frictional 
heating  problems.  To  begin  we  will  first  consider  a simple  problem.  This  is  the  problem 
of  the  thermal  stability  of  viscous  fluid  flowing  between  parallel  plane  walls  under  the 
influence  of  a moving  plane  located  in  the  center  of  the  system.  This  is  the  subject  of  the 
following  section. 

5.3  Effect  of  Changing  the  Geometry  on  the  Thermal  Stability  of 
Frictional  Heating  in  Flow  between  Parallel  Plane  Walls  Driven  by  the 
Motion  of  an  Intermediate  Plane 

To  begin,  let  us  consider  a Newtonian  fluid  confined  in  the  space  between  two 
infinite  parallel  plane  walls  separated  by  a distance  2 L , as  depicted  in  Figure  5-6.  In  the 
center  (/.<?.,  at  x = 0),  a thin  plane  parallel  to  the  two  walls  is  set  in  motion.  This  plane 
divides  the  geometry  into  two  equal  parts,  an  upper  region  with  L > x > 0 and  a lower 
region  with  0 > x > —L  (/. e. , this  is  the  symmetric  case).  The  central  plane  moves  at  a 
velocity  V in  the  z -direction  while  the  two  parallel  plane  walls  are  at  rest.  This  causes 
the  fluid  in  the  two  regions  to  flow  in  the  z -direction  (i.e.,  Vx  =0),  and  because  of  this 
frictional  heat  is  produced.  This  heat  must  be  lost  to  the  boundaries,  which  are  held  at  a 
fixed  temperature  denoted  Tw , if  a steady  state  is  to  be  achieved.  Except  for  the  geometry 

all  is  as  it  was  before  viz.,  linear  fluidity,  constant  thermal  conductivity,  zero  pressure 
gradient,  etc. 

Notice  that  this  problem  is  just  two  Couette  flow  problems  sharing  a common 
moving  boundary.  Again  the  heat  generated  needs  to  be  removed  at  the  rate  it  is 
produced.  This  heat  is  removed  by  conduction  to  the  two  walls  which  serve  as  heat  sinks. 
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K = o 

Figure  5-6.  Couette  flow  between  parallel  plane  walls  due  to  the  movement  of  a central 
plane  on-center,  dp/dz  - 0 . (Symmetric  geometry) 

In  this  on-center  geometry  the  two  Couette  flows  are  the  same  and  each  is  the  same 
as  the  Couette  flow  considered  earlier  in  a channel  of  width  2 L . Here  each  channel  is  of 
width  L but  there  is  only  one  sink,  the  central  plane  being  adiabatic.  Hence  Scnncal  is  as  it 

was  before  (/.  e. , Scritical  = n/2 ),  and  this  would  be  the  case  even  if  the  central  plane 
offered  some  thermal  resistance. 

If  now  the  central  plane  is  shifted  from  its  original  position  the  geometry  of  this 
problem  will  change,  being  no  longer  symmetric  about  the  moving  plane.  The  effect  of 
this  change  is  depicted  in  Figure  5-7  where  the  upper  region  is  thicker  than  the  lower 
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region  (i.e.,  I**  > I* ),  but  the  overall  thickness  of  the  channel  is  still  the  same  (i.e., 
iT  + £ =2 L ).  Again  we  have  two  Couette  flows  and  if  the  moving  plane  were  adiabatic 
the  two  flows  would  be  independent,  the  upper  region  would  be  least  stable  and  Scrjtical 

would  be7  nj 2L . The  temperature  maximum  would  be  at  the  moving  plane,  higher  on 
the  thicker  side.  Allowing  the  fluids  to  exchange  heat  would  be  expected  to  increase 
$ anneal  hut  not  to  n/2  as  the  maximum  temperature  moves  into  the  thicker  region. 

V"*  = 0 

T - r '////////////////////////////////////;  xmC 

Cold 


r <0 


The  center  of  the  geometry 


dp 

dz 


— o * * 


tt  * 

L +L 


X = • 


x = 0 


x = -L 


Figure  5-7.  Couette  flow  between  parallel  plane  walls  due  to  the  movement  of  a central 
plane  off-center,  dp/dz  = 0 . (Unsymmetric  geometry) 


7 L is  the  scaled  width  for  the  upper  region  i.e.,  L = L j L , where  L > 1 . 
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Notice  that  xx,  is  not  constant  across  the  whole  region  (i.e.,  L > x > -L  ),  it  is 

constant  across  each  fluid,  negative  at  the  top  (i.e.,  L > x > 0 ),  and  positive  at  the 
bottom  (i.e.,  0 > jc  >-/,*),  but  r**  and  r*z  are  not  the  same  in  absolute  value. 

Now,  for  the  problem  depicted  in  Figure  5-7  (i.e.,  the  unsymmetric  problem),  the 
steady  state  temperature  rise,  T , must  satisfy 

+ (l  + r")  = 0 , 0 <x<l  (5.57) 

dx  v ' 

and 

^r  + (S*)2  (l  + r*)  = 0 , -L  < x < 0 (5.58) 

dx  v ’ 


where  L and  L are  the  scaled  widths  for  the  upper  and  the  lower  regions,  respectively, 
which  means 

i = — and  Z = — 

L L 

Some  notation  is  illustrated  in  Figure  5-7.  The  boundary  conditions  to  be  satisfied  are 


r"(x  = Z)  = 0 , at  the  upper  wall 
T"(x  = 0)  = T\x  = 0)  , at  the  interior  plane 


(5.59) 


(5.60) 


Jjr**  JJ1* 

-(x  = 0)  = — — (x  = 0)  , at  the  interior  plane  (5.61) 


dx 


dx 


and 


T*(x  = -L)  = 0 , at  the  lower  wall  (5.62) 

and  the  speed  of  the  flat  plate  can  be  obtained  via  Equation  (5.39),  which  in  this  case  can 


be  written  as 
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dV”  = -8"  (\  + T“)dx 


where  Fz"  goes  down  as  x goes  up  and 


dV'2=8'[\  + T')cbc 


where  Fz*  goes  up  as  x goes  up  and  where 


and 


F;*(x  = 0)  = Fz*(x  = 0)  = F 


Fz“  (x  = L j = Fz*  (x  = -L)  = 0 


(5.63) 


(5.64) 


(5.65) 


(5.66) 


Then,  to  obtain  the  speed  of  the  flat  plate  when  the  upper  region  is  considered  we 
have  to  integrate  the  left-hand  side  of  Equation  (5.63)  with  respect  to  F"  over  (F,0)  and 


the  right-hand  side  with  respect  to  x over  0,  L)  viz. , 


F = 8**  J(i  + r**)<& 


(5.67) 


and  to  obtain  the  speed  of  the  flat  plate  when  the  lower  region  is  considered  we  must 
integrate  the  left-hand  side  of  Equation  (5.64)  with  respect  to  V*  over  (0,F)  and  the 

right-hand  side  with  respect  to  x over  viz., 


V = 8'  J(l  + r*)r& 


(5.68) 


-L 


Then,  from  Equations  (5.67)  and  (5.68)  the  following  relationship  must  be  true 


<T  j(l  + r**)r&  = <5*  J(l  + r*)flh: 


-L 


(5.69) 
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The  reason  for  this  is  that  it  is  V that  ties  the  two  8 ’s  together.  Therefore,  as  inputs  8" 
and  S are  not  independent,  one  is  dependent  on  the  other  as  the  V calculation  shows. 
However,  Equations  (5.57)  and  (5.58)  can  be  solved  to  give 

-A  cos 8 x + B sin  <5  x-1  (5.70) 

and 


T'  = A'  cos<5*x  + 5*sin<5*x-l  (5.71) 

Now  we  substitute  these  results  into  the  four  boundary  conditions  to  determine  A ’* , 
B , A and  5* . This  will  give 

A*  cos 8"  L + B sin  8"  L -1  = 0 , at  x = L (5.72) 

A"  = A , atx  = 0 (5.73) 

£’*5**  = <5*5*  , atx  = 0 (5.74) 

and 

A cos  <5*Z  - 5*  sin  S' L -1  = 0 , at  x = -L  (5.75) 

Now  by  substituting  Equations  (5.73)  and  (5.74)  into  Equation  (5.75)  we  get 


A”  cos S‘L — — 5**sin<5*Z-l  = 0 
8 


(5.76) 


Then,  the  constants  A * and  5**  can  by  determined  by  solving  Equations  (5.72)  and 
(5.76)  and,  doing  this,  T**  will  turn  out  to  be 


T'  = 


cos<5  x-cos<5  Lj(p 

* / ^ £ 
+ cos  8" L I cos  8* L - cos  8" L 


f 


(5.77) 


sin5**x- 


sin  8 LcosS'  x 
cos  8"L 


(p  cos  8"  L 


where  T'  will  be 
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T = COS<7*X-COS<7**Lm> 


+ cos<7  Z|cos<7*T-cos<7**Z, 


8"  . . sin  8**  L cos  <7* 

-rrsin  8 x * 

^ cos  <7**Z 


(5.78) 


<pcosS"L 


where 


' MS  S" 

<P=  sin<7**Z,cos<7*I  + — sin<7*Zcos<7*‘Z 


(5.79) 


The  aim  of  this  calculation  is  to  find  the  critical  condition  (the  condition  beyond 
which  no  solution  exists  i.e.,  where  T"  and  T cannot  be  found).  From  Equations  (5.77) 


and  (5.78)  one  can  see  that  T"  and  T are  not  defined  when  (pcos8"L  = 0 . To  find  the 
critical  values  of  8 and  8 at  which  T and  f'  cease  to  exist  we  must  have  either 

cos£  L = 0 or  <p  = 0 . If  the  critical  condition  comes  from  cos  <7**1  = 0 the  critical  value 
of  8 **  turns  out  to  be 


J critical 


n 


2 L 


(5.80) 


which  is  what  it  was  when  the  moving  plane  were  adiabatic.  But  this  result  cannot  be  true 
because,  as  we  explained  earlier,  the  critical  value  of  8 for  the  upper  region,  8"mical , in 

this  case  must  be  higher  than  it  is  when  the  moving  plane  were  adiabatic.  Therefore,  the 
only  possibility  is  (p-  0 , which  means 


sin<7  Lcos8L- rsin<7*Zcos<7**Z 

<7 


(5.81) 


which  can  be  rearranged  and  written  as 
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S = -S 


tan  S' L 
tan  S"L 


(5.82) 


This  does  not  determine  the  critical  values  of  5 " and  S'  until  this  dependence  in  one 
another  is  established.  Now,  as  we  found  earlier  in  Equation  (5.69),  S"  and  S'  are  tied 
together  by  the  common  value  of  V whence 

S"  J(l  + rM)dtc  = <?‘  J(l  + r*)d5c 

0 -L 

where  the  integrations  can  be  carried  out  by  using  Equations  (5.77)  and  (5.78).  But  in  all 
the  problems  done  earlier  we  know  that  V is  infinite  at  critical  which  corresponds  to  T" 
and  T*  both  being  infinite  at  critical.  Because  of  this,  it  becomes  hard  to  solve  Equations 
(5.69)  and  (5.82)  simultaneously.  Instead  calculate  S”  and  S'  from  Equations  (5.67)  and 
(5.68)  viz., 

V = S " J(l  + r")<fr  = /(<?",£*) 
o 


and 


o 

v = s'  \(\  + T')dx  = g(s",s') 

—L 

The  plan  is  to  calculate  S"  and  S'  each  for  an  increasing  sequence  of  V ’s  until  S*  and 
S'  become  constant.  These  constant  values  are  the  critical  values  of  5 and  S (/.  e. , 
Klmcai  an(l  S'critical ).  This  is  what  happened  earlier  in  simpler  problems  and  there  is  no 
reason  to  think  it  will  not  be  true  here.  In  the  following  we  are  going  to  explain  how  to  go 


about  doing  this. 
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Now  for  given  values  of  L and  L , let  us  set  a value  for  V in  Equation  (5.67)  and 
then  put  8 " , where  8**  and  8 * can  have  any  value  between  zero  and  infinity,  and  seek 
value  of  8*  that  satisfy  Equation  (5.67).  After  that  put  another  8"  and  again  seek  values 
of  8 * that  satisfy  Equation  (5.67)  and  so  on.  The  next  step  is  to  plot  8*  vs.  8' . Then  set 
the  same  value  of  V in  Equation  (5.68)  and  repeat  what  we  did  for  Equation  (5.67)  (/. e. , 
put  8"  and  seek  value  of  S'  that  satisfy  Equation  (5.68)),  then  plot  8"  vs.  8* . Doing 
this  we  get  two  graphs  for  8"  vs.  S' , one  from  each  of  the  two  equations.  Figure  5-8 

depicts  such  a plot  of  8"  vs.  8*  at  a given  L , L and  V . The  intersection  points  between 
the  two  graphs  indicates  that  the  two  equations  are  equal  and  this  satisfies  the  relationship 
given  by  Equation  (5.69),  namely 

s"  J(i  + r*’)<fr  = £*  \(\+T')dx 

0 -L 

A 

^ A f 

Therefore,  for  the  given  values  of  L , L and  V the  values  of  8 and  8 become 
known.  Notice  that  the  first  intersection  point,  the  one  with  lowest  values  of  8"  and  8 * , 
will  be  chosen  because  it  is  the  first  one  to  be  hit.  Then  let  us  set  another  value  for  V and 
carry  on  the  same  steps  and  record  the  values  of  8"  and  S'  at  which  Equation  (5.69)  will 
be  satisfied,  and  then  repeat  the  same  thing  for  another  value  of  V and  so  on.  This 
process  must  continue  until  the  values  of  8"  and  8*  become  fixed  as  V goes  to  infinity. 
These  fixed  values  of  8"  and  8'  are  equal  to  8*'ritical  and  8*critical . This  can  be  checked  by 
substituting  the  obtained  8*c'nlical  and  8'critical  into  Equation  (5.82)  and  see  if  the  two  sides 


become  equal.  Some  results  are  illustrated  in  Table  5-1. 
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Figure  5-8.  5 vs.  8 for  L = 1.5,  L — 0.5  and  V — 10  . 


250 


”able  5-1.  Va 

ues  of  S'*  and  S’  for  L = 

1.5,  L = 0.5  and  increasing  values  of  V 

V 

8 “ 

5 * 

V 

8 * 

1 

0.525 

1.580 

40 

1.040 

3.090 

2 

0.720 

2.230 

50 

1.050 

3.110 

3 

0.830 

2.500 

60 

1.055 

3.120 

4 

0.880 

2.660 

70 

1.060 

3.128 

5 

0.920 

2.750 

80 

1.060 

3.128 

10 

0.980 

2.940 

90 

1.060 

3.128 

20 

1.020 

3.040 

100 

1.060 

3.128 

30 

1.030 

3.080 

oo 

1.060 

3.128 

Table  5-1  shows  that  the  values  of  8*  and  S'  become  fixed  at  V = 70 . Therefore, 
at  L = 1.5  and  L = 0.5  we  get  S’*rillcal  =1.060  and  8*crjtical  = 3.128 . These  results  satisfy 
Equation  (5.82).  Moreover,  the  obtained  value  of  S['nucal  agrees  with  our  earlier 
expectation  about  how  S“llical  for  this  case  must  lie  between  S"illcal  for  an  off-center, 
adiabatic,  moving  plane  and  Scritical  for  an  on-center  moving  plane  (i.e., 

/*  A / A 

2 L < 8critical  < nj 2 ),  where  at  the  given  value  of  L we  find  that  n/2L  = \ .047 . 
Therefore,  the  case  of  an  off-center,  adiabatic,  moving  plane  is  the  most  dangerous 
because  it  has  the  lowest  8”Ulcal  while  the  case  of  an  on-center  moving  plane  is  the  less 

dangerous.  From  this  we  can  conclude  that  the  thermal  stability  of  viscous  fluid  flow 
problems  can  be  affected  by  change  in  the  geometry  of  the  system. 

The  temperature  and  the  velocity  profiles  for  this  case  are  depicted  in  Figure  5-9 
and  Figure  5-10,  respectively,  at  V = 10  . Observe  that  the  maximum  temperature  lies  in 
the  thicker  region  as  we  expected  earlier. 

These  simple  planar  problems  serving  as  an  introduction  can  be  solved  no  matter 
the  spacing.  The  reason  they  are  solvable  is  that  V,  can  be  eliminated  from  our  problem 
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Figure  5-9.  Temperature  profile  for  Couette  flow  between  parallel  plane  walls  due  to  the  motion  of  an  off-center  plane, 
(Unsymmetric  geometry) 
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Figure  5-10.  Velocity  profile  for  Couette  flow  between  parallel  plane  walls  due  to  the  motion  of  an  off-center  plane, 
(Unsymmetric  geometry) 
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in  V2  and  T reducing  it  to  a problem  in  T alone.  This  never  changes  as  the  spacing 
changes  and  this  is  due  to  the  fact  that  the  heat  generated  depends  only  on  one  shearing 
stress,  rxz , no  matter  the  spacing.  In  cylindrical  problems  this  advantage  is  lost  as  we 
shall  soon  see. 

5.4  Thermal  Stability  of  Frictional  Heating  in  Axial  Flow 
Between  a Rod  and  a Pipe  due  to  Viscous  Heating 

This  section  begins  a study  of  frictional  heating  in  the  case  where  a fluid  is  made  to 
flow  axially  in  the  annular  region  between  a rod  and  a pipe.  The  flow  is  due  to  the  rod 
moving  relative  to  the  pipe.  The  base  case  has  the  rod  on-center.  The  displaced  case  has 
the  rod  off-center.  On  displacement  the  flow  remains  parallel  to  the  centerline  of  the  pipe 
but  its  variations  becomes  more  complicated  than  heretofore  and  we  lose  the 
simplification  that  only  one  shearing  stress  enters  the  problem.  The  fluid  in  the  annular 
space  carried  along  by  the  rod  generates  frictional  heat,  which  must  be  conducted  to  the 
pipe  wall.  Figure  5-1 1 depicts  the  problem.  Most  of  the  assumptions  remain  as  before. 
Only  the  geometry  has  changed,  but  even  the  notation  is  not  new.  The  radii  of  the  rod  and 
the  pipe  are  denoted  Rm  and  Rout , respectively.  The  rod  is  displaced  a distance  s off- 
center.  The  pipe  wall  is  the  heat  sink  and  the  rod  wall  is  adiabatic.  The  rod  moves  at  a 
velocity  V in  the  z-direction  while  the  pipe  is  at  rest.  Hence,  the  fluid  will  flow  in  the  z- 
direction  due  to  the  motion  of  the  rod  and  Vr  and  Vg  both  remain  zero. 

In  the  symmetric  case  (Figure  5-1 1A),  the  heat  is  conducted  radially  outward  from 
the  adiabatic  rod  to  the  pipe  wall.8  Then,  a shift  in  the  inner  cylinder,  as  it  is  shown  in 
Figure  5-1  IB,  introduces  additional  heat  transfer  by  conduction  in  the  azimuthal  direction 
but  it  also  creates  both  a thick  and  a thin  heat-  producing  region.  It  is  the  thick  region 
A more  practical,  and  more  easier,  case  is  to  have  a cooling  rod  inside  the  pipe. 


254 


The  expected  location  of 


A 


Heat  transfer  by  conduction  on  0 -direction 


B 


Figure  5-11.  Solid  rod  moving  at  speed  V inside  a pipe.  A)  On-center.  B)  Off-center 
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that  is  dangerous  and  if  the  azimuthal  conduction  is  not  enough  to  meet  the  increased 
demand  for  heat  removal,  a displaced  rod  will  be  more  dangerous  than  an  on-center  rod. 
To  find  out  whether  off-center  or  on-center  rods  are  more  dangerous  requires  a 
calculation. 

Let  us  begin  with  the  on-center  case,  where  the  temperature  rise  is  described  by 


l±[r*T\  1 


(5.83) 


r dr  V dr  ) k/j. 


where 


and  where  the  boundary  conditions  to  be  satisfied  are 


T(r  = Roul  ) = TW 


(5.84) 


(5.85) 


K(r  = *~)  = 0 


(5.86) 


and 


K(r  = *.)=r 


(5.87) 


Now  rn  satisfies 


d(rT*)_0 


(5.88) 


dr 


whence  is  given  by 


C 


(5.89) 


T. 


rz 


V 


where  C is  a constant,  C = Rin  r\  . Based  on  this  the  equation  for  T is 
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]_d_ 
r dr 


f dT ' 
r — 

V dr  j 


C 2 

+ — — r-  = ° 

kfur 


Introducing  T*  = s(T -Tw)  and  ju(T)  = 1 + s(T - Tw)  we  must  solve 


\_d_ 

r dr 


( dT 


V dr  J 


+3-(1  + r')  = 0 


where 


2 sCz 


8l  = 


sR2  T2 

kMw  kK 


and  on  dropping  the  * ’s  we  have 


]_d_ 
r dr 


f dT  \ 5 


r — 

V dr  j 


+—(l  + T)  = 0 


where 


T(r=R^)  = 0 


and 


dT_ 

dr 


('■=*,)= o 


Equation  (5.92)  can  be  arranged  in  the  form  of  a Cauchy-Euler  equation  viz.. 


»2^  + r—  + 82T  = -82 
dr2  dr 


which  can  be  solved  by  substituting  r -e^  to  get 


d2T 

d? 


+ 82T  = -8 2 


Hence  T is  given  by 


(5.90) 


(5.91) 


(5.92) 


(5.93) 


(5.94) 


(5.95) 


(5.96) 


T = A cos  (<5£)  + B sin  (<5£)  - 1 


(5.97) 
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where  A and  B are  constants,  which  in  terms  of  r is 

T - A cos  In  (r))  + B sin  (<!>  In  (r))  - 1 (5.98) 

To  find  A and  B substitute  this  formula  for  T into  Equations  (5.93)  and  (5.94)  to 
get 

A cos  (<?  In  (Rout))  + Bsin(S\n(Roul))-\  = 0 (5.99) 

and 


-/lsin(^ln(i?m))  + 5cos((51n(/?in))  = 0 
whence  T for  this  problem  can  be  written  as 


(5.100) 


T = 


f 

f w 

cos 

8 In 

V 

V 

( 

J? 

cos 

8 In 

V 

K K m J, 

(5.101) 


The  smallest  value  of  S at  which  T is  not  defined  is  its  critical  value,  and  in  this 
on-centered  case  it  is 


n 


critical  / D \ 

2 In  ^ 

V J 


(5.102) 


For  any  value  of  8 the  corresponding  speed  of  the  rod,  V , can  be  obtained  from 

(5.103) 


(l+r) 


dr  n [ir  r /i, 
where  Tn=Cjr  and  C is  negative.  But  we  know  that 


and  8 has  been  taken  to  be  positive  whence 
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C = 


-8 


kK 


(5.104) 


whereupon  scaling  Vz  by  yjk/sfiw  and  dropping  the  *’s  we  have 

dV  =-S^-^ldr 


(5.105) 


where  T is  given  by  Equation  (5.101).  Therefore,  Equation  (5.105)  can  be  written  as 


dV  =- 


f 

f 

( r 

\ 

\ A 

cos 

8 In 

V 

7 

/ 

8 

f p 

\ 

cos 

Sin 

out 

V 

V 

V 

y 

JJ 

Sd  In 


V R in  J 


(5.106) 


and  on  carrying  out  the  integrations  we  get 


V - tan 


( ( D 

^ out 


8 In 


V 


V R-in  J 


(5.107) 


Now,  before  turning  to  the  off-center  case,  we  might  anticipate  a major  difficulty. 
All  the  problems  in  this  chapter,  so  far,  have  been  made  to  look  like  the  simpler  problems 
treated  in  the  earlier  chapters  because,  while  they  introduce  both  T and  V 2 as  unknowns, 

we  have  been  able  to  eliminate  V in  favor  of  T due  to  the  fact  that  the  stress  can  be 


determined  before  either  T or  Vz . Once  we  move  the  rod  this  will  no  longer  be  true 
because  of  the  fact  that  both  and  r0z  determine  the  heat  generation  but  neither  can  be 

found  a priori.  We  will  set  this  calculation  up  but  we  cannot  carry  it  out  without  some 
approximations,  one  such  would  be  to  not  perturb  the  flow  and  another  would  be  to  hold 
the  viscosity  fixed  and  break  the  positive  feedback.  We  will  deal  with  this  case  because  it 
is  somewhat  interesting. 
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Now,  turn  to  the  problem  presented  in  Figure  5-1  IB  where  the  temperature  rise  is 
described  by  the  thermal  energy  equation 


"l  d 

' dT' 

r dr 

v dr  , 

1 d2T 

H 5 T 

r 2 dG2 


+ - 


r 2 


kfu ' 


r„  + r, 


ffz 


(5.108) 


while  the  velocity  of  the  fluid  must  satisfy 


1 | 1 dr9z 

r dr  r dG 


(5.109) 


where 


and 


dK 

dr 


(5.110) 


dG 


(5.111) 


Now  Equation  (5.109)  does  not  help  us  simplify  Equation  (5.108)  and  hence  it 
would  appear  that  eliminating  Tn  and  r0z  in  favor  of  Vz  might  be  the  thing  to  do,  even 


though  this  will  not  lead  us  to  a variable  such  as  S which  appears  in  all  the  foregoing 
problems.  Doing  this  we  have 


"l  d 

( ar] 

1 d2T~ 

2 1 

2" 

r dr 

l dr, 

r2  dG2 

T 

k 

l dr  ) 

+7 

l dG J 

(5.112) 


and 


j__5_ 

r dr 


rju 


dA 

dr 


+ - 


JLJL 

r2  dG 


G 

V 


dJl 

dG 


= o 


(5.113) 


where  the  boundary  conditions  to  be  satisfied  are 


T(r  = K.)  = T. 


(5.114) 
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«-Vr(r  = *(0,s))  = O 


(5.115) 


K(r  = R~)  = o 


(5.116) 


and 


V,(r  = R(0,s))  = V 


(5.117) 


Now,  to  solve  Equation  (5.1 12),  we  must  find  Vz . To  do  this  we  turn  to  Equation 
(5.1 13),  which  is  an  equation  in  Vz  but  it  also  contains  /r  which  depends  on  T via 
fjw/ju(T)  = 1 + s(T  - Tw)  and  T is  an  unknown  that  cannot  be  found  unless  V,  is  found. 

Hence  Equations  (5.112)  and  (5.113)  must  be  solved  simultaneously.  However,  the  base, 
or  on-center  solution  is  known  and  before  we  give  up  we  might  look  at  the  perturbation 
equations.  The  details  for  these  equations  are  familiar  from  earlier  chapters  and  we  give 
these  equations  in  their  final  form.  At  order  s° , which  is  the  on-centered  problem  having 
no  8 variation,  the  domain  equations  are 


(5.118) 


and 


(5.119) 


where 


(5.120) 


and  where  at  the  boundaries  T and  V,  must  satisfy 

u £o 


To(re  = lU  = 0 


(5.121) 
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fL(ro=RJ  = 0 

dr0 

V2o(r0  = RoUl)  = 0 

K.k  = R„)  = v 


At  order  e'  the  equations  on  the  reference  domain  are 


I"1  3 

f,»0 

i dj 

u dV2  dV  u 

1 Ho  z»  zi  | Hi 

fdK  ) 

Jo  dro 

CD 

Cb 

O NJ 

1 . 

**  k dra  dr0  k 

l dr»  ) 

and 


where 


1JL 

r , dr 


Wo- 


dr 


dV 


- + W 


dr. 


+ - 


1 d 


o / 


dO. 


o \ 


dVz 

M°  dG  +M 


dV. 


da 


O / 


= ( 


Mi  =Ti 


df(L) 


dr 


and  where  at  the  boundaries  Tx  and  VZi  must  satisfy 

Tl(ro=Roul)  = 0 


d]±(r  - r ) = -R 
dr}r°-K)  dr] 


VAro=Roul)  = 0 


and 


V^  = Rm)  = -Rt 


dV, 


dr 


(5.122) 

(5.123) 

(5.124) 

(5.125) 

(5.126) 

(5.127) 

(5.128) 

(5.129) 

(5.130) 

(5.131) 


At  order  e2 , the  domain  equations  are 
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J__d_ 

r.&'\ 


dT2 

dr 


+ ■ 


1 dX 


O / 


K 


+ 2 


Vo 


Xv,  V dv  dv  i f dv  ^ 


v X j 


+- 


dr  dr  rt  l dO. 


+2 


Vx 


O / 

dv  dv 


El 

k dr  dr  2k 


2l  + 


f dV,  ^ 


V dro  J 


= ( 


and 


j _d_ 
r dr 


2 dr„ 


dV2  n2  dVz  ^ 
+ L + ^ ' 


Sr  ° 2 fir 


+- 


i a 


r2  a<? 


Vo 


O / 


ar 


o V 


2 dGn 


+ M 


3F 


^ + 


Vi 


dV 


d0„  2 a<9 


o / 


= 0 


where 


Vi  = 


7 + 


Jr 


dr 


and  where  at  the  boundaries  T2  and  F,?  must  satisfy 


T2(ro  = R0Ul)  = 0 


az; 


dr. 


Hr0  = Rin)=-2Rx 


dXx 


dr 2 


-R 


2dX0 


r.=K 


dr2 


-R 


d2T„ 


dr 2 


-2 


sin  # a7j 

~JT~d0 


rQ=} 


and 


r,>„  = *„„,)=o 


r„  (>-.  = *.)  = ■ -2*1 


</r. 


Jr 


JF, 


Jr, 


(5.132) 


(5.133) 


(5.134) 


(5.135) 


(5.136) 


(5.137) 


(5.138) 
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Now,  as  we  explained  earlier,  there  is  some  interest  in  solving  this  problem  at 
constant  viscosity.  Then  Equation  (5.1 13),  can  be  written  as 


which  can  be  solved  to  obtain  Vz . This  breaks  the  coupling  just  as  did  conditions  such  as 
= constant  but  it  results  in  a less  interesting  problem.  Nevertheless  this  will  be 
presented  in  the  following. 

Let  us  start  with  the  on-centered  case  where  the  temperature  rise  can  be  described 
by  Equation  (5.90),  namely 


and  where  the  boundary  conditions  to  be  satisfied  are  given  by  Equations  (5.84)  and 


r dry  dr  J r1  d6  \ dO  , 


1 d ( dV\  1 d (dV\  A 
r — - +t =0 


(5.139) 


r dry  dr  J k/ur2 


1 d ( dT\  C 
r + — 


(5.85). 


In  terms  of  T‘  = T - Tw  our  problem;  on  dropping  the  *’s,  is 


(5.140) 


where 


T(r  = «J  = 0 


(5.141) 


and 


(5.142) 


k^Tw 


and  where 
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In  terms  of  £ where  r = e*,  we  get 


d2T 

d? 


= -8 2 


(5.143) 


whence 


T = A£  + B-—Z2 
2 


(5.144) 


where  A and  B are  constants  to  be  determined  and  putting  £ = ln(r)  into  Equation 


(5.144)  we  get 

x1  . 

(5.145) 

To  find  A and  B substitute  this  formula  for  T into  Equations  (5.141)  and  (5.142) 


7-  = /lln(r)+fi-^(ln(r))2 


to  get 


and 


-41n(«„)  + B-y(ln(JO)2=0 


^-«S:ln(*,,)  = 0 


(5.146) 


(5.147) 


whence  T can  be  written  as 


T = 


(ln(/?ou, ))2  -(ln(r))2  + 21n(i?,n)ln 


f r ' 


V ^OUI  J 


(5.148) 


Of  course  there  is  no  critical  value  of  8 . The  solution  exists  for  all  finite  values  of 


8. 

The  speed  of  the  rod,  V , can  be  obtained  from 

dV2  _ 1 = i_c 

dr  /u  17  n r 


(5.149) 
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whereupon  scaling  Vz  by  yJkTw / /u  and  on  dropping  the  *’s  we  have 


dVz  = -S-dr 
r 


(5.150) 


and  on  carrying  out  the  integrations  we  get 

V = S In 


^ D 

out 

V J 


(5.151) 


We  may  notice  that  the  shear  stress,  zn , is  given  by  C/ r whether  or  not  the 

viscosity  is  temperature  dependent. 

Now,  when  the  rod  is  off-center,  we  have 


]_d_f  st_ 

r dr  1 dr 


1 d2T 
r 2 d02 


( zif  V 1 (dV^ 


dK 

\ dr  j 


+7 


Kddj 


= 0 


and 


]_d_ 
r dr 


V dr  j 


1 d 

H — 5 

r 2 dO 


fdV,^ 


v dd  j 


= 0 


whence 


r(r=4j=o 

n-VT(r  = R(0,sj)  = 0 

K(r  = R„„)  = o 


and 


Vz(r  = R(9,s))  = V 


where  T is  the  temperature  above  Tw . 

The  rod  is  displaced  from  the  center  of  the  pipe  by  an  amount  e . The  case  s = 0 is 
the  case  solved  above  and  our  aim  is  to  calculate  corrections  to  orders  one  and  two.  Our 
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first  job  is  to  present  the  problems  in  T0,TVT2,...  and  in  Ko,VZi,VZ2,...  on  the  reference 

domain  (i.e.  to  perturb  the  equations).  The  details  are  familiar  from  earlier  chapters  and 
we  give  these  equations  in  their  final  form.  Thus,  the  equations  to  be  solved  with  their 
appropriate  boundary  conditions9  are  presented  as  follows:  First  at  order  s° , which  is  the 
on-centered  problem  having  no  8 variation,  the  domain  equations  are 


1 d 

(r  dT<>) 

k 

(dVz  \ 

zo 

ro  dro 

l°  dro) 

l dro  J 

= 0 


(5.152) 


and 


where 


and 


1 d 

ro  dro 


r 

v 


dV  \ 

zo 

dro  > 


= 0 


(5.153) 


O 

II 
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ii 

(5.154) 

fL(ro  = RJ  = 0 

dro 

(5.155) 

o 

II 

II 

(5.156) 

II 

sc 

II 

v.® 

(5.157) 

At  order  s'  the  equations  on  the  reference  domain  are 


1 d 

( dT.) 

y L 

Jo  dro 

l dr«) 

+ - 


1 dz7j 
rl  dOl 


+ 2 


k dr  dr 


= 0 


(5.158) 


9 Note  that  the  perturbed  temperature  boundary  condition  is  no  longer  adiabatic  because  it  tries  to  simulate 
adiabatic  conditions  at  the  displaced  surface  by  putting  a condition  other  than  adiabatic  on  the  reference 
surface.  Likeness  the  perturbed  velocity  boundary  condition  is  no  longer  V because  it  tries  to  simulate  V 
by  putting  a condition  other  than  V on  the  reference  surface. 


(5.159) 


i d 


r dr 


dK, 

° dr 


+ - 


o V u'o  ) 


= 0 


where  at  the  boundaries  Tx  and  VZi  must  satisfy 


Tl(r0=R0J  = 0 


^±(r  =R  ) = -/?  -YZ" 
dr}°  m)  dr? 


n,k  = «-)=o 


and 


Vh{r0  = Rin)  = -Rx 


dV, 


drn 


ro=Rm 


(5.160) 

(5.161) 

(5.162) 


(5.163) 


At  order  s 2 , the  domain  equations  are 


and 


where 


1 d 


r dr 


dT2 

o V ° droJ 


+ - 


1 d% 
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v dro  J 
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dr,  dr 


(dvz  Y 
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= 0 (5.164) 
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ro  dr0  v 


dV 


° dr 
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1 5 (dV„ 
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K d°o  K M0  j 


-0 


(5.165) 


T2(r0  = Roul)  = 0 


(5.166) 


f Hr0  = RJ 

dr 


-2  R, 
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■*T 


d3T„ 


dr 


r„=R.„ 
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dr: 


-2 


sin  0 dTx 
Rl  dO 


(5.167) 


ro=R,n 
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Vjr0  = R0ul)  = 0 


(5.168) 


and 


Vz(r0  = Rin)  = -2R] 


dv ; 


dr. 


2d% 


dr" 


<7r 


(5.169) 


Now,  let  us  find  ,EZ[  and  VZi . Begin  at  order  e°  (/. e. , Equation  (5.153)),  where 


we  have 


1 d ( dV, 
r„ 

r , dr 


° dr 


= 0 


o o \ o J 


The  solution  of  this  equation  must  satisfy  the  boundary  conditions  given  by  Equations 
(5.156)  and  (5.157).  Solving  this  equation,  E.  is  obtained  as 


V,  =- 


In 


In 


V ^ out  J 


V R~out  J 


-a  In 


( r ' 


V ^ out  ) 


(5.170) 


where 


a - 


f R,_  ' 


In 


V ^ out  ) 


(5.171) 


Moreover, 


d\ 

dr 


a 

r. 


(5.172) 


and 


d% 

dr 


a 

~2 


(5.173) 


These  derivatives  will  be  useful  later  on. 


269 


At  order  s{ , we  must  solve 


j__a_ 

r dr 


3K 


ro- 


\ dro  J 


+ - 


1 d 


r dv : ^ 


r d6„ 


= 0 


and  VZi  must  satisfy  the  boundary  conditions  given  by  Equations  (5.162)  and  (5.163). 
Then,  because  R,  = cos0o,  Vz  can  be  written  as 


V,  = 


D 'N 

4'i+-L 
r:  ) 


cos  6* 


(5.174) 


where  Ax  and  Bx  must  satisfy 


4*«,+-^-=o 

out 


(5.175) 


and 


AAn+—  = ~~ 

K 


(5.176) 


and  V,  is  found  to  be 


cos  0o 

V — ci — 

21  (Rl-Rl) 


( Rl  A 


ro  — 

V W 


(5.177) 


whence 


dVz 

£i 

dr 


= a 


cos  6? 


dl-Rl) 


f p2  A 

1 + ^f 

V *0  J 


(5.178) 


and 


d6„ 


sin<90 

( p2  ^ 

r out 

(Rl-Rl) 

ro 

l ro  J 

(5.179) 


These  derivatives  will  be  useful  later  on. 
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To  solve  the  problem,  first  substitute  Equations  (5.172),  (5.173)  and  (5.178) 

into  Equation  (5.169)  and  then  expand  the  right-hand  side  of  Equation  (5.169)  in  terms  of 
the  functions10  1,  cos#0,cos2#0 . Doing  this  Equation  (5.169)  reduces  to 

vh  E = R- ) = -wnrz¥\[2R~ + (*- + )cosM-]  <5- 1 so> 

\^out  ^ in  ) 

Then,  from  Equations  (5.168)  and  (5.180),  the  solution  to  the  V problem  can  be 
written  as 


V2i=A0  + B0\n(r0)  + 


f n \ 

M2+~t 


To  J 


cos  2 


(5.181) 


where  A0  and  B0  must  satisfy 


4,  + 5>E«)  = 0 


(5.182) 


and 


A + BJn(R,„)  = 


-2a 


{rL-rL) 


(5.183) 


and  where  A2  and  B2  must  satisfy 


o 

A out 


(5.184) 


and 


8,  -«(«!+ O 

Hi  Ri(RL-Rl) 


(5.185) 


whence  V,  is  found  to  be 

z2 


1 Substitute  for  cos2  6 


— +— cos2#„  and  for  sin2#  =—  — — cos2#  . 
2 2 ° ° 2 2 
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V,  =- 


2a 


(£,-£)  In 


In 


V ^out  J 


fK^ 

V ro  J 


a 

+ (*L-*L)2 


r: 


cos26»0  (5.186) 


and  by  this,  there  obtains 


dV, 


-2  a 


dr„ 


* r„(Rl-Rl)  In 


'A'1 

V ^ out  J 


+ • 


2or 


K„-4) 


r + - 


R' 


cos  2 6„ 


(5.187) 


This  derivative  will  be  needed  later  on. 

Now,  having  obtained  V,  ,F,  and  VZi , we  can  turn  to  Equations  (5.152),  (5.158) 
and  (5.164)  for  T0,TX  and  T2. 

Begin  with  the  problem  at  order  e°  (i.e..  Equation  (5.152)),  namely 

= 0 


1 d 

[ rdTo) 

k 

(dV,  \ 

zo 

ro  dr0 

{ ° dro  J 

l dr«  J 

which  by  using  Equation  (5.172)  reduces  to 


dr. 


o\°  droJ 


+ ^-  = 0 
kr„ 


(5.188) 


Solving  this  equation  using  the  boundary  conditions  given  by  Equations  (5.154) 
and  (5.155)  T0  is  obtained  as 


T -Ma 
0 2k 


(ln(^))2  -(lnk))2  +21n(^)ln 


V ^ out  J 


(5.189) 


From  this  we  can  get 


dT0  _ fxa 


2 r R N 


dr  kr 


■In 


V ro 


(5.190) 
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d1T0  fua1 


dr  krt 


( \ 

—1  + In 

ro 

\ Rin  )_ 

(5.191) 


and 


dX  _ ^ 


drl  kr] 


( R ' 

3 + 2 In 

in 

1 JJ 

(5.192) 


which  are  going  to  be  useful  later  on. 

Of  course  Equation  (5.189)  is  just  the  solution  in  the  on-center  case  obtained  earlier 
and  given  by  Equation  (5.148),  namely 

J2 


T = 


MRo»'))  -(ln(r))  +21n(/?,„)ln 


V Rout  J 


where  S2  is  just  /j.a2  jk . 

Now,  to  find  7j  we  must  solve  Equation  (5.158)  viz., 


J__5 

K,  dr 


( dT.^ 

L 

o\°  droJ 


+ ■ 


1 d% 
r2  de2 


+ 2 


M 


dK  dV 


k dr  dr 


= 0 


which  by  using  Equations  (5.172)  and  (5.178)  we  can  rewrite  it  as 


j_  _d_ 

r„  dr0 


( dT^ 

r — L 

V droJ 


+ - 


1 d% 
ro  dX 


+ 2^,..cosg...,  |+*« 


2 \ 


2 

o J 


= 0 


The  solution  of  7j  takes  the  form 


(5.193) 


T,  = 7j  cos  0o 


(5.194) 


where  7j  must  satisfy 


d2t  1 dt  t , 

-7T-  + --7 1— T = /(0 
dr  r dr  r 


o o o o 


(5.195) 


where 
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Tl(r0  = RoJ  = 0 


(5.196) 


and 


VJ\(r  =R  \-^al 

dr}°  m)  kRi 


(5.197) 


and  where 


/«  = - 2 


(<.+>?) 

krl 


(5.198) 


The  general  solution  of  Equation  (5.195)  is  the  sum  of  a homogeneous  solution,  f, 


Homogeneous 


where  f(r0 ) is  set  to  zero,  and  a particular  solution,  T{  . The  homogeneous  part  is 


1 Homogeneous 


= Ar  + 


B 


(5.199) 


and  a particular  solution  will  be 


= v,r  +- 

Particular  1 u 


V , 


(5.200) 


where 


i* 


w r 


(5.201) 


and 


- \ Z(0 


u2=  J 


w 


(5.202) 


and  where  w is  the  Wronskian  of  rQ  and  \/rQ , which  means 


w = — 


(5.203) 


Thus, 
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1 iln’]  ‘ *(*L-«)i  4 ” 


(5.204) 


and 


If,/  v , , //a2 


U2  =“  \f{ro)rodro  = 


k(RL-K) 


rc{RL+r02) 

J r 


dr 


(5.205) 


Hence 


B 

r — Ar„  + — - — 


//a 


'•f(C^.;)Jr  l^K, +'■„=) 


1- 


dr 


o R„ 


(5.206) 


" 'i  k(RL-Rl) 

where  the  constants  A and  B can  be  determined  by  using  Equations  (5.196)  and  (5.197). 
Doing  this,  T{  will  turn  out  to  be 


Tx  = 


[MX2 

( r2  - R2 1 

o in 

f. m 2 

\r\K+4)  I'rK.+'TU 

2k 

V roRm  , 

R(RL-Rl) 

ro  3 aro  I aro 

J r r J r 

R,„  'o  'o  Rin  'o 

(5.207) 


and  whence  Tx  = 7[  cos  G0  can  be  simplified  and  written  as 

^(4-%) 


T.  = 


kr.(Ri,-R‘.) 


In 


f \ 

r 


V R‘n  J 


cos  9n 


(5.208) 


From  this  we  can  obtain 


Tx{r0  = Rin)  = 0 


dr0 


^cose0 

kRl 


d2Tx 

lia 2 

(iRL  + Rl) 

dr2 

{ Rlut  - Rl  J 

cosd0 


d% 

fia2 

riut+^'i 

dr 2 

cpi 

II 

1 

S' 

n2  n2 

V iVo^r  ^ / 

cos0o 


(5.209) 

(5.210) 

(5.211) 

(5.212) 
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dl\ 

d9„ 


= 0 


(5.213) 


and 


d% 

dGl 


= 0 


(5.214) 


r„=R„ 


These  derivatives  will  be  useful  in  determining  T2 . 

From  Equation  (5.209)  we  learn  that  to  zero  and  first  order  T is  just 
T„  + eRi  (dT0/dr0)  where  Rx  =cos0o. 

Now,  to  find  T2  we  must  solve  Equation  (5.164),  which  is 


j__a_ 

r dr 


( dT^  1 *2r‘ 


\ dro  j 


+ 


1 d% 
rl  dGl 


+ 2— 


fdV.  } 


v dro  j 


dV2_  3F  i 


dr  dr 


fdV.  ' 


' + 7 


= 0 


By  using  Equations  (5.172),  (5.178),  (5.179)  and  (5.187),  and  by  expanding  cos2  90  and 
sin'  B0  in  terms  of  the  functions  1,  cos#o,cos2#o  we  can  rewrite  this  equation  as 


j__a_ 

r dr 


( dT^  1 a2r 


V ° dro  ) 


+ ■ 


1 d% 
rl  del 


IfMX 2 


f K ) 

R 

V ° 

V out  7 

7 

kr:  In 


A. 

\R-out 


\K-Rlf 


(5.215) 


4/ia2  (r04  + r]R}oux  + R^ut  ) 


cos  2# 


VK-rI) 

where  the  boundary  conditions  to  be  satisfied  are  given  by  Equations  (5.166)  and  (5.167) 


viz., 


T2(r0  = R0Ul)  = 0 


and 
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^RJ-2  R^ 


dr 


dr* 


dX 


ro=Rin 


-r;  , 

0r3 


-A 


0T„ 


2/^2 


^ sin  0 07J 


dd 


ro=K 


Equation  (5.167)  can  be  rewritten  in  a simpler  form  by  using  Equations  (5.191), 
(5.192),  (5.210)  and  (5.213)  and  expanding  the  right-hand  side  in  terms  of  the  functions 
1,  cos 0O, cos 2 90 . Doing  this  Equation  (5.167)  reduces  to 


07; 


dr. 


Hr0  = RJ  = 


jua2( 

X,+ 3^; 

) 2 //a2 

(*!  + *■) 

*Rl 

«■  ( 

Rl-Rl) 

cos  26? 


(5.216) 


Now,  the  solution  to  Equation  (5.215)  can  be  written  as 


T2=T2  + T2  cos  2 0O 


(5.217) 


where  t2  and  7'2  satisfy 


1 0 

f.snl 

2 [MX1 

V 

+ ln 

v.  4-  y 

y 

1 ^ 
1 

1 ^ 

r dro  \ 

kr„  In 

f ** ) 

^Rout  y 

(«L 

m .5 
1 

(5.218) 


T2X0  = Roul)  = 0 


(5.219) 


and 


^ \ro  ^ in ) 

dr 


kK(RL-K) 


(5.220) 


and 


J __d_ 
rn  dr 


( n 


07; 

dr 


- — f 

r?  2 


4 ju^tf+rtRl  + Rj) 

kr:{Rl~Rl)2 


(5.221) 


V 
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T2(ra  = R0Ut)  = 0 


(5.222) 


and 


4,r  „ 

kRl(Rl-Rl) 

Solving  these  problems,  T2  turns  out  to  be 


(5.223) 


rT1  2 

T2  - /ua 


^(RL  + Rl) In  I 


R 


In 


f R,„  ' 


O / 


V ^out  J 


ro  y 


+ 


^(C-^)((ln(r„))2-(ln(«„))!) 


(R  ] 

/ 

f ft-  X 

/ 

2 kr]  In 

V Roul  y 

J/ 

D V 

v ^out  y 

«,-2  *1X+*1) 


(5.224) 


/ /■  „ \ 


2 In 


ft. 


V \ ro  J 


(r4  -r*)  + R4  -2 R2  r2  + r4 

\lvout  ro  J ~ lvout  ^L\utro  ~'o 


2krl(Rl-2RlRl  + Rl) 

and  from  this  we  can  obtain 


-cos  2# 


dT, 


dr 


2 - /ua2 


-i 

(ft*  +R2)\n 

( K ] 

^ | 
| 

{R2-R2)  In 

iRm) 

k.° 
i 

V R(>Ut  y 

ro 

{ ro  J 

r n4  ^ 

7 +'o 

In 

f R.n  Y 

1/ 

A:  In 

f R'n) 

(*1,-2  RLRl+K) 

{ ro  J 

V.  Rout  J 

J/ 

V Roul  J 

(5.225) 


2 ^(Rl-rt) 


1 + ln 


R,. 


W 


+ - 


'o  y 


^3(*l-2«+*I) 


-cos2#„ 


which  will  be  used  later. 

The  temperature  profile  is  depicted  in  Figure  5-12  where  we  can  see  that  the 
maximum  temperature  is  located  inside  the  thick  region  at  the  top  of  the  shifted  rod.  This 
is  expected  because  thick  regions  are  bad  heat  conductors. 
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Figure  5-12.  Temperature  profile  for  off-center  case. 
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Now,  to  study  the  effect  of  displacing  the  inner  cylinder  let  us  calculate  the  total 
volumetric-flow  rate  (i.e.,  Qf ),  and  the  total  heat-transfer  rate  (/.  e. , Q ). 

Let  us  begin  with  the  volumetric-flow  rate,  Qf , which  can  be  determined  via  the 
formula 


2 n Kut 


Qf=\  \ Vz(r,0,e)rdrd6 

0 R(0,e) 


(5.226) 


where  the  integral  is  over  the  cross  section  of  the  displaced  annulus.  Carrying  out  the 
integration  over  the  cross  section  of  the  reference  annulus  turns  this  formula  into11 

d(r,6>) 


Ik  R„. 


where 


Q ,=  f f Vj  - / . dr  d0 

’ .J  l 1 a('.A) 


d(r,0)  _ dr  80  86  dr 

diroA)  dro  d0o  dro  d°0 


Then,  by  substituting  this, 

( dV  ' 


V=K  +£ 


K, + ri  ■ 


V 


dr. 


+ - 


O J 


dV 


v : +2  r — 2-+n 


h , ..2  z, 


d2V  dV. 


V 


dr 


+ r. 


1 dr2  2 


dr. 


° 


(5.221) 


(5.228) 


+ ...  (5.229) 


and 


r = r +s  r,  + — r,  + ... 
° 1 2 


into  Equation  (5.227)  we  get 


(5.230) 


11  For  details  on  how  to  expand  this  integral  see  Appendix  A. 
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2*  Row 


fir- Jf 

0 


'Z,  + 


a(vK)' 


dr 


f 


+ - 


dfav*)  .A^)  ,ArK) 


2rvz  +-V.-.‘  ^+2- 
v 2 ^ 5r0 

+2^ 

dr 


dr 


Vi 


2^ 

*oJ 


dr0d&0  = Qf  + sQfi  +—Qfi 


(5.231) 


where  Qfi  and  are  the  corrections  to  due  to  the  displacement  of  the  inner 
cylinder. 

Then,  by  substituting  for  Vz° , VZf  and  their  values  given  in  Equations  (5.170), 
(5.177)  and  (5.186)  the  values  of  Qf  , Qf  and  Qfi  can  be  determined.  Doing  this  Qf  is 
found  to  be 


2 k Rou 


2/.=“l  lln \j 

0 t A. 


rodrodeo 


out  / 


an 

~2 


RL-K+2Rl\n 


f FL  A 


V ^ out  J 


where 


a = 


V 


( R..  A 


In 


V ^ out  J 


Then  Qf  the  first  correction  is  found  to  be 


(5.232) 


Q,  = ] for M+JW, 


o R,. 


Rout 


d6 „ 


(5.233) 


But  this  is  zero  as  VZi  and  Rx  are  multiples  of  cos  60 . This  is  expected  because  we  know 
intuitively  that  it  should  make  no  difference  if  the  rod  is  shifted  to  the  right  (i.e.,  s > 0 ), 
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or  to  the  left  {i.e.,  s < 0 ).  Likeness,  we  expect  all  the  odd  Qf  ’s  to  be  zero  (i.e., 

Qf - - 0,  Qfs  = 0,... ).  Hence  to  learn  the  effect  of  a displacement  we  must  go  to  second 
order  of  £ . 

The  value  of  Qf  is  given  by 


2 7T  Rout  2k  2 K 

<3/,=2S  j K/A.dec  + 


o R,„ 


Rout 


dO„ 


2k 


0 

2k 


+ 2lgK\^d0„+2]llrf8V’- 


dr 


(5.234) 


d0„ 


and  because  Vz°  (rn  = Rout)  = 0 , L,  (ra  = Roul)  = 0 and  Rt  (rQ  = Rout)  = 0 the  foregoing 
equation  reduces  to 


In  Rou, 

2 K 

2/r 

! \ ’ 

'jA.dB.  + }w. 

«„^+2l 

R,„ 

0 R,n 

0 

0 

2k 

2k 

. dV 

+ 2 R:K 

d0  +2  | 

RR 

J 1 

0 

*■  oJ 

dro 

dOn 


d0„ 


and  on  carrying  out  the  integrations  Qh  is  equal  to 

QU  =an 


f R.„  N 


V Rout  J 


(r2-R2)  In 

\ Rm  ) 

y ow/  in  J 

.Rout  J 

which  can  be  arranged  in  the  following  form 

(xl-Rl) 


l-ln 


(R  \ 

( R \ 

- 2R2  In 

lvin 

V Rout  ) 

V ^ou/  > 

(*«-*■  )l» 


f R.„  N 


v Rout  j 


(5.235) 


(5.236) 


Qfi  = an 


(5.237) 
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From  this  equation  it  becomes  obvious  that  Qf  is  always  positive.  Flence  we 
observe  that  the  total  volumetric-flow  rate  for  the  displaced  rod  (Qf  = Qf  + £2Qfj2),  is 


greater  than  it  is  for  on-centered  one  by  an  amount  equal  to  £2Qf^j2 . From  this,  we  can 
conclude  that  when  the  inner  cylinder  is  perturbed  as  shown  in  Figure  5-1  IB  the 
volumetric-flow  rate  can  change  only  at  order  s2  and  that  the  total  volumetric-flow  rate 
increases.  Therefore,  the  displaced  rod  causes  more  flow  than  the  on-centered  rod  at  the 
same  velocity.  To  explain  this,  we  are  going  to  calculate  the  total  shear  stress  and  the 
total  power  applied  to  the  fluid  by  the  rod  for  the  two  cases. 

The  shear  stress  for  the  on-centered  case  is  given  by 


dVz  dVz 

dr  dr 


and  the  shear  stress  for  the  off-centered  case  is  given  by 


(5.238) 


*■«+**=/* 


dV.  1 dv 


- + — 


dr  r dd 


dV  ( 
— + £ 


dr 


dV  dY 
— S-+A 

dr  1 


( 


+ - 


1 

+ — 
r 


dv2 

£2 

dr„ 


- + 2R 


d2V 

•le 


+ R 


v 

d3V 


dr2 


dr 1 


- + R, 


d2Vz 


* j 


d6„ 


+ £ 


dv  d2vz 

—^  + R — - 

den 


SOo  J 


+- 


-2  ( dv,  d2V,  , dY 


d6„ 


- + 2R, 


ddi 


-+R 


del 


+ R , 


d2vz 

~d¥ 


\\ 


(5.239) 


To  calculate  the  total  power  applied  to  the  fluid  by  the  rod  let  us  consider  Equation 
(5.139)  viz.. 


IA 

r dr 


dr 


j__a_ 

r2  d6 


El 

d6 


= 0 
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In  the  on-centered  case  we  know  that  Vz  is  independent  of  9 , whence  this  equation  can 


be  written 


9 


I_j9_ 
r dr 


dr 


= 0 


(5.240) 


Now,  let  us  multiply  by  V2  and  integrate  over  the  cross  section  of  the  flow  to  get 


In  R„ul 


1 


1 d ( dV, 


r- 


o K 


r dr  l dr 


rdrdO  = 0 


(5.241) 


On  integrating  Equation  (5.241)  by  parts  we  find 

Kut  In  R 


2 K 


-»-n 

0 ur  R,„  0 fi,„ 

and  as  Vz  (r  = Rout ) = 0 this  reduces  to 


9 


dK 

dr 


rdrdO  = 0 


(5.242) 


2?r  2 k Rout  / 2k  Rput 

r*de-l\n 

o dr  K o i V dr  J o l 


'dV, 


dr 


rodrod0o  (5.243) 


O / 


The  left-hand  side  is  the  power  put  into  the  fluid  by  the  rod  while  the  right-hand  side  is 
rate  at  which  the  fluid  dissipates  mechanical  energy.  Now,  let  us  consider  the  case  where 
the  rod  is  displaced.  In  this  case,  let  us  multiply  Equation  (5.139)  by  Vz  and  integrate 


over  the  cross  section  of  the  annulus.  From  this  we  get 

V d ( dV  ^ v a f at/  W 

J V——  r-r1 

o i V r 5r\  dr 


\ 


Vz  d 

+ /U~*r 

r 2 89 


dK 

V d9  )) 


rdrd9  = 0 


(5.244) 


and  integrating  by  parts  we  find 

Rout  2k  Roy  f 


2k  2;r  ^out 
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rdrd9  = 0 
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and  as  the  third  integral  vanishes  we  get 
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Once  more  the  left-hand  side  is  the  power  put  into  the  fluid  by  the  displaced  rod 
while  the  right-hand  side  is  rate  at  which  the  fluid  dissipates  mechanical  energy.  The 
results  obtained  from  this  calculations  for  given  values  of  Roul,  Rin,  £ and  V are 
illustrated  in  Table  5-2. 

Table  5-2.  Total  shear  stress  and  the  total  power  input  for  on-centered  and 
off-centered  cases  at  Rnut  = 5,  Rin=  1 , £ = 0.5  and  V=\0. 


On-centered 

Off-centered 

Total  shear  stress 

'M) 

M2) 

12.43  fj. 

21.62  n 

Total  power  input 

( mn 

UJ 

390.4  n 

406.0  pi 

Now  from  Table  5-2  we  can  notice  that  when  we  shift  the  rod  the  total  shear  stress 
will  increase  and  hence  it  becomes  harder  to  drag  the  rod  along  the  pipe.  Therefore,  more 
energy  needs  to  be  applied  to  drag  the  rod  at  the  same  velocity.  This  energy  will  dissipate 
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in  the  region  causing  the  fluid  to  flow  faster  and,  hence,  the  temperature  to  increase.  This 
increase  in  temperature  will  reduce  the  thermal  stability  of  the  system. 

Now  let  us  turn  to  the  total  heat-transfer  rate  (/. e. , Q ).  This  can  be  determined  in 
two  ways.  The  first  way  is  to  calculate  the  total  heat  dissipated  to  the  surrounding  via 

Q=^dAn  q , integral  over  the  outer  wall  (5.248) 

where  q is  the  heat  flux  and  where  n is  the  unit  outward  normal  to  the  annular  region. 

And  the  second  way  is  to  calculate  the  total  heat  produced  due  to  viscous  heating,  which 
is  given  by 
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(5.249) 


These  two  ways  must  give  the  same  results.  However,  the  first  method  is  not  new  to  us  as 
it  was  discussed  and  used  earlier  in  Chapter  2 and  because  of  that  we  are  going  to  carry 
out  this  calculation  by  using  the  second  method. 

To  begin  let  us  write  Equation  (5.249)  in  terms  of  the  velocity.  Doing  this  we  get 


2k  Ry, 

f f 

7 
1 

2 1 (dK) 

+ o 

1 

CN 

J J 

0 R(d,e) 

[Vdr  j 

r\de) 

rdrdO 


(5.250) 


where  the  integral  is  over  the  cross  section  of  the  displaced  annulus.  Carrying  out  the 
integral  over  the  cross  section  of  the  reference  annulus  turns  this  formula  into12 
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whereupon  substituting  Equations  (5.229)  and  (5.230),  namely 


12  Appendix  A gives  fall  details  on  how  to  expand  this  integral. 
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V.  = V.  +£ 
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into  Equation  (5.251)  we  obtain 
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or  Q can  be  written  as 


Q - Q0  + £Q\  + £l Qi  + ■ 


(5.253) 


where  Q0  is  the  total  heat-transfer  rate  for  the  symmetric  case  and  Q]  and  Q2  are  the 
corrections  to  Q0  due  to  the  displacement  of  the  rod. 

Now,  let  us  substitute  for  F,  , V and  F,;  their  values  obtained  earlier  into 
Equation  (5.252).  Doing  this  Q0  is  found  to  be 


(5.254) 


Then  Q{  the  first  correction  is  found  to  be 
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But  this  is  zero  because  (dVzJdr0^  and  R{  are  multiples  of  cos 0o . This  is  an  expected 

result  and  it  happened  due  to  the  symmetry  of  the  annulus.  Likeness,  we  expect  all  the 
odd  Q ’s  to  be  zero.  Hence  to  see  the  effect  of  a displacement  we  ought  to  go  to  the 
second  order  of  e . 

The  value  of  Q2  is  given  by 
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and  on  carrying  out  the  integrations  Q2  is  equal  to 


a = 


,Mgy(2j£,  + 3J£A.  + ]£) 


RL(RL-Rl) 


(5.257) 


Notice  that  the  value  of  Q2  given  by  Equation  (5.257)  is  always  positive.  Hence, 
we  observe  that  the  total  heat-transfer  rate  for  the  displaced  rod  (Q  = Qa  + £2Q2I 2 ),  is 
greater  than  it  is  for  an  on-centered  one  by  an  amount  equal  to  £2Q2I 2 . This  happens  due 
to  the  effect  of  the  azimuthal  gradients.  From  this  we  can  conclude  that,  when  the  inner 
cylinder  is  perturbed  as  shown  in  Figure  5-1  IB  it  is  clear  that  the  heat-transfer  rate  can 
change  only  at  order  s2  and  that  the  total  heat-transfer  rate  increases.  Therefore,  the 
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displaced  rod  can  tolerate  more  heat  generation  because  it  appears  to  be  a better  heat 
conductor  than  the  on-centered  one. 

Now,  from  determining  the  total  volumetric-flow  rate  (i.e.,  Qf ),  and  the  total  heat- 
transfer  rate  {i.e.,  Q),  for  this  problem  we  learned  that  the  two  rates  will  increase  as  the 
rod  is  shifted  slightly  from  the  center  of  the  annulus.  And  also  we  learned  that  the 
increase  in  these  two  rates  have  two  opposite  effects  on  the  thermal  stability  of  this 
problem  {i.e.,  the  increase  in  total  volumetric-flow  rate  will  decrease  the  thermal  stability 
of  the  problem  while  the  increase  in  the  total  heat-transfer  rate  will  make  the  problem 
more  stable).  But  we  know  that  this  problem  is  always  thermally  stable  then,  it  would 
appear  that  either  the  two  effects  just  offset  leaving  the  thermal  stability  of  the  problem 
unchanged  or  the  stabilizing  effect  {i.e.,  the  increase  in  the  total  heat-transfer  rate),  will 
be  the  predominant  effect.  Notice  that  even  in  this  case  where  the  viscosity  is  constant  the 
calculations  are  not  ordinarily  simple. 

Now,  let  us  summarize  what  we  have  done  and  learned  in  this  chapter.  The  aim  of 
this  chapter  was  to  illustrate  how  the  results  presented  in  earlier  chapters  tie  into  some 
concrete  physical  problems.  To  achieve  this,  we  considered  viscous  heating  of  liquids  in 
simple  flows  and  we  started  by  showing  that  viscous  fluid  flow  problems  are  in  fact 
thermal  ignition  problems  in  which  the  heat  source  depends  linearly  on  temperature. 
Then,  some  auxiliary  problems  were  studied  and  solved  to  get  some  idea  of  the  effect  of 
unequal  temperatures  at  the  boundaries  and  of  the  effect  of  geometry  change  in  frictional 
heating.  From  these  auxiliary  problems  we  learned  that,  the  thermal  stability  of  viscous 
heating  does  not  depend  on  whether  the  two  boundaries  are  at  different  temperatures  or 
not  Even  though  the  details  of  the  flow  and  the  temperature  will  be  affected  by  the 


289 


temperature  difference  at  the  boundaries.  In  addition  to  this  we  learned  that  the  thermal 
stability  of  viscous  heating  problems  is  strongly  dependent  on  their  geometry.  After  that 
we  turned  to  the  main  problem  of  this  chapter  ( i.e .,  thermal  stability  of  frictional  heating 
in  axial  flow  between  a rod  and  a pipe  due  to  viscous  heating).  On  studying  this  problem 
we  found  that,  this  problem  can  be  solved  only  when  it  is  perfectly  symmetric  but  as  the 
inner  rod  is  shifted  slightly  from  the  center  of  the  annulus  the  mathematics  of  the  problem 
become  very  complicated.  However,  to  learn  more  about  thermal  stability  of  this 
geometry  we  carried  out  the  calculation  but  with  approximation.  This  approximation  is  to 
hold  the  viscosity  fixed.  By  solving  this  modified  problem  we  found  that,  this  problem  is 
always  thermally  stable  and  when  the  inner  cylinder  is  displaced  slightly  from  the  center 
of  the  annulus  we  found  that  both  the  total  volumetric-flow  rate  and  the  total  heat-transfer 
rate  increase.  The  increase  in  these  two  rates  have  two  opposite  effects  on  the  thermal 
stability  of  this  problem  (i.e.,  the  increase  in  total  volumetric-flow  rate  reduces  the 
thermal  stability  of  the  problem  while  the  increase  in  the  total  heat-transfer  rate  enhances 
its  thermal  stability).  It  would  appear  that  either  the  two  effects  just  offset  leaving  the 
thermal  stability  of  the  problem  unchanged  or  the  stabilizing  effect  will  be  the 
predominant  effect.  Also  we  found  that  the  location  of  the  maximum  temperature 
strongly  depends  on  the  shape  of  the  geometry.  In  addition  to  that  we  learnt  that  even  for 
this  simple  problem  the  calculations  that  determine  the  total  volumetric-flow  rate  and  the 
total  heat-transfer  rate  are  not  ordinarily  simple. 

In  the  next  chapter  (Chapter  6),  another  practical  problem  is  considered.  This 
problem  is  to  study  the  thermal  stability  in  porous  media  with  natural  convection. 


CHAPTER  6 

THERMAL  STABILITY  IN  POROUS  MEDIA 

In  this  chapter  we  retain  our  interest  in  heat  generation  and  in  the  sizes  and  the 
shapes  of  objects,  which  can  dissipate  their  heat  while  the  temperature  rise  in  the  object 
remains  finite. 

Two  kinds  of  problems  will  be  of  interest.  In  the  first  we  ask  whether  an  adverse 
temperature  gradient  on  the  way  to  thermal  instability,  due  to  conduction  alone,  can  at 
some  point  induce  convection  that  will  postpone  thermal  instability.  In  the  second  we 
come  back  to  our  interest  in  the  effect  of  perturbing  the  geometry  of  the  object. 

To  study  the  first  problem  let  us  consider  a porous  material  confined  in  an  annular 
region  between  a rod  and  a pipe  and  let  us  assume  that  the  porous  material  is  producing 
heat  and  further  assume  that  the  rod  and  the  pipe  walls  are  insulated  while  the  top  and  the 
bottom  walls  of  the  annular  region  are  impermeable  and  held  at  a fixed  temperature.  The 
annular  region  has  a finite  height  denoted  H and  the  radii  of  the  rod  and  the  pipe  are 
denoted  Rm  and  Roul , respectively.  The  heat  source  will  be  taken  to  depend  linearly  on 
the  temperature  of  the  heat-generating  material.  This  problem  is  depicted  in  Figure  6-1. 
The  thermal  conductivity  is  denoted  kc , the  fluid  filling  the  pores  has  a viscosity  denoted 
M and  a density  denoted  p . The  density  depends  on  temperature  and  we  write 

P = Pref\}-a(T~Tref)\  , a>  0 (6.1) 

where  a denotes  the  coefficient  of  thermal  expansion,  T is  the  temperature  and  Trcf  is 
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Insulated  rod  wall 


Impermeable  top  wall 
I T = 0,V=0 
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Heat  transfer  by  conduction  / 
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i Heat  transfer  by  conduction 
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T = 0,  Vz  = 0 

(Heat  sink)  g 


Figure  6-1.  Annulus  with  heat-producing  porous  material.  A)  On-center.  B)  Off- 
center. 
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the  temperature  at  which  p = pref . This  definition  for  the  density  of  the  fluid  expresses 

the  main  idea  that  hot  fluid  is  less  dense  than  cold  fluid.  And  because  the  porous  material 
is  generating  heat  the  formation  of  a hot  spot  is  expected.  The  hot  spot  will  cause  density 
differences  inside  the  heated  region  by  which  there  will  be  a tendency  on  part  of  the  fluid 
to  redistribute  itself  (/.  e. , to  flow).  Now,  without  flow,  there  is  a critical  value  of  the 
strength  of  the  heat  source.  But  if  in  the  course  of  heat  conduction  the  temperature 
variation  induces  flow,  and  perhaps  this  flow  will  allow  a greater  strength  of  heat 
generation.  To  find  out  whether  or  not  the  fluid  filling  the  pores  will  begin  to  flow  as  the 
region  heats  up  requires  a calculation.  This  calculation  will  be  presented  in  the  coming 
section. 

Now,  to  study  the  second  problem  let  us  displace  the  rod  a distance  e off-center. 
This  shift  in  the  rod,  as  depicted  in  Figure  6- IB,  will  create  both  a thick  and  a thin  heat- 
producing  region.  The  thick  region  is  dangerous.  To  find  out  whether  off-center  or  on- 
center  rods  are  more  dangerous  requires  a calculation.  This  calculation  is  presented  in  a 
subsequent  section. 

Thermal  Stability  of  a Heat-Generating  Porous  Material  between  a Pipe  and  a 
Rod.  In  the  on-center  case  the  temperature  rise  of  the  porous  material  must  satisfy 

pC,^  + pC,V-SIT  = kyT  + Q(T)  (6.2) 

where  p and  Cv  denote  the  density  and  the  heat  capacity  of  the  heat-producing  material, 

respectively,  T is  the  temperature,  V is  the  velocity  of  the  fluid  and  Q(T)  denotes  the 

rate  at  which  heat  is  produced  in  the  material  per  unit  volume.  The  velocity  of  the  fluid  is 
given  by  Darcy’s  law,  viz., 
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V = 


(-VP  + pg) 


(6.3) 


where  kp  denotes  the  permeability  of  the  porous  medium,  //  denotes  the  viscosity  of  the 

fluid,  VP  is  the  pressure  gradient  and  pg  is  the  gravitational  force  per  unit  volume.  The 
equation  of  continuity  is  given  by 


The  boundary  conditions  to  be  satisfied  are 


—i 

dr 

a T 

dr 


= 0 

(6.4) 

at  the  top  wall 

(6.5) 

at  the  bottom  wall 

(6.6) 

at  the  top  wall 

(6.7) 

at  the  bottom  wall 

(6.8) 

lm  ) = 0 , at  the  rod  wall 

(6.9) 

'out ) = 0 , at  the  pipe  wall 

(6.10) 

„ ) = 0 , at  the  rod  wall 

(6.11) 

and 


n-V(r  = Rout)  = Vr(r  = Roul)  = 0 , at  the  pipe  wall 


(6.12) 


where  n is  the  unit  outward  normal  to  the  annular  region. 

Now,  the  density,  which  appears  in  the  domain  equations,  varies  with  the 
temperature  of  the  fluid  according  to  Equation  (6.1).  But  we  are  really  interested  in 
studying  the  effect  of  density  as  a source  of  flow,  so  we  are  going  to  allow  the  density  to 
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be  a variable  only  where  it  can  cause  flow.  Consequently,  to  get  a simple  model  we  are 
going  to  hold  the  density  fixed  everywhere  in  this  model  except  in  the  gravity  term. 

Let  Q(T)  = Qo  + QX(T  - Tw)  and  set  f - T -Tv  then  T must  satisfy 

pC, ^ + pcy  ■ V7-  = kyt  + Q.  (l  + St)  (6. 1 3) 

where 


5 = 


_a 


Qo 


and  using 


V must  satisfy 


p = p«,[\-a{T-T„,)] 


vJM-Vf-Pr4ag(T-Tr,)) 

r 1 


(6.14) 


where 


-VP  = -VP  + prefg  (6.15) 

Equations  (6.4),  (6.13)  and  (6.14)  can  be  written  in  scaled  form  by  defining 
f = TT\  V = V V* , V = V V*,  z = z z‘,  r = rr\  P = P P*  and  t = T t' , where 
f = l/S , F = kJpC,Rm  , v = 1 /R,„,z=Rm,r=Rm,H-=  H/R„  , R^  = RjR„  , 

IP  = pkcj  kppCv  and  t = pC,R*n/kc  .Then,  on  dropping  the  *’s,  the  equations  to  be 


solved  are 


r\rp 

-+v-vt  = w2t+s2(\+t) 

dt  v ’ 


(6.16) 


E = -VP  -RaTiz 


(6.17) 
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and 


V-F  = 0 


(6.18) 


where 


kdvS 


PCV 


Pref 


and  where  Ra  is  called  the  Rayleigh  number.  The  boundary  conditions  to  be  satisfied  are 


and 


T(z  = 0)  = 0 , at  the  top  wall 
T(z  = H)  = 0 , at  the  bottom  wall 
Vz  (z  = 0)  = 0 , at  the  top  wall 
Vz  (z  = H)  - 0 , at  the  bottom  wall 


h.VT  (r  = l)  = ~j~{r  = l)  = 0 , at  the  rod  wall 


h.VT (r  = Rj)  = r = Rout)  = 0 , at  the  pipe  wall 
dr 

h ■ V(r  = l)  = Vr  (r  = l)  = 0 , at  the  rod  wall 


h-V(r  = Roul)  = Vr(r  = Roul)  = 0 , at  the  pipe  wall 


(6.19) 

(6.20) 
(6.21) 
(6.22) 

(6.23) 

(6.24) 

(6.25) 


(6.26) 


First  notice  that  Ra  is  not  a control  variable,  it  depends  on  the  properties  of  the 
porous  medium,  the  fluid  and  the  geometry.  The  value  of  Ra  will  increase  as  the  heat 
source  becomes  stronger  (strength  the  density  gradient),  the  permeability  increases  (fluid 
flows  easily  through  big  gaps),  the  thermal  expansion  increases  (strength  the  density 
gradient),  the  thermal  diffusivity  decreases  (hard  to  eliminate  the  horizontal  temperature 
perturbation),  the  gravity  increases  (strength  the  density  gradient),  the  kinematic  viscosity 
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decreases  (less  resistance  to  flow)  and  as  the  sensitivity  increases  (strength  the  density 
gradient).  Second  there  appear  to  be  two  input  variables,  82  and  Ra . But  it  is  possible  to 
get  a simple  no  flow  solution  to  the  problem  for  all  values  of  Ra  and  for  each  value  of 
82  up  to  8]rtticai  at  no  flow. 

Our  first  job  then  will  be  to  find  the  critical  value  of  Ra , at  which  the  steady 
conduction  solution  goes  instable,  as  a function  of  8 2 . 

In  the  case  VQ  = 0 , the  steady  conduction  solution  satisfies 

^ + l + r„)  = 0 (6.27) 

and 

JP 

~T~ = RaT0  (6.28) 

az 

where 

T0  (z  = 0)  = 0 , at  the  top  wall  (6.29) 

and 

Ta(z  = H)  = 0 , at  the  bottom  wall  (6.30) 

whence  T0  is  given  by 


Ta  = Acos8z  + 5sinc>z-l  (6.31) 

where 

A = 1 (6.32) 

and 

Acos8H  + Bsin8H  - \ (6.33) 


whereupon 
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cosSzsinSH  + (l  -cosSH)sinSz  ^ 
sin  SH 


(6.34) 


and  by  this,  there  obtains 


dT0  g-sinSzsinSH  + (\-cosSH)cosSz 


dz 


sin  SH 


(6.35) 


which  will  be  useful  later  on.  The  base  variation  of  P can  be  found  but  it  will  not  be 
needed.  The  base  solution  holds  for  any  value  of  Ra  and  it  is  also  tells  us  the  critical 
value  of  S2  at  no  flow,  which  means 


n 


S critical  ’ at  no  flow 


(6.36) 


Now,  the  base  temperature  induces  a density  variation,  which  is  high  at  the  top  and 
the  bottom  and  low  in  between.  The  adverse  gradient  from  the  top  to  the  middle  may 
induce  a flow  and  to  find  out  we  determine  the  critical  value  of  Ra  at  which  the  no  flow 
solution  loses  its  stability  to  velocity  perturbation.  To  find  Racnucal  we  are  going  to 
perturb  the  domain  equations  about  the  base  solution  in  the  usual  way.  Hence  we  are 
going  to  write 


and 


T = T+eT 


V = VQ  + eVl 


P = P0+eP, 


(6.37) 


(6.38) 


(6.39) 


whence  the  perturbation  problem  becomes 


ST, 


— '-+V.-VT  = v2t,+s2t ; 
dt  1 1 1 


Vx  = -VP,  - RaTxiz 


(6.40) 


(6.41) 
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and 


V • F,  = 0 (6.42) 

where  the  boundary  conditions  to  be  satisfied  are 


© 

II 

"o' 

II 

N 

(6.43) 

N 

II 

II 

O 

(6.44) 

N 

II 

O 

II 

o 

(6.45) 

o 

II 

H 

N 

(6.46) 

n.V7;(r  = l)  = ^-(r  = l)  = 0 

(6.47) 

(6.48) 

HVt(r  = l)  = V.(r  = l)  = 0 

(6.49) 

» -V,  ('-  = «„,)  = *',('•  = ■0=0  <6-50) 

Notice  that  in  this  problem  we  have  many  variables  (i.e.,  TvVx  and  P, ),  and  to 
simplify  our  calculation  we  need  to  reduce  the  number  of  these  variables.  One  way  to  do 
this  is  to  take  the  curl  of  Equation  (6.41),  namely 

VxF|  =-Vx(VFl)-RaVx(Txi)  = -RaVTlx7z  (6.51) 


or 


'SK,  3*0 

— r L 

dO  dz 


i—r 


dV,  dv 


dr  dz 


le  + 


3K)  W, 

dr  d6 


Ra_ 

r 


(6.52) 


'dT.  T dT.  r 

~lr  ~r ~lff 

dO  r dr  6 
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Now,  let  us  put  Equation  (6.52)  in  a simpler  form  by  combining  it  with  the  equation  of 
continuity,  which  means 


i aK)  ,i^,  =0 

r dr  r dO  dz 


(6.53) 


To  do  this,  take  the  dot  product  of  Equation  (6.52)  first  by  ir , then  by  i0  and  finally 


by  iz  to  get 


1 dV2<  dV^  Ra  dTx 

r dO  dz  r dO 

(6.54) 

JV,^-_Ra?L 

dr  dz  dr 

(6.55) 

and 


1 d(rVoi)  lSVn 

r dr  r dO 


= 0 


(6.56) 


Now,  multiply  Equation  (6.55)  by  r , viz.. 


SK  SK)  „ ST, 

-r — 5-  + — 1 * — — -Ra  r — L 

dr  dz  dr 


(6.57) 


and  then  differentiate  with  respect  to  r and  multiply  by  (1/ r)  to  get 


1_S 
r dr 


V 


dVz  ^ 

. £l 

dr 


+ - 


dz 


i ^K) 

r dr 


n 1 d 

- Ra 

r dr 


f dT\ ' 
V , 


(6.58) 


Now  using 


i^K) 

r dr  yr  3#  3z  , 


(6.59) 


and 
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dV6i  = Rg  5TX  | 1 dVZi 
5z  r 56  r 56 


(6.60) 


Equation  (6.58)  will  become 


i a 

f dK ) 

V 1 

i av  a2F 

1 Z1  , z\  — Dn 

i a 

1 OJ 

+ '/r;l 

r2  562  _ 

r 5r 

l J 

r2  562  dz2 

r a^ 

l dr) 

(6.61) 


or 

V2VZi  = -RaV]jx  (6.62) 

Now,  because  Ta  depends  only  on  z.  Equation  (6.40)  is  just 

^ + v ^ = v2r.  + s2t ; (6.63) 

5t  z>  5z 

and  we  have  two  equations  in  7j  and  V . It  remains  only  to  restate  the  boundary 

conditions  in  terms  of  F . At  the  surface  of  the  rod  (/.  e.,  at  r = 1 ),  we  can  write 

Z1 

n ■ Vx  = Vri  - 0 , on-center  (6.64) 

and  hence,  ( dVrJdz ) = 0 at  r = 1 . Then  by  using  Equations  (6.47)  and  (6.55)  we  have 

dV 

— ^ = 0,  atr  = l (6.65) 

dr 

and  likewise 

dVz 

— - = 0 , at  r = i?ou,  (6.66) 

dr 

Our  problem  then  is 

^ = v2r,  + £27; 
at  z-  dz  1 

and 


VV  = -RaVl.Ty 

z,  1 
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on  the  domain  and 


7;  (z  = 0)  = 0 
Tx(z  = H)  = 0 

K,  (z  = 0)  = 0 
Kh  = H)  = 0 


^(r  = 1)  = 0 

Jr  V ' 


fL(r  = J^)  = 0 

dr 


dK 

dr 


-(r  = l)  = 0 


and 


JF 


and 


,-('-=*-)=° 

dr 

This  problem  has  solutions  of  the  form 

r1  = z;(z)e<TVmV(0 
VZi=V^y‘e‘mdf(r) 


whence  7’,  (z) , Fz_  (z)  and  / (r)  must  satisfy 

* dT  ~ \ d ( df 
^f  + Vz/^f-  = T-~\rf 

1 3z  r or  \ dr 


r oz 


(6.67) 

(6.68) 

(6.69) 

(6.70) 

(6.71) 

(6.72) 

(6.73) 

(6.74) 

(6.75) 

(6.76) 

(6.77) 


and 
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kIA 

21  r dr 


and  upon  setting 


( df' 

r— 

V dr  j 


. m 


2 d2V, 


1 d 


r dr 


.r 

3r 


2 \ 


■r,/-r 


_LLA(r£ 

frdr{  dr 


, r2" 


where  (<7/'  j dr)  = 0 at  r = 1 and  r = Rout , we  have 


» dT  , - J27i  , - 

oT,  +V2^  = - k2Tx  + “77"  + ^ 


<iz 


1 ' dz 2 


and 


d2Vz  . . 

-Jt2F  + y-  = RaT.k 

21  Jz2  1 


(6.78) 


(6.79) 


(6.80) 


(6.81) 


This  is  an  eigenvalue  problem.  The  output  variable  is  <r , the  growth  constant.  The 
input  variables  are  k2 , S2  and  Ra . At  neutral  conditions  a = 0 and  our  job  is  to  find 
Ra  as  a function  of  k 2 and  S2 . To  do  this  we  must  solve 


and 


where 


dz2 


' ■)  ~ * dT 

T.+S2T,=Vz  =-2- 
1 1 21  dz 


— y-  £2 

dz2 


V = Rak  T, 

z,  1 


fx  (z  = 0)  = 0 
fx  (z  = H)  = 0 
K,  (z  = o)  = o 


(6.82) 


(6.83) 


(6.84) 

(6.85) 

(6.86) 
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K,  (z  = h)  = o 

and  we  hold  S2  fixed  at  any  value  that  leads  to  a first  base  solution. 

A A 

Eliminating  Tx  in  favor  of  V we  get 


(6.87) 


r~ 

<N 

1 

<N  ' 

^ 1 
1 

2 

V +s2 

\d\-A 

,dz 

z\ 

dz1 

, 2 dT„ 


V - Rak  —2-Vz  =0 
Z|  dz  h 


where  at  the  top  and  the  bottom 


V=0  = 


d 2 
dz 2 


- k 2 


and  where  ( dT0jdz ) is  not  a constant  but  a linear  function  of  z . 


(6.88) 


Y17T 

Now  sin -jj-z  satisfies  all  four  boundary  conditions  for  any  positive  integer  value 
of  n . Hence  we  can  get  a solution  in  the  form 


iz  V d • nn 

F = > B„  sm — z 

zi  i—t  n 


(6.89) 


n=\ 


where  the  constants  BX,B2,...  must  be  determined  simultaneously.  But  we  can  get  an 

approximation  by  truncation  as  explained  in  Appendix  E. 

Let  us  begin  with 

V = B.  sin— z + 5,sin— z (6.90) 

z>  ' H 2 H 

and  substitute  this  two-term  expansion  into  Equation  (6.88)  to  get 
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n 

~H* 


( V ■ 71  \tLT>  • ^ 

B.  sin — z + 165,  sin — -z 
1 H 2 H 


\ 


__2  f 

+ 2k1  — r 

h2k 


D • n 

B.  sin — z 
1 H 


+4B2  sin 


n 


. 2n 


\ 


H 


r 


( 


+ kA 


n 


2 ft  ^ 

B.  sin— z + 5,  sin  — z 


n 


\ 


H 


H 


, 5,  sin — z + 45,  sin — z 
//2i,  1 H H 


■ 2 ” \j/ 


D • * 

5,  sin — z 
1 H 


. 2n  \ 


+B sin — z 
2 H 


- Rak2S 


(-  sin  Sz  sin  SH  + (l  - cos  SH)  cos  Sz ) 


f 


sin  SH 


n 


. 2 n \ 


B.  sin — z + B-,  sin — z 
1 H H 


= 0 


(6.91) 


Then,  multiply  this  first  by  sin— z , second  by  sin — z and  integrate  over  (0,  //)  to  get 

H H 


(k2H2+7r2)(k2H2-S2H2+n2)  ^ 8 n282H2k2Ra 


2H 


[82H2  -9n2){82H2  -n2) 


B2=  0 


(6.92) 


and 


8 n^HVRa  D -S'H1 +**>)  n _ 


[S2H2  -9n2)[S2H2 -n2) 


Bi  + 


2H 


B2=  0 


(6.93) 


This  is  a set  of  two  linear  homogeneous  equations  in  5,  and  B2 . To  find  a solution  other 
than  Bx  = 0 and  B2-  0 the  determinant  of  the  coefficients  must  vanish  and  this 

determines  the  critical  value  of  Ra  in  this  two-term  approximation. 

The  result  is 


Ra 


n 


r(5H^\ 


critical 


16  H2M2S2 

r 


\ n ) 


\ n ) 


(m2  + i) 


V 


M 


f SH) 

2 ' 

+ 1 

(M2+  4) 

M2- 

f SH] 

2 V 

+ 4 

\ n ) 

) 

\ 7T  ) 

JJ 

(6.94) 


x 


305 


where  M 2 = ( kH/n )2 . This  gives  Racritical  in  terms  of  //,  S2  and  k 1 but  k2  remains  to 

be  determined.  It  is  important  to  mention  that  to  do  this  calculation  we  used  four  and 
even  six  terms  expansions  but  we  found  that  the  minimum  Racrmcal  is  always  the  same. 
Based  on  this  we  learned  that  two-term  expansion  is  enough. 

To  find  k2  we  turn  to  the  problem  of  / ( i.e .,  Equation  (6.79)),  viz., 


]_d_ 
r dr 


( df] 

r— 

+ 

[V-41 

V drJ 

r ) 

f = o 


(6.95) 


where  ( df  I dr)  = 0 at  r = 1 and  r = Roul . At  every  value  of  m , m = 0,1,2,...  this  problem 

determines  infinitely  many  values  of  k 2 . But  it  would  appear  from  Equation  (6.94)  that 
we  will  be  interested  in  the  least  value  of  all  these  k2  ’s  and  this  occurs  at  m = 0 . So  we 
focus  on  m = 0 . 

Hence,  / can  be  taken  to  be  a linear  combination  of  Ja  ( kr ) and  Y0  ( kr ) 
whereupon  k must  be  a root  of 
dJ0(kr) 


dr 


dY0(kr) 

dJ0(kr) 

dYc(kr) 

r-Kut 

dr 

r=Rcu, 

dr 

= 0 


(6.96) 


r= 1 


in  order  that  the  linear  combination  not  vanish  everywhere.  The  roots  of  this  equation 
determine  the  value  of  k for  any  value  of  Roul . The  smallest  values  of  k'  s at  some 

different  values  of  Rout  are  presented  in  Table  6-1. 

Table  6-1.  Smallest  values  of  A:  at  m = 0 and 
various  values  of  Roul . 


Rou, 

k 

1.5 

6.321 

2.5 

2.073 

5.0 

0.763 
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The  corresponding  eigenfunction  is  given  by 


f = C 


dY„(kr) 


dr 


+ 


dJ0(kr) 


dr 


r=l 


(6.97) 


where  C is  an  arbitrary  constant.  Now,  Tx  and  FZ[ , at  cr  = 0 and  m = 0 , given  A and 


S 2 , can  be  written  as 


c 


Rak 2 


n2  . ti  4 n2  _ . In 

— 7 B,  sin — z t-B7  sin — z 

//2  1 H H2  2 H 


n 


-k  B,  sin — z 
1 H 


+B2  sin — z 
2 //  J 


( 


-Jo{kr) 


dYa{kr) 


dr 


+ 


dJ0(kr) 


r=\ 


dr 


r=l 


(6.98) 


and 


F =cf  5,  sin— z + 5,sin— z^ 
21  l 1 //  2 H 


( 


dY0{kr ) 


dJn(kr) 


dr 


r=l 


dr 


(6.99) 


r=l 


where  A:2 , H 2 and  S2  are  independent.  A:2  depends  on  Rout . The  critical  Rayleigh 


number  as  a function  of  52  and  at  Roul  = 1.5,  H = 1 is  illustrated  in  Figure  6-2. 

At  S2  = 0 we  have  Rucnllcal  - °o . As  <52  increases  the  porous  medium  heats  up  and 
density  gradients  become  steeper.  As  a result  Racritica,  falls  and  reaches  zero  when  S2 

reaches  its  no  flow  critical  value  where  the  temperature  becomes  unbounded. 

We  have  reached  a point  where  we  can  see  what  the  problem  really  is  if  the  value 
of  Ra  is  set  and  S2  is  increased,  then  what  is  the  critical  value  of  S2 . We  expect  it  to  be 
higher  than  S2rilical  at  no  flow  and  our  earlier  work  with  flow  would  suggest  this.  But  we 
cannot  do  the  calculation  and  in  particular  we  cannot  hope  to  do  it  when  the  pipe  is 
displaced.  So  we  turn  our  attention  to  things  we  can  do. 
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Figure  6-2.  Critical  value  of  Ra  at  Rout  =1.5,  H = 1 and  various  S2 
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Also,  holding  S2  fixed  Racriucal  vs.  k for  fixed  Rout  or  Racritical  vs.  Rout  for  a fixed 
k would  be  a parabolic  shaped  curve  starting  at  infinity  and  returning  to  infinity.  But  k 
is  a discrete  variable  at  a given  Roul  and  each  Rout  determines  its  own  set  of  k ’s.  It  is 

interesting  then  to  hold  the  root  number  fixed  and  plots  Racritical  vs.  Rout . 

Now,  let  us  hold  S2  fixed  and  plot  the  critical  value  of  Ra  vs.  Roul , first  for  the 
least  root,  then  for  the  next  least  root,  etc.  Denoting  these  roots  n = 1,2,...  and 
remembering  that  the  roots  depend  on  Rout , this  graph  is  illustrated  in  Figure  6-3. 

Now  we  have  to  be  careful.  The  roots  at  m = 1 , m = 2 , etc  interweaves  with  those 
at  m = 0 . So  while  the  lowest  is  at  m = 0 the  next  lowest  is  at  m = 1 . 

It  is  interesting  to  notice  that  at  Rout  = 2 the  value  of  Racntical  is  465  and  it 
corresponds  to  n = 1 , the  first  root.  But  if  Roul  = 4 , RocrUical  = 427  and  this  corresponds  to 
n = 4 , the  fourth  root.  For  small  values  of  Roul  it  is  difficult  to  start  natural  convection. 
But  on  increasing  Roul  we  come  to  a point  where  the  critical  Rayleigh  number  fluctuates 
in  a narrow  range.  What  appears  to  happen  is  that  the  system  more  easily  accommodates 
one  cell,  then  two  cells,  then  three  cells,  etc  corresponds  to  n = 1,2,... . To  make  this  clear 
we  can  plot  the  temperature  and  the  velocity  pattern  for  Roul  = 2 and  Rout  = 4 . These  are 
shown  in  Figures  6-4  and  6-5. 

There  is  an  interval  of  Roul  where,  say,  n cells  become  easier  to  accommodate 
from  n-\  cells,  then  harder  to  accommodate,  giving  way  to  n + 1 cells. 

Now  we  can  go  on,  at  fixed  82 , and  displace  the  rod  to  see  what  effect  this  has  on 
the  structure  of  the  flow.  In  doing  this  there  is  really  no  need  to  carry  along  the 
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Figure  6-3.  Critical  values  of  Ra  at  S2  = 1 , H = 1 , m~0  and  various  values  of  Roul . The  values  of  k depend  on  Rout  and  are  denoted 
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Figure  6-4.  Temperature  and  the  velocity  patterns  at  S = l,  H - 1 , Rout  = 2 , Ra-  465  and  k = 3.2 . 
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complication  of  a temperature  dependent  heat  source,  as  we  are  not  trying  to  solve  a 
thermal  explosion  problem.  So,  to  simplify  our  work  we  take  the  heat  source  to  be 
constant.  This  does  not  simplify  the  base  solution  much,  but  it  does  simplify  the 
perturbation  problem  due  to  the  displacement  of  the  rod.  Before  starting  it  may  be  worth 
noticing  that  the  two  perturbations  will  be  carried  out,  one  specified,  one  not.  So  we  need 
to  be  careful  about  the  meaning  of  e . 

Now,  by  setting  Q equal  to  a constant  there  is  no  question  of  thermal  stability  and 
our  focus  becomes  entirely  on  natural  convection.  The  scaling  is  now  a little  different. 


Taking  the  scale  factors  to  be  T = QR?n  / kc , V = kj pCvRm  , V = 1/  Rin , 

F = pkc/kppcv 

and  t = pCvR~n/kc . By  dropping  the  *’s  on  the  scaled  variables,  the  equations  to  be 

solved  are 

^+j7.vr  = v2r  + i 

dt 

(6.100) 

V = -VP  - RaTi2 

(6.101) 

and 

V-F  = 0 

(6.102) 

where 

ccknR]nQg, 
Ra  - p ,n  z 

Kvkc 

while  the  boundary  conditions  remain  unchanged  and  they  are 

r(z  = o)  = o 

(6.103) 

N 

II 

3 

n 

o 

(6.104) 

N 

II 

O 

II 

o 

(6.105) 
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Vz(z  = H)  = 0 (6.106) 

n-VT  (r  = l)  = 0 (6.107) 

H-Vr(r  = i?olJ,)  = 0 (6.108) 

n-V(r  = 1)  = 0 (6.109) 

and 

n-V(r  = Roul)  = 0 (6.110) 


Again,  notice  that  Ra  is  not  a control  variable,  it  depends  on  the  properties  of  the 
porous  medium,  the  fluid  and  the  geometry.  The  value  of  Ra  will  increase  as  the  heat 
source  becomes  stronger  (strength  the  density  gradient),  the  permeability  increases  (fluid 
flows  easily  through  big  gaps),  the  thermal  expansion  increases  (strength  the  density 
gradient),  the  thermal  diffusivity  decreases  (hard  to  eliminate  the  horizontal  temperature 
perturbation),  the  thermal  conductivity  decreases  (difficult  to  remove  the  heat),  kinematic 
viscosity  decreases  (less  resistance  to  flow)  and  as  the  gravity  increases  (strength  the 
density  gradient). 

Let  us  begin  by  presenting  the  base  solution  for  this  problem.  It  is  found  to  be 

T0  = Z-{H-z)  (6.111) 

and 

Vo=0  (6.112) 

and  by  this,  there  obtains 


(6.113) 
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which  will  be  needed  later.  Given  Ta , PQ  can  be  obtained  but  it  is  not  needed.  Again  the 
base  solution  holds  for  any  Ra . 

The  base  solution  is  the  same  no  matter  where  the  pipe  is  located.  The  first  order 
problem  obtained  by  introducing  an  upset  into  the  base  solution  and  used  to  determine  the 
critical  value  of  Ra , again  for  all  pipe  positions,  will  be 

^L  + K-VT  =V2r.  (6.114) 

dt  1 1 

F,  = -VP,  - RaTjz  (6.115) 


and 

V-F,=0 

where  the  boundary  conditions  to  be  satisfied  are 

T,  (z  = 0)  = 0 , at  the  top  wall 

Tl(z  = H)  = 0 , at  the  bottom  wall 

V (z  = 0)  = 0 , at  the  top  wall 

V (z  = H)  = 0 , at  the  bottom  wall 
fi.VT,  (r  = R(0,e))  = 0 , at  the  rod  wall 

ri.VT,  (r  = Roul ) = ^(r  = Roul)  = 0 , at  the  pipe  wall 

• F,  (r  = R ( 6 , £:))  = 0 , at  the  rod  wall 


(6.116) 

(6.117) 

(6.118) 

(6.119) 

(6.120) 
(6.121) 

(6.122) 

(6.123) 


and 

n ■ Vx  (r  = Roul ) = Vri(r  = Rou, ) = 0 , at  the  pipe  wall  (6. 1 24) 


As  before  the  domain  equations  reduce  to  two  equations  in  Tx  and  Fz  . They  are 
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and 


where 


dT\  +y  5To  _V2T 

(6.125) 

dt  1 dz 

V2V  = -RaV] 
z\ 

A 

(6.126) 

li 

<=>y 

II 

o 

, at  the  top  wall 

(6.127) 

o 

II 

fcT 

H 

N 

E-T 

, at  the  bottom  wall 

(6.128) 

o 

II 

o 

II 

N 

, at  the  top  wall 

(6.129) 

o 

II 

II 

N 

, at  the  bottom  wall 

(6.130) 

«.vr,(r  = 

= i?(6>,^))  = 0 , 

at  the  rod  wall 

(6.131) 

n.VTl(r  = Rout) 

= ^-(r  = R )- 
drV  °u,) 

= 0 , at  the  pipe  wall 

(6.132) 

n-vrjr 

= R(9,e))  = 0 , 

at  the  rod  wall 

(6.133) 

and 

dV 

n-VVZi(r  = Roul ) = —£-(r  = Roul ) = 0 , at  the  pipe  wall  (6.134) 

Now  we  write  the  eigenvalue  problem  as  a base  eigenvalue  problem  corresponding 
to  the  on-center  case  and  then  the  first,  the  second,  etc  problems  on  the  reference  domain 
corresponding  to  moving  the  rod  off  center. 

The  base  eigenvalue  problem  is  as  above  with  dV^  j dr  — 0 and  dTx  / dr  — 0 at  r = 1 . 

To  solve  the  base  problem  write 


Tt=f,(z)e”eMf,(r) 


(6.135) 


316 


and 


whence  setting 


J_IA 

fardr 


fr& 

V dr  j 


nr 


where  (df  /dr)  = 0 at  r = 1 and  r = Roul , fx  and  Vh  must  satisfy 


c tTx+Vz  -±  = -k2T,+- 


dz 


dz 


and 


d2Vz  « 2 
-k2Vz  + — f = RaTxk 2 
21  dz 2 


on  the  reference  domain  while  at  the  boundaries 


7j  (z  = 0)  = 0 
fx(z  = H)  = 0 
(z  = °)  = 0 


F„(z  = ff)  = 0 

To  solve  this  problem  for  the  critical  value  ofita  as  a function  of  k~  set  a 


eliminate  T,  in  favor  of  Vz  to  get 


and 


dz2 


— k 2 


, 2 dT„ 


V - Rak  — -F  =0 
21  Jz  21 


(6.136) 

(6.137) 

(6.138) 

(6.139) 

(6.140) 

(6.141) 

(6.142) 

(6.143) 
= 0 and 

(6.144) 


where 


317 


dJ]L=H 
dz  2 


and  where  V at  the  top  and  the  bottom  satisfies 
2\  x 


V. 


1 


As  before  V can  be  found  in  a series  which  satisfy  all  the  boundary  conditions, 

zi 

term  by  term,  viz., 


V = f 5„sin^z 

z\  Z— i « 


n= 1 


(6.145) 


Calculating  this  off  at  n — 2 and  substituting  it  into  Equation  (6.144)  results  in 


;r 

7? 


4 / 


n . n . 2n  \ 

B,  sin — z + 165,  sin — z 
1 H H ) 


+ 2 k2 


Au  . 2/r 
+45,  sin — z 
2 H 


\ 


H 2 . 

f4i  n . z 2zr 

+ & 5,  sin — z + 5,  sin — z 

l 1 H H 


d • n 

B,  sin — z 


// 


\ 


, f u . 2 71 

-Rak  B,  sin — z + 5,sin — z 
{ ' H 2 H 


H 


\ 


■-z 


= 0 


(6.146) 


Then,  multiply  Equation  (6.146)  by  sin— z and  integrate  with  respect  to  z over  (0 ,//) 

H 


to  get 


+ ) JjWRa 

2//3  9;r2 


(6.147) 


and  multiply  Equation  (6.146)  by  sin— z and  integrate  with  respect  to  z over  (0 ,//)  to 

H 


get 


8 H2k2Ra  n (k2H2+4x2)2 
■B.+-  


9k 


2 1 


2H 


5,  =0 


(6.148) 
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To  find  a solution  other  than  B,  = 0 and  B1  = 0 , the  determinant  of  the  coefficients 


of  B and  B1  must  vanish.  This  gives  the  critical  value  of  Ra  as 


critical 


9^4(M2+l)(M2+4) 

16 Wm2 


(6.149) 


where  M = ( kH/n ) 


Notice  that  Racritjcal  depends  on  M 2 and  H . depends  on  k2  which  itself 
depends  on  Roul  and  m . It  is  important  to  mention  that  to  do  this  calculation  we  used  four 
and  even  six  terms  expansions  but  we  found  that  the  minimum  Racrjlical  is  always  the 

same.  Based  on  this  we  learned  that  two-term  expansion  is  enough. 

Now  given  Roul  and  m , fa  and  the  allowable  values  of  k can  be  determined  just 

like  before.  Then,  T,  and  V at  m = 0 , can  be  written  as 


7j  = 


C 


Rak 


n1  n 4 n . 2 n 
-B,  sin— z — —B2sm-^z 


H 


2 1 


H H 


H 


2 • 

-k  B,  sin  — z 
1 H 


D . 2n  \ 
+B-.  sin- — z 
2 H 


-Jo  M 


dY0(kr) 


dr 


dJ0{kr) 


r=l 


dr 


(6.150) 


nW 


and 


V,  =C 


n . n n . 2^- 
B,  sin — z + B-,  sin — z 


H 


H 


-JoM 


dYa(tr) 


dr 


dJ0{kr) 


r= 1 


dr 


(6.151) 


n(*0 


r= 1 


Without  making  a choice  of  Rout  or  m , we  can  plot  Racritical  vs.  M2  at  fixed  values 
of  H . Such  a graph  is  illustrated  in  Figure  6-6.  In  this  figure  we  observe  that  the  critical 
value  of  Ra  goes  to  infinity  as  goes  to  zero  or  infinity  (i.e.,  as  the  horizontal 
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Figure  6-6.  Critical  values  of  Ra  at  H = 1 and  various  values  of  M2 . (Q  = Constant) 
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variation  of  Tt  becomes  weaker  or  stronger),  the  first  wiping  out  horizontal  density 
variations,  the  second  strengthening  horizontal  heat  conduction.  Both  effects  make  the 
onset  of  flow  more  difficult  to  achieve. 

We  might  like  to  make  a comparison  between  this  and  the  earlier  case.  The 

difference  lies  in  the  base  solution  and  there  we  had  a S2 , here  we  do  not. 

Now  the  values  of  m and  Rout  determines  the  allowable  values  of  k as  the  solution 

to  Equation  (6.137).  In  each  case  there  are  many  roots  and  we  denote  these  roots  by  n , 
n = 1,2,... , n - 1 corresponding  to  the  least  k at  a given  m and  Rout . We  can  set  m , here 
m = 0 , and  draw  a graph  of  Racritlcal  vs.  Roul  for  n = 1 , n = 2 , . the  lowest  the  next 
lowest,  etc  root  at  each  Roul . This  is  shown  in  Figure  6-7. 

Again,  we  have  to  be  careful,  the  roots  at  m = 1 , m = 2 , etc  interweave  those  at 
m = 0 . So  while  the  lowest  is  at  m - 0 the  next  lowest  is  at  m — 1 . 

It  is  interesting  to  notice  that  at  Rout  = 2 the  value  of  Racntlcal  is  550  and  it 
corresponds  to  n = 1 , the  first  root.  But  if  Rml  = 4 , Racrttical  = 494  and  this  corresponds  to 
n-A,  the  fourth  root.  It  is  same  as  before,  for  small  values  of  Roul  it  is  difficult  to  start 
natural  convection.  But  on  increasing  Rout  we  come  to  a point  where  the  critical  Rayleigh 
number  fluctuates  in  a narrow  range.  Again,  this  is  happens  because  increasing  Roul  will 
increase  number  of  flow  cells  and  this  will  lower  the  value  of  Racriticat . 

Now,  let  us  return  to  our  main  interest  and  try  to  learn  the  effect  of  displacing  the 
rod.  This  has  no  effect  on  the  base  problem;  hence  the  eigenvalue  problem  is  our  focus. 
So  we  have  a base  eigenvalue  problem,  solved  above,  a first  order  correction,  a second 
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Figure  6-7.  Critical  values  of  Ra  at  H = 1 and  various  values  of  Roul  and  at  different  levels  of  k . (Q  - Constant) 
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order  correction,  etc  in  power  of  e , where  e measures  the  displacement  of  the  rod.  The 
off-center  problem  is  given  by  equation 

V2r,-F^  = 0 (6.152) 

1 z‘  dz 


and 


VV  =-RaV]eT{ 

Z\  i 

and  the  boundary  conditions  to  be  satisfied  are 

r,  (z  = o)  = o 

Tx(z  = H)  = 0 

K,  (z  ~o)  = o 

K,(z  = H)  = 0 
n.VTl(r  = R(0,e))  = 0 


n.VTl(r  = Roul)  = 0 


n-VVZi  (r  = R(0,s))  = 0 


(6.153) 

(6.154) 

(6.155) 

(6.156) 

(6.157) 

(6.158) 

(6.159) 

(6.160) 


and 

s-vr,(r  = «_)  = 0 (6.161) 

and  the  on-centered  problem  (i.e.,  at  e = 0),  has  been  solved  earlier,  whence  1\,  and 


Ra  there  are  , V and  Ra0  here. 


323 


The  problems  at  order  sl  and  order  s2  will  now  be  written  by  methods  familiar 
from  earlier  chapters.  They  hold  on  the  reference  domain  and  they  are1  at  order  s : 


v2r,  -V  ^ = 0 

1 11  dz 


(6.162) 


and 


V\+Ray\„\+RaF  U*l=0 


where  at  the  boundaries  7(  and  VZi  must  satisfy 

r,,(z=o)=o 
r,,(z=w)=o 
n„(z=o)=o 
VAz  = H)  = 0 


and 


dJx 

dr 


d% 
1 dr2 


dT, 

M 

dr 


dV.  d‘V: 

-riL(';  = i =-*i  - 

dr. 


* J..2 


t/r 


Hro  = Ku,)  = 0 


where  Z?,  = cos#0. 


(6.163) 

(6.164) 

(6.165) 

(6.166) 

(6.167) 

(6.168) 

(6.169) 

(6.170) 


(6.171) 


1 Note  that  the  perturbed  temperature  boundary  condition  is  no  longer  adiabatic  because  it  tries  to  simulate 
adiabatic  conditions  at  the  displaced  surface  by  putting  a condition  other  than  adiabatic  on  the  reference 

surface. 
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At  order  e 2 : 


and 


v2r,  —V  ^ = 0 

12  ^ dz 


W2VZi  + Ray\x  Th  + 2 Ray\A  7J,  + Ra2 V2  * ^ = 0 


where  at  the  boundaries  7,_  and  FZ[  must  satisfy 

rli(z=o)=o 

rli(z=//)=o 

^h=o)=o 

K (z  = H)  = 0 


and 


dJ± 

dr 


(r0  = 1)  = -2R 


p2s\  .sin^ar,, 


1 5r2 


1 dr! 


-R 


2 dr! 


-2- 


iC  3ft. 


dT. 

h 

Jr 


5r 


5 Fz 

-(r  — l)  = —2R. — I1  n2 

Vo  ' 1 5r2 


*,2 


53F 


dr: 


d2K  sin<9  $K 

^ zio  2 0 2l 


3 “2 


ar. 


R d0„ 


dA 

dr 


-(ro=Rou,)  = 0 


(6.172) 

(6.173) 

(6.174) 

(6.175) 

(6.176) 

(6.177) 

(6.178) 

(6.179) 

(6.180) 
(6.181) 


where  R2  = - sin2  Qo . 
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Now,  to  know  whether  displacing  the  rod  off-center  increases  the  chances  of 
starting  natural  convection  we  must  determine  Ral  and  Ra2 , the  corrections  to  the 
critical  value  of  Ra  at  the  on-center  case  (i.e.,  Ra0). 

To  find  Rax , we  must  solve  Equations  (6.162)  and  (6.163).  But  before  solving  this 
problem  let  us  see  what  can  we  learn  about  Rax . First,  multiply  Equation  (6.162)  by  Fz  , 
which  gives 


rIT 

v v2r.  -V  v — - = o 

1 'o  11  dz 


and  multiply  Equation  (6.125),  at  steady  state,  by  V2  , to  get 


(6.182) 


V V271  -V  V ^ = 0 (6.183) 

z"  '»  z'i  z'»  dz 

Then,  subtract  Equation  (6.183)  from  Equation  (6.182),  to  obtain 

V V2T.  -V  V2r,  =0  (6.184) 

2\0  ll  z\\  lo 


Now,  integrate  this  equation  over  the  volume  of  the  reference  domain  to  get 

H In  Rmt 

11 1 v!ji,  - vd!\)r°dr°de°d2  ~ 0 (6J85) 


0 0 1 


This  equation  can  be  rewritten  as 

Tl  J (V'K,Vr>,)-W.,  -^1,  -V'K^J  + W^  = 0 (6.186) 


0 0 1 


Now,  use  the  divergence  theorem  to  get. 


H2x  I 


\ 


ll|"'Kvrd,'-lv^'vVA 


d0odz 

Rout 


(6.187) 


d60dz  = 0 
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Then,  because  V,  is  zero  at  the  top  and  the  bottom  and  because  « • V7j  at  r0  = 1 is 
a multiple  of  cos#o  and  because  n ■ VT^  is  zero  at  r0  = Rout  the  first  term  in  Equation 
(6. 1 87)  vanishes  and  because  F,  is  zero  at  the  top  and  the  bottom  and  due  to  n • V7^ 
being  zero  at  r0  = 1 and  at  r0  = Rout  the  third  term  vanishes  and  the  equation  reduces  to 


JJJ(  -V  V%  -VTh+V V2ii  ■ VTl  ) r0dr0dd0dz  = 0 (6. 1 88) 


0 0 1 


This  equation  will  be  useful  later.  Notice  that  we  can  get  the  same  equation  even  if  we 
begin  with, 

T,V2Fz  -TxS/2Vz  -0  (6.189) 

To  show  this,  let  us  integrate  this  equation  over  the  volume  of  the  reference  domain  viz., 

Jf  1(T,y\-T,?\)rAMdz=0  (6. 190) 


0 0 1 


This  equation  can  be  rewritten  as 

H In  Rm 


J 1 ](V-(W,)-VVV^ (6.191) 


0 0 1 


Now  use  the  divergence  theorem  to  get, 

V A 


dOdz 


li  "'(W,)  - K-vVA 

o o V 1 

-rif»--(^r-ivvvvA 


(6.192) 


dddz  = 0 


Then,  because  T.  is  zero  at  the  top  and  the  bottom  and  because  n-VVz  at  r0  = 1 is 

lo  *1 


multiple  of  cos<90  and  n • V FZ|  is  zero  at  ra  = Roul  the  first  term  in  Equation  (6.192) 
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vanishes  and  because  T [ is  zero  at  the  top  and  the  bottom  and  because  n • VVZi  is  zero  at 
r - 1 and  at  r - R , the  third  term  vanishes  and  the  equation  reduces  to 

o o out  x 


Tfft  -vr,0  • VK  + VTX{  ■ VV_x  }rodrod0odz  = 0 (6.193) 

0 0 1 

which  is  same  as  Equation  (6.188).  Therefore  we  can  say  that  Equations  (6.185)  and 
(6.190)  are  equal. 

Second,  multiply  Equation  (6.163)  by  , which  gives 


Tx y\  +RaJiylTli+RalTiyl,TK  =0 


(6.194) 


and  multiply  Equation  (6.126)  by  7,  , to  get 


ry2v  +Ra0Tyl,TK=o 


(6.195) 


Then,  subtract  Equation  (6.195)  from  Equation  (6.194),  to  obtain 

T,y2v„  -Ty\+to.(TyUTlt -^vur,.)+a>,r,vu tk  =o  <6.i96) 


Now,  let  us  integrate  Equation  (6.196)  over  the  reference  domain  to  get, 

H2icRm 


JH(*l 

0 0 1 


v2v  -t,v2k 

zi. 


1 1 

1 lo 


+ 


Ra,(Tyl,T,-Tylyl) 

+RalTyl„,\)r„dr,de,dz=  0 


(6.197) 


From  Equation  (6.190)  we  know  that 

jT| (Tty\  - ry\ )rA.dOA = o 

0 0 1 


Hence,  Equation  (6.197)  reduces  to 


328 


H In  Rmi 


Ro J J UT.yl^-T^UTjrAMdz 


0 0 1 


HlttKa 


(6.198) 


= -Rax  III  T>?l>AsA»d0o<h 


0 0 1 


Now  by  using  the  divergence  theorem  we  get, 


Ra„ 


Hlttf 

II 

o o V 


d0odz 


II  i-KvO, J^a-^va 

1 

H2iz  ( « ^ni/ 

II  »iMr- IVcV/A 

o o v i 

=-*>,fI  "■(rAA)|,  - I^VW 


dOdz 


(6.199) 


0 0 


dOdz 


which  can  be  arranged  as 

Hln  . » 

*>„ I I(V- W., ' rf»A 

=-*>.11  v-vd  - I(vJ>a 


o o 


^out 


(6.200) 


dOdz 


Then,  because  T,  is  zero  at  the  top  and  the  bottom  and  because  n • V,.  gT^  at  r0  = 1 
is  multiple  of  cos  #0  and  n ■ Vr  0 7^  is  zero  at  r0  = Roul  and  because  7^  is  zero  at  the  top 
and  the  bottom  and  because  n • V r gTx  is  zero  at  ra  = 1 and  at  ra  = this  equation 


reduces  to 


H Ire  Ku, 


Ra , ff 


(6.201) 


o o 1 


or 


7to 


Hire  Km  ( \ 


0 0 


<7r 


rodrd90dz  = 0 


(6.202) 


O J 
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where  T,  is  given  by  Equation  (6.150). 

Now  ( dTx  /dr0^ cannot  be  zero  hence  Ray  must  be  zero.  This  is  the  expected  result 

because  we  know  intuitively  that  it  should  make  no  difference  if  the  rod  is  shifted  to  the 
right  ( i.e .,  e > 0 ),  or  to  the  left  (i.e.,  s < 0 ).  Likewise,  we  expect  all  the  odd  Ra  ’s  to  be 
zero  (i.e.,  Ra3,Ra5,...).  Hence  to  learn  the  effect  of  a displacement  we  must  go  to  the 

second  order  of  e . But  there  we  will  need  T.  and  V,  and  we  must  determine  them  by 

M Z\\ 


setting  Rax  = 0 . Based  on  this,  the  domain  equations  at  order  e becomes 


v2r,  -v  ^ = o 

''  2,1  dz 


(6.203) 


and 


o 


(6.204) 


where  the  boundary  conditions  to  be  satisfied  are  given  by  Equations  (6.164)  to  (6.171), 
namely 

T\,  (z  = 0)  = 0,  7ii(z  = //)  = 0 
v,„  (z  = 0)  = 0,  V (z=H)  = 0 


dA 

dr 


L =*)=-■», 


dX  dT, 


1 J..2  ’ 


dr  dr 


E =«-)=» 


dV  dlV,  dV,  / 

= 1)  = “d  -A(r.  = *-)  = 0 


dr 


dr 


To  solve  this  problem  we  observe  that  Ry  is  equal  to  cos 60  and  that  (dTjdz) 


depends  only  on  z . Hence  we  set 


?;=7;(z)cos  ej,(r0) 


(6.205) 
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and 


where  fx  satisfy 


and  where 


and 


\ =\  (z)cos6,0/ik) 


(6.206) 


J_j _d_ 
f\  ro  dr0 


f jr  \ 

r#L 


(6.207) 


f# I 

’’  dr 


r„=l 


=-f 

l°  dr 2 


£=1 


(6.208) 


V & 
z“  dr 


= -V 


d2f0 


r=  1 


z‘“  dr 


r=  1 


(6.209) 


dr 


= 0 


(6.210) 


Then  Equations  (6.203)  and  (6.204)  reduces  to 


- 

J/  <L  - 

Zl1  dz 


dz2 


-k2 


4 


(6.211) 


and 


dz 2 


F_  = Rak  T. 

O li 


(6.212) 


where 


?;iq=o)=o,  ft(z = h)=o 

V (z  = 0)  = 0 and  K (z=H)  = 0 
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By  comparing  these  two  equations  ( i.e .,  Equations  (6.21 1)  and  (6.212)),  with  those 
at  the  on-centered  case,  namely 


(6.213) 


and 


dz2 


= Ra0k 


(6.214) 


we  can  observe  that  7^  is  multiple  of  f,  and  E,  is  multiple  of  V2  viz., 


Th  = DT 


(6.215) 


and 


\=D\  (6-216) 
where  D is  an  arbitrary  constant.  Hence  the  boundary  condition  of  Equation  (6.207)  at 
r0  = 1 will  become 


dr 


rn= 1 


1 d2f0 


D dr 2 


r„= 1 


(6.217) 


As  before  Vz  can  be  found  in  a series,  which  satisfies  all  the  boundary  conditions  viz., 


oo 

v -'S' b sin-— z (6.218) 

" H 

A A A 

But  we  might  notice  that  K and  7’  do  not  appear  but  we  know  that  K is  multiple  of 
K and  so  the  constants  bn  are  multiple  of  the  constants  Bn . Hence  the  two-term 


approximation  to  E,  can  be  written  as 
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V.  = DV, 


where  Vz  is  given  by  Equation  (6. 145). 


To  find  /,  we  note  that  fx 


1 d 


r \ 


^ dro  V 


Vx 

0 dr 


+ 


O / 


k2  - — 

v r 2 

\ o y 


fx=0 


(6.219) 


whence  fx  can  be  written  as 


/i  = cxJx  (kr0)  + c2Yx  (kr0) 


(6.220) 


where  k has  been  established  at  order  zero  (i.e.,  from  the  on-centered  problem).  To 
determine  the  constants  cx  and  c2  we  turn  to  the  boundary  conditions,  which  are 


dfx  , . 1 d2 f , v 


(6.221) 


and 


=*«,)=» 

dr 


(6.222) 


By  applying  these  two  boundary  conditions  into  Equation  (6.220)  we  get 


+ C- 


r„=l 


dr 


1 d2f0 


D dr2 


rn=\ 


(6.223) 


and 


dr„ 


= 0 


(6.224) 


Then  solve  these  two  equations  for  c,  and  c2 . Doing  this  we  can  write 


f a>  d2f0 


D dr 


rn=\ 


(6.225) 
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where 


dd^K) 

'a=Ku,  ^ 

YAK) 

ro=Rou, 

dJ, (hi) 

dr,(kra) 

dJ\  {K) 

dY\  {K) 

'-0=1 

r.- 1 K 

,-iL.  dr° 

It 

c>  * 

(6.226) 


Because  we  know  fx  then  by  using  Equations  (6.205),  (6.206),  (6.215)  and  (6.216)  we 
can  rewrite  T,  and  F as 

>i  \ 


ri,  = (oTx. 


. d2f 

r J o 


dr 1 


cos# 


(6.227) 


r„=l 


and 


1 2 r 

V =coV, 

11  *“  dr2 


COS# 


(6.228) 


rn=\ 


where  7j  , V and  f are  obtained  earlier  and  they  are 


yRa0k2 


n 2 . n An  n . In 

— -B,  sin — -z r-B,  sin — z 

H2  1 H H2  2 H 


2 n 2n  \ 

-k  B,  sin — z+B-,  sin — z 
1 H H ) 


a ( tz  . 2 n 

F,  = B,  sin — z + B,  sin — z 
^ { 1 H 2 H 


and 


fo=C 


-Joikro) 


dYa{K) 


dr 


+ 


dJo(kro) 


dr, 


UK) 


As  we  explained  in  earlier  chapters,  the  homogeneous  solution  will  not  play  a part 
in  the  Ra2  as  it  enters  the  calculation  multiplied  by  cos  0O  which  when  integrated  over 

In  will  eventually  vanish.  So  we  drop  the  homogeneous  part  from  the  solution  of 
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and  VZi  . This  means  that  7^  and  Vz<  given  by  Equations  (6.227)  and  (6.228)  are  written 
in  terms  of  the  particular  solutions. 

Now,  to  find  Ra2  we  turn  to  Equations  (6.172)  and  (6.173),  where  by  setting 
Rax  = 0 , they  become 


V2T  -Vz  ^0 
2 '2  dz 


(6.229) 


and 


V2K  + Ra0V)  g T.  + RaS/)  e T.  = 0 

zl,  0 roA  *2  2 ro-Po  *o 


(6.230) 


and  where  the  boundary  conditions  to  be  satisfied  are  given  by  Equations  (6.174)  to 
(6.181),  namely 

Th{z  = 0)  = 0,  Th(z  = H)  = 0 
F (z  = 0)  = °,  V {z  = H)  = 0 


dT.  . . dV 
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1 3r3 


- R1  — j-  - 2 

dr2 


sin6>0  &Th 
R2  dQ,. 


and 


dJ\ 

dr 


{r0=l)  = -2R] 


d2Vz  d%  d2vz  sin0  dV2 

Z1| R 2 zIq  " Z1-  „ 2 


dr. 


1 “1  a„3  2 a.  2 
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K 5d0 


To  begin,  let  us  multiply  Equation  (6.229)  by  V,  and  Equation  (6.125),  at  steady 


state,  by  Vz  to  get 


v.  v2r,  -V-  V2  — - = o 

10  2 ‘o  ‘2  dz 


(6.231) 
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and 


rJrT 

v v2t:  -f  f ^ = o 

z>2  io  zi2 


Then,  subtract  Equation  (6.232)  from  Equation  (6.231),  to  obtain 

V7  v2t  -f  v2t.  =0 

zl„  *2  Zl2  1 o 

and  integrate  the  result  over  the  volume  of  the  reference  domain  to  get, 

H In  K, 


(6.232) 


(6.233) 


J IIK’X-i;aW«.*=o 


(6.234) 


o o 1 


This  equation  can  be  written  as 

H In  Rm 


1 J 1 -vr,,  -v^aa* =o  (6.235) 


0 0 1 

Now  use  the  divergence  theorem  to  obtain 

H2nf  t n v '\ 

*-Kvr0,  - 

0 0 v 


dOdz 


\\  S-Kvr0‘-  Jv^-v^a 


(6.236) 


d0odz  = 0 


Then,  because  F,  and  F„  are  zero  at  the  top  and  the  bottom  and  due  to  n • V7’ 

Zl„  Zl2  ‘2 

being  zero  at  rg  = Rout  and  h ■ V7J  being  zero  at  ra  — 1 and  at  r0  = i?ou,  the  foregoing 
equation  reduces  to 

TlM^4.1^  = TnK  'Vr>.  ^>A^  (6.237) 


0 0 


0 0 1 


This  equation  will  be  useful  later. 

Now,  multiply  Equation  (6.230)  by  7j  and  Equation  (6.126)  by  7j  , to  get 


T.  V2Fz  + Ra  Tx  V2  Tx  + Ra2Tx  V2  e Tx  =0 

*o  zl,  ° *o  ro,V0  '2  1 lo  ro  A,  'o 


(6.238) 
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and 


TXW2VZ  + Ra  T V2  g Tx  =0 

*2  \ 0 *2  ro*°o  lo 


(6.239) 


Subtract  Equation  (6.239)  from  Equation  (6.238)  and  integrate  the  result  over  the  volume 
of  the  reference  domain  to  get, 


H In  Rou 


0 0 1 


+Mv?uv7’.,vur..)  <6'24°) 

+R«Jl\’l„T:)rdrJOdi  = 0 


By  using  the  divergence  theorem  we  get 
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f 

-\-Rqj 

\ 

• )) 

= 0 


Now,  because  E,  and  T,  are  zero  at  the  top  and  the  bottom  and  due  to  the  fact  that 
h • VT.  and  n ■ VF  are  both  zero  at  r = 1 and  at  r = R„  and  because  n ■ VF,  is  zero 

*o  "Iq  u O uW 

at  r0  = i?ou(  and  by  using  Equation  (6.237)  viz., 

Tj"-Kvr.,)L,^A=-Tr/  K -V?;,  ■ vr,)rA^A 


0 0 


0 0 1 


we  can  rewrite  Equation  (6.241)  as 
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Ra2  = 
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dOdz 
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or 
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r0dr0dG0dz 


The  denominator  is  always  positive  but  we  cannot  decide  the  sign  of  the  nominator 


without  a calculation.  This  calculation  is  made  at  different  values  of  R„„,  and  H . Some 


results  are  illustrated  in  Table  6-2. 


Table  6-2.  Values  of  Ra0  and  Ra2  at  different 
values  of  Rout  and  H . 


Rou, 

H 

Ra0 

Ra2 

5 

46.57 

-3.93  xlO4 

1.5 

10 

22.46 

-1.90xl04 

15 

14.87 

-1.30xl04 

5 

3.950 

-1.110 

5.0 

10 

0.703 

-0.200 

15 

0.351 

-0.098 

These  results  suggest  that  the  value  of  Racrilical  decreases  as  we  shift  the  rod  off- 
center  and  hence  it  is  easier  to  start  natural  convection  when  the  rod  is  displaced.  It  is 
important  to  note  that  Ra  (experimental)  depends  on  Rin  ( Ra  increases  as  Rin  increases), 

while  Racritical  does  not  depend  on  Rm  and,  hence,  the  bigger  the  region  make  it  easier  for 
natural  convection  to  occur.  From  the  results  presented  in  Table  6-2,  we  can  observe  that 
at  a given  value  of  Roul  the  values  of  Raa  decreases  as  the  annular  region  become  deeper 
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(i.e.,  H increases),  and  at  a given  value  of  H the  value  of  Rag  decreases  as  the  annular 
region  become  wider  (i.e.,  Roul  increases).  These  results  are  expected  because  the  deeper 

the  annular  region  is  the  harder  it  becomes  for  the  heat  to  get  out  through  the  top  and  the 
bottom  walls  and  this  will  increase  the  temperature  and  if  the  temperature  rises  enough  to 
make  the  gradient  stronger  then  this  will  increase  the  density  gradient  and  therefore  it 
become  easier  for  natural  convection  to  take  place.  On  the  other  hand,  a wider  annular 
region  can  accommodate  more  flow  cells  than  a thin  region  and  this  will  lower  Racritical . 
Notice  that  even  with  setting  Q equal  to  a constant  the  calculations  are  not  ordinarily 
simple. 

Now,  let  us  summarize  what  we  have  done  and  learned  in  this  chapter.  The  aim  of 
this  chapter  was  to  steady  the  thermal  stability  in  porous  media  with  natural  convection. 
To  achieve  this,  we  begin  by  considering  a porous  material  that  produces  heat  in  an 
annular  region  where  the  heat  source  depends  linearly  on  temperature.  On  steadying  this 
problem  we  learned  that,  in  the  on-center  case,  an  adverse  temperature  gradient  could 
induce  a natural  convection  that  may  enhance  the  thermal  stability  of  the  system  and  for 
this  to  happen  the  problem  needs  to  exceed  a certain  value  of  Rayleigh  number  (i.e., 

Ra crmcai )’  that  is  defined  in  terms  of  the  parameters  of  the  problem  itself.  Then,  as  we 

shift  the  rod  off-center,  we  found  that  it  becomes  difficult  to  solve  this  problem  and  the 
usual  method  (i.e.,  perturbing  a simpler  eigenvalue  problem),  that  we  used  in  the  earlier 
chapters  do  not  work  here  because  this  problem  does  not  have  a simple  resolution  to  it. 
However,  to  learn  more  about  thermal  stability  of  this  kind  of  problems  we  carried  out 
the  calculation  but  with  approximation.  This  approximation  is  to  hold  the  heat  source 
fixed.  By  solving  this  modified  problem  we  found  that,  when  the  inner  cylinder  is 
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displaced  slightly  from  the  center  of  the  annulus  the  chance  for  natural  convection  to 
come  into  action  increases.  Unfortunately,  in  these  problems  we  were  not  able  to  show 
that  thermal  stability  enhances  as  natural  convection  begins  to  take  place  within  the 
region.  This  is  because  to  show  that  we  must  calculate  the  total  heat-transfer  rate  in  the 
case  where  natural  convection  can  occur  and  in  the  case  where  no  natural  convection  can 
take  place  to  see  the  difference.  But  we  could  not  do  that  because  we  do  not  know  the 
exact  value  of  the  perturbed  temperature  except  through  an  arbitrary  constant.  In  addition 
to  that  we  learned  that  even  for  this  simple  problem  the  calculations  that  determine  the 
critical  value  of  the  Rayleigh  number  are  not  ordinarily  simple. 


CHAPTER  7 
CONCLUSIONS 

The  main  aim  of  this  dissertation  was  to  study  the  effect  of  geometry  change  on  the 
thermal  stability  of  heat-producing  regions  where  the  heat  source  depends  linearly  on 
temperature.  We  defined  the  thermal  instability  (i.  e. , thermal  ignition  or  explosion),  by 
the  occurrence  of  an  infinite  maximum  temperature,  which  in  turn  translates  into  our 
inability  to  find  a steady  solution.  In  this  concluding  chapter,  we  will  present  the  most 
important  of  the  results  that  we  have  obtained  from  this  study. 

To  understand  how  the  geometry  change  can  affect  the  thermal  stability  of  heat 
producing  regions  we  used  the  domain  and  surface  perturbation  methods.  Using  such 
methods  we  concluded  that  a distorted  annulus  could  tolerate  more  heat  generation  than  a 
perfectly  centered  one.  In  solving  a problem  on  the  effect  of  geometry  change  on  the 
thermal  stability  of  a planar  geometry  with  heat  being  produced  within  the  domain  we 
found  that  when  the  unboundedness  or  non-existence  is  used  to  identify  the  instability  the 
domain  perturbation  method  cannot  be  applied  directly  to  the  domain  equations.  Instead 
we  must  introduce  the  corresponding  eigenvalue  problem  and  solve  it  in  terms  of  the 
reference  geometry.  In  other  wards,  the  eigenvalue  problem  is  solved  by  perturbing  the 
domain  equations  about  the  reference  state.  On  doing  this,  we  found  that  the  thermal 
instability  is  given  by  the  condition  when  the  leading  eigenvalue  becomes  zero.  In 
addition  to  this,  we  found  that  the  value  of  the  diffusion  strength  becomes  an  indicator  of 
the  thermal  stability,  that  is:  as  the  diffusion  strength  increases  the  thermal  stability  of  the 
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system  increases.  We  also  learned  that  thin  heat-producing  regions  are  thermally  more 
stable  than  thick  heat-producing  regions. 

Then  series  of  problems  were  considered.  There  was  the  thermal  stability  of  a heat- 
generating annular  region  under  a variety  of  boundary  conditions  without  flow  and  with 
flow.  By  solving  this  problem  we  found  that  for  the  cases  of  constant  inner  wall 
temperature  and  at  adiabatic  inner  wall,  the  annular  region  becomes  thermally  less  stable 
as  the  inner  rod  is  shifted  from  the  center  of  the  geometry,  but  for  the  case  of  perfectly 
conducting  inner  wall  the  opposite  is  true  (/.  e. , the  distorted  annular  region  is  thermally 
more  stable  than  a symmetric  one).  We  also  learned  that,  regardless  of  the  reduction  in  its 
thermal  stability  due  to  the  displacement,  the  region  with  constant  inner  wall  temperature 
is  always  more  stable  than  the  other  two  cases.  Also  we  found  that  the  region  with 
adiabatic  inner  wall  is  slightly  less  stable  than  the  region  with  perfectly  conducting  inner 
wall.  Furthermore,  we  found  that  the  thermal  stability  of  the  region  with  perfectly 
conducting  inner  wall  is  weakly  dependent  on  the  location  of  the  inner  cylinder.  From  all 
of  this  we  learned  that,  the  thermal  stability  of  a heat-generating  annular  region  depends 
strongly  on  the  location  of  the  inner  cylinder  and  on  the  boundary  conditions  of  the 
region.  Thus,  in  designing  heat  exchangers,  which  are  typically  designed  in  a concentric 
cylinder  form,  the  designer  must  be  very  careful  to  get  the  alignment  right  and  to  take 
into  consideration  the  boundary  conditions  of  the  system. 

The  heat  transfer  assumption  was  then  modified  as  a little  forced  convection  is 
added.  To  study  this  case  we  added  a radial  flow  to  the  case  of  constant  walls 
temperatures  and  then  assumed  that  the  fluid  flow  is  described  via  Darcy’s  law.  Doing 
this  we  found  that,  at  the  reference  state,  the  radial  flow,  regardless  of  its  direction. 
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increases  the  thermal  stability  of  this  problem.  But  on  perturbing  the  inner  cylinder  the 
thermal  stability  decreases  and  it  becomes  a function  of  the  direction  of  the  radial  flow, 
that  is:  the  case  with  outward  flow  is  thermally  more  stable  than  the  case  with  inward 
flow.  Also,  we  found  that  at  high  flow  the  correction  factors  cannot  be  important  and  the 
problem  always  remains  stable.  In  addition  to  this  we  were  able  to  show  by  using  simple 
derivations  that  this  problem  must  always  be  stable  regardless  of  the  direction  of  the  flow 
or  its  strength.  From  this  we  convinced  our  selves  that  the  thermal  stability  of  this 
problem  strongly  depends  on  the  heat-transfer  mode. 

Viscous  flow  problems  were  considered  next  to  show  how  the  results  presented 
earlier  tie  into  some  concrete  physical  problems.  To  achieve  this,  we  considered  viscous 
heating  of  liquids  in  simple  flows  and  we  started  by  showing  that  viscous  fluid  flow 
problems  are  in  fact  thermal  ignition  problems  in  which  the  heat  source  depends  linearly 
on  temperature.  Some  auxiliary  problems  were  studied  and  solved  to  get  some  idea  of  the 
effect  of  unequal  temperatures  at  the  boundaries  and  of  the  effect  of  geometry  change  in 
frictional  heating.  From  these  auxiliary  problems  we  learned  that,  the  thermal  stability  of 
viscous  heating  does  not  depend  on  whether  or  not  the  two  boundaries  are  at  different 
temperatures  even  though  the  details  of  the  flow  and  the  temperature  will  be  affected  by 
the  temperature  difference  at  the  boundaries.  In  addition  to  this  we  learned  that  the 
thermal  stability  of  viscous  heating  problems  is  strongly  dependent  on  their  geometry.  In 
addition  to  all  this  another  interesting  problem  was  considered.  This  problem  is  the 
thermal  stability  of  frictional  heating  in  axial  flow  between  a rod  and  a pipe  due  to 
viscous  heating.  On  studying  this  problem  we  found  that,  this  problem  can  be  solved  only 
when  it  is  perfectly  symmetric  but  as  the  inner  rod  is  shifted  slightly  from  the  center  of 
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the  annulus  the  mathematics  of  the  problem  become  very  complicated.  However,  to  learn 
more  about  thermal  stability  of  this  geometry  we  carried  out  the  calculation  but  with  the 
approximation  that  the  viscosity  was  fixed.  By  solving  this  modified  problem  we  found 
that  this  problem  is  always  thermally  stable  and  when  the  inner  cylinder  is  displaced 
slightly  from  the  center  of  the  annulus  we  found  that  both  the  total  volumetric  flow  rate 
and  the  total  heat-transfer  rate  increase.  The  increases  in  these  two  rates  have  two 
opposite  effects  on  the  thermal  stability  of  this  problem  ( i.e .,  the  increase  in  total 
volumetric  flow  rate  reduces  the  thermal  stability  of  the  problem  while  the  increase  in  the 
total  heat-transfer  rate  enhances  its  thermal  stability).  It  would  appear  that,  because  the 
problem  is  always  stable,  either  the  two  effects  just  offset  leaving  the  thermal  stability  of 
the  problem  unchanged  or  the  stabilizing  effect  will  be  the  predominant  effect.  Also  we 
found  that  the  location  of  the  maximum  temperature  strongly  depends  on  the  shape  of  the 
geometry. 

To  give  another  physical  application  to  the  results  presented  earlier  additional 
problem  was  considered.  This  problem  is  to  study  thermal  stability  in  a porous  media 
with  natural  convection.  On  studying  this  problem  we  learned  that,  in  the  on-center  case, 
an  adverse  temperature  gradient  could  induce  natural  convection  that  can  then  enhance 
the  thermal  stability  of  the  system  and  for  this  to  happen  the  problem  needs  to  exceed  a 
certain  value  of  Rayleigh  number.  Then,  as  we  shift  the  rod  off-center,  we  found  that  it 
becomes  difficult  to  solve  this  problem  and  the  usual  method  (i.e.,  perturbing  a simpler 
eigenvalue  problem),  did  not  work.  Again,  to  learn  more  about  thermal  stability  of  these 
kinds  of  problems  we  carried  out  the  calculation  with  an  approximation,  that  is:  to  hold 
the  heat  source  fixed.  By  solving  this  modified  problem  we  found  that,  when  the  inner 
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cylinder  is  displaced  slightly  from  the  center  of  the  annulus  the  chance  for  natural 
convection  to  come  into  action  increases.  Unfortunately,  in  these  problems  we  were  not 
able  to  prove  that  thermal  stability  enhances  as  natural  convection  begins  to  take  place 
within  the  region.  This  was  because  the  value  of  the  perturbed  temperature  is  known  only 
up  to  an  arbitrary  constant. 

In  conclusion,  in  this  dissertation,  the  physics  of  thermal  stability  under  different 
imposed  restrictions  and  various  settings  has  been  explored  with  an  idea  of  understanding 
the  physics  as  the  geometry  is  changed  or  distorted. 


APPENDIX  A 

EXPLINATION  OF  THE  DOMAIN  PERTURBATION  METHOD  REQUIRED  TO 
CARRY  OUT  THE  CALCULATION  OF  THIS  WORK 

This  appendix  gives  an  explanation  for  the  domain  perturbation  method  that  is  used 
to  solve  the  main  problems  considered  in  this  thesis  (/.  e. , problems  with  distorted 
geometry).  This  explanation  is  based  on  the  work  of  Morse,  P.M.  and  Feshbach,  H. 

(1953)  and  on  our  understanding  of  the  work  of  Johns,  L.E.  and  Narayanan,  R.  (2002). 

To  begin,  let  u denote  the  solution  to  a problem  defined  on  a domain  D , where 
equations  sufficient  in  number  are  specified  on  D , and  on  its  boundary,  to  determine  u . 
Among  problems  like  this  are  those  where  the  domain  D itself  presents  a major 
challenge.  These  problems  are  of  two  kinds.  Those  where  D is  not  specified  and  must  be 
determined  as  part  of  the  solution,  and  those  where  D is  specified  but  is  irregular.1  The 
number  of  equations  to  be  satisfied  can  be  different  in  the  two  cases. 

In  any  of  these  two  cases,  estimates  of  u , or  of  u and  D , can  be  obtained  by 
solving  a simple  problem  defined  on  a specified  and  regular  domain.  The  domain  of  this 
simple  problem,  denoted  by  Do , is  called  the  reference  domain.  It  may  be  determined  by 
the  original  problem  or  it  may  be  set  so  as  to  simplify  our  work. 

Our  job  is  to  find  out  how  to  modify  the  problem  on  D to  make  up  for  the  change 
in  its  domain  to  D0 . Particularly,  it  is  to  determine  u in  terms  of  the  solutions  to 


1 By  the  word  irregular  we  do  not  mean  to  imply  not  smooth,  but  instead,  not  convenient. 
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problems  defined  on  the  reference  domain  Da . The  first  part  of  our  job  is  to  decide  what 
problems  on  D0  might  help  us. 

To  explain  how  to  do  this  and  to  show  exactly  how  all  of  the  details  of  the 
calculations  work  out,  let  the  problem  be  dimensional  and  let  us  work  in  terms  of 
Cartesian  coordinates.  Then,  in  terms  of  an  original  O and  axes  Ox  and  Oy  at  right 
angles,  the  points  of  Da  will  be  denoted  by  coordinates  x0 , y0  and  those  of  D by 
coordinates  x,y . 

Now,  the  main  idea  is  to  imagine  a family  of  domains  Dc  growing  out  of  the 
reference  domain  D0  and  to  imagine  that  u must  be  determined  on  each  of  these,  one 
being  the  domain  of  interest.  The  points  (x,y)  of  the  domain  De  are  then  determined  in 
terms  of  the  points  (x0,y0)  of  the  reference  domain  Da  by  the  mapping 

x = f(x0,y0,e ) (A.l) 

and 

y = g(x0,y0,e)  ( A.2 ) 

Based  on  this,  each  point  of  De  gets  an  ancestor  in  D0  and  determining  the  mapping  of 
D0  into  De  may  be  part  of  solving  the  problem. 

Now,  let  De  be  unspecified  or  irregular  in  only  one  part  of  its  boundary  and  let  D0 
be  specified  and  regular  at  this  boundary.  Then,  let  the  domains  De  grow  out  of  the 
reference  domain  D0  as  part  of  the  boundary  of  Da , denoted  y0  = Yn  (x0) , passes  through 
a series  of  configurations  y = Y (*,£■)  forming  the  corresponding  parts  of  the  boundaries 
of  the  domains  De . It  is  sufficient  to  simplify  the  mapping  of  D0  into  De  to 
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* = *o 

and 

y = g(xotyoie) 

where  this  mapping  must  carry  out  the  points  ( xa,y0  = Ya  (xe))  of  the  boundary  of  the 
reference  domain  Da  into  the  corresponding  points  (x,y  = Y (*,£"))  of  the  boundary  of 
De  , namely 

x = xc 
and 

y = Y(x,e)  = Y (x0,f)  = g(x0,Y0  (x0),^) 

This  simple  mapping  is  the  foundation  of  our  work  (i.e.,  to  perform  the  perturbation 
calculations  when  solving  an  unknown  domain),  and  it  is  depicted  in  Figure  A-l. 

The  strategy  of  this  appendix  is  to  work  out  the  expansion  along  the  mapping  of  a 
variable  u on  the  domain  De  in  terms  of  variables  u0,uvu2,...  on  the  reference  domain 

To  put  this  strategy  to  work,  the  function  g is  expanded  in  power  of  s as 

g(wo^)  = g(wo^  = 0)  + ^(Wo^  = °)  + ^2^(xo,To,£  = 0)  + ... 

os  1 OS 

where  g(x0,y0,s  = 0)  = ya  and  where  the  derivatives  of  g , evaluated  in  the  reference 
domain,  are  taken  holding  xa  and  y0  fixed.  Then,  in  terms  of  notation 

Mwo)“(*o>To^=0) 


(A.3) 
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A B 

Figure  A-l.  Mapping  Do  into  De.  A)  Reference  domain  Da.  B)  Present  domain  De. 


Mw,,) 


de 2 


{x0,y0,e  = 0) 


(A.4) 


etc. 


then  the  mapping  can  be  written  as 


x = 


(A.5) 


and 

y = g(x0,y0,e)  = y0  + eyx  {x0,y0)+-e2y1  (x0,y0)  + ...  (A.6) 

and  this  is  the  form  in  which  it  is  used. 

Now,  the  boundary  of  the  reference  domain  must  be  carried  into  the  boundary  of 
the  present  domain  by  our  mapping.  Hence,  the  function  Y (x,<?) , which  describes  the 
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boundary  of  the  current  domain,  inherits  its  expansion  in  powers  of  e by  putting 
y0  = Ya  (x0)  into  the  expansion  of  the  domain  mapping.  Then,  at  the  boundary,  the 
mapping 

and 

y = Y(x,£)  = Y0(x0)  + syl(x0,Y0(x0))  + ^s2y2(x0,Y0(x0))  + ... 
which  can  be  written  as 

x = *0  (A.7) 

and 

y = Y(x,£)  = Y0(x0)  + £Yi(x0)  + ^£%(x0)  + ...  (A.8) 

by  introducing  the  notation 

»U*.)=*(*..n(*.))  (a.9) 

Y1M  = y1(x0,Y<,(xo))  (A- 10) 


etc. 

It  is  YvY2,...  that  must  be  determined  or  assigned  to  specify  the  domain  De  in  terms  of 
the  reference  domain  Do . 

Now,  to  determine  the  expansion  of  a domain  variable  and  its  derivatives  along  the 
mapping,  note  that  there  are  two  kinds  of  variables  of  interest  to  us:  those  defined  on  the 
domain,  and  hence  on  its  boundary  as  well,  and  those  defined  only  on  the  boundary  of  the 
domain.  These  latter  variables  ordinarily  depend  on  the  shape  of  the  boundary  and 
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acquire  their  expansion  by  the  expansion  of  the  function  determining  this  shape.  The 
curvature  of  the  bounding  surface,  the  normal  and  the  normal  speed  are  examples  of 
variables  defined  only  on  the  boundary,  but  many  variables  of  interest  to  us  are  defined 
on  the  domain  as  well  as  on  its  boundary  and  it  is  to  these  variable  that  we  turn  first. 

Let  u , as  it  depends  on  x,  y and  s , denote  the  solution  to  a family  of  problems  on 
a family  of  domains,  denoted  De . The  domains  De  grow  out  of  a reference  domain  D0 . 

A point  (jc,>>)  of  the  domain  De  is  connected  to  its  ancestor  ( x0,y0 ) of  D0  by  Equations 
(A.5)  and  (A.6).  Let  u(x0,y0,s  = 0)  be  denoted  by  u0  (x0,y0) . It  is  understood  that  the 
problem  satisfied  by  u can  be  solved  on  Da  to  produce  u0  and  D0  too  if  it  is  not  known. 
Our  plan  is  to  determine  u at  the  point  (x,^)  in  De  in  terms  of  ua,  and  whatever  else  is 
required,  at  the  point  ( xo , yo ) in  D0 . 

To  find  out  what  is  required,  we  expand  u(x,y,s)  in  powers  of  s along  the 
mapping  and  write  this  expansion 

u(x,y,e)  = u(x  = x0,y  = y0,e  = 0)  + £^~(x  = xa,y  = y0,e  = 

as 

1 2 d ll  r 

+-£  -Tr{x  = xo,y  = yo,£  = 0)  + ... 

2 as 

where  d/ds  denotes  the  derivative  of  a function  depending  on  x,y  and  s taken  along 
the  mapping  (/. e. , taken  holding  xD  and  ya  fixed  where  x and  y depend  on  xa,y0  and  s 
by  the  use  of  the  mapping),  viz.,  via  Equations  (A.5)  and  (A.6). 

Then,  with  u0  defined  by 

u0{xo’yo)  = u{x=xo’y  = yo’£  = °) 


0) 

(A.11) 
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. du  , d2u 
work  out  — and  — - . 
ds  ds 


To  obtain  a formula  for  — (x  = xa,y-  ya,s  = 0) , differentiate  u along  the 

ds 


mapping  taking  x and  y to  depend  on  s , holding  x0  and  yB  fixed.  By  the  chain  rule. 


there  results 


du  , % du  , x du  , ,dg,  , ..  ... 

— {x,y,e)  = — (x,jm>)  + — (x,.y,*r)— (x0,y0,e)  (A.12) 

ds  os  dy  os 

du  df' 

where  u - g(x0,y0,s ) and  where  the  term  — (x,y,s)  — (x0,y0,s) , that  might  have 

dx  ds 

been  expected  had  Equation  (A.  1 ) been  used,  does  not  appear  due  to  the  fact  that 
Equation  (A.5),  namely 


x = f(x0,y0,s)  = x0 

is  being  used  instead,  where  xa  is  being  held  fixed.  Then,  set  s to  zero  in  Equation 
(A.12)  and  use  Equation  (A. 3)  to  obtain 

£(*  = W = y0’£  = 0)  = ^(x0,y0,s  = 0)  + yl  {x0,y0)^(x0,y0,s  = 0)  (A.13) 
In  Equation  (A.13),  introduce  w,  via 

wi  (w.)  = ^-{x  = x0,y  = y0’£  = °) 


and  observe  that 


du 

dy 


(x 


y0>e 


(Wo) 


to  get 
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= x0,y  = y0,£  = o)  = ux  (xo,yo)  + yx  ( x0,y0)^-{x0,y0 ) 
ds  dy0 


(A.  14) 


where  yx  specifies  the  mapping  to  first  order  of  s and  where  ux , like  u0 , remains  to  be 
determined. 


To  work  out  the  second  derivative,  differentiate  Equation  (A.  12)  to  obtain 


d 

du 

_ d 

'du 

du 

dg 

d 

du 

d 

du 

ds 

ds 

ds 

ds 

' dy 

ds 

ds 

ds 

ds 

.dy. 

du  d2g 
dy  ds 2 


and  substitute 


d 

du 

_ d 

du 

d 

+ — 

du 

ds 

ds 

ds 

ds 

dy 

ds 

dg 

ds 


and 


to  obtain 


d 

du 

d 

du 

d 

+ — 

'du 

ds 

dy 

ds 

.dy. 

dy 

dy 

(]g_ 

ds 


d2u  + ^ d2u  dg  + d2u  dg 
ds2  dyds  ds  dy2  ds 


du  d2g 

+ r 

dy  ds' 


Then,  in  Equation  (A.  1 5),  set  x - x0 , y = y0  and  s = 0 , introduce  u2  via 


u2(xo’yo)  = ^j{x  = xo,y  = yo,e  = 0) 


observe  that 


d2u 

dy 2 


(x 


x0,y  = y0,£  = o)  = ^j{x0,y0) 

dy0 


(A.  15) 


and  use  Equations  (A.3)  and  (A.4)  to  obtain 
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d2u 


dux 


, /(*  = x0,y  = y0,£  = 0 ) = u2  (x0,y0)  + 2yx  (Woh-HWo) 
de  8y0 


d2u„ 


du„ 


(A.  16) 


oy0  vy,, 


where  y2  specifies  the  mapping  to  second  order  of  £ and  where  u2  remains  to  be 


determined. 


Additional  derivatives  needed  to  write  u(x,y,£ ) to  any  order  in  £ can  be 


determined  by  carrying  this  work  further;  indeed,  their  forms  can  even  be  guessed,  but 
Equations  (A.  14)  and  (A.  16)  are  enough  to  write  u to  second  order  in  £ as 


u(x,y,e)  = ua  +£ 


u\  + y\ 


dy„ 


1 2 

+ — £ 
2 


dux  2 d2u0 

u2+2yi^~L+yi  ^f+yi 


du„ 


dy„  dy0 


+ ...  (A.  17) 


where  every  variable  on  the  right-hand  side  is  evaluated  at  (x0,ya). 

To  determine  u on  the  domain  Dc,  then,  it  would  seem  as  though  u0,uvu2,...  as 
well  as  yl,y2,...  would  need  to  be  determined  on  the  reference  domain  Da . It  turns  out 
that  while  u0,ul,u2,...  can  be  determined,  yx,y2,...  cannot,  and,  although  this  presents  a 
technical  difficulty,  it  is  helpful  to  be  guided  by  the  idea  that  what  is  required  is  a 
mapping-independent  prediction  of  the  values  of  u at  the  interior  points  of  the  domain 

One  aim,  then,  is  to  derive  the  equations  that  must  be  satisfied  by  the  functions 
u0,ux,u2,...  on  the  reference  domain  D0  from  the  equations  satisfied  by  u on  the  present 

domain  De . Now,  derivatives  of  u appear  in  most  of  the  equations  of  interest;  hence,  in 
addition  to  the  expansion  of  u , expansions  of  its  derivatives  e.g.,  expansions  of  du/dx 
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and  du/ dy , must  be  obtained.  These  can  be  used  along  with  the  expansion  of  u in 
determining  the  equations  satisfied  by  u0,uvu2,...  on  the  reference  domain  D0 . 

Taking  du/dy  first,  we  must  differentiate  the  right-hand  side  of  Equation  (A.  17) 
with  respect  to  y , holding  x and  s fixed,  where  the  functions  appearing  there  depend  on 
xo,y0  and  s . To  do  this,  Equations  (A.5)  and  (A. 6)  can  be  used  to  obtain  xa  and  ya  in 
terms  of  x,y  and  e , and  then  the  chain  rule  of  differentiation  can  be  used.  In  this  use  of 
the  chain  rule,  functions  of  xa,y0  and  e are  to  be  differentiated  with  respect  to  y , 
holding  x and  e fixed;  earlier,  to  obtain  Equations  (A.  14)  and  (A.  16),  functions  of  x,y 
and  s were  differentiated  with  respect  to  e , holding  xD  and  y0  fixed. 

The  chain  rule,  then,  requires  functions  of  x0  and  y0  to  be  differentiated  according 
to 


Af  1 = A[  A+Af 

dyV  dx0  dy  dyB  1 J dy 

but  dx0/dy  is  zero,  due  to  the  fact  that  x = f (x0,y0,e)  = xQ , and  by  this,  the  chain  rule 


reduces  to 


d_ 

dy 


Hence,  we  must  differentiate  the  right-hand  side  of  Equation  (A.  17)  with  respect  to  y0, 
holding  x0  and  s fixed,  and  then  multiply  this  by  dyjdy  which  comes  from  Equation 
(A.6),  holding  x and  e fixed.  Doing  this  leads  to 
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du 

dy 


du0  fyp 
dya  dy 


+ £ 


du,  dy„  , d2u0  dy0  | dy,  du0 
dy„  dy  1 dyl  dy  dy  dy0 

n2 


+ — £ 
2 


du2  dya  1 2^,  duxdy0  | 2 dy,  fo,  | ^ a u0  ayn 


(A.  18) 


_dy0  ay  ay0  ay  ay  dy0  dy0  dy 

dyx  d2u  d2u  dy  dy2  du 

+2 v.  ■■■  - v + y, — ^-^.  + -£2. — ° + ... 

dy  dy0  dy 2 dy  dy  dya 


where  the  chain  rule  has  been  used  to  differentiate  u0,du0/dy0,d2u0/ dy20  ,ux,dux/dya  and 

u2 , but  it  has  not  been  used  to  differentiate  yx  and  y2 . These  derivatives  have  been 

indicated  as  dyx/dy  and  dy2/dy  for  reasons  to  appear  presently. 

Now,  Equations  (A.5)  and  (A.6)  can  be  used  to  determine  dyjdy  as 

dya  _ l „dyx  1 g2  dy2 

dy  dy  2 dy 

and  this  reduces  Equation  (A.  1 8),  the  expansion  of  du/dy , to  its  final  form,  that  is 


du  / \ du 

— (x,y,e)  = -e-  + e 

dy  dya 


du,  d2un 

— L + Ti — f 
dy2a 


1 2 

+ — £ 
2 


du2  d ux  2d  uo  a u0 

TT  + 2>’t^-iL  + T,Vf+T2^ f 

dy„  dy0  dy0  dyQ 


(A.  19) 


+ ... 


The  main  thing  to  observe  in  this  formula  is  that  all  the  terms  in  Equation  (A.  18)  in 

which  derivatives  of  yx,y2,...  appear  e.g.,  — — - , are  lost  in  taking  the  last  step,  with 

dy  dy0 

the  result  that  the  expansion  of  du/dy  looks  just  like  the  expansion  of  u,  as  might  have 
been  anticipated,  namely 


+ ... 


du 

1 , 

dux  2 d2u  du 

U = U0+£ 

«i +yxTr 

dy0 

+ 
io  1 

u2+lyx  +T,  - 2 +T2  ‘ 
dy0  dy0  dy0 

and 
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du  du 

= - + £ 

dy  fy0 


du,  d2u„ 

1 2 

du-,  d2u,  2 d2un  d2u 

1 

5 Cv)  © 

1 

+ — £ 
2 

— 1 + 2 y.  — f + y2  — f + y,  — f 

\V„  dy20  dy]  >2  ay2  J 

+ . 


and  this  would  lead  us  to  expect  the  expansion  of  — - 

dy 


to  be 


d2u  d2u„ 


fy  dyQ 


■ + £ 


d2u,  d3un 

-rt +y i“rf 

. dya  dyl 


+ -£ 2 
2 


d2u2  . d3u, 
2 +2yl 


+y  i 


d u„ 


+y  2- 


d2u„ 


(A.20) 


a.  3 -r‘  a.  4 V!  i3 

dy0  dy0  dya 


+ ... 


which,  indeed,  is  correct.  In  all  these  formulas,  the  variables  on  the  left-hand  side  are 
evaluated  at  x,y  and  £ whereas  all  the  variables  on  the  right-hand  side  are  evaluated  at 
x0  and  y0. 

Turning  to  du/dx , we  must  differentiate  the  right-hand  side  of  Equation  (A.  17) 
with  respect  x , holding  y and  £ fixed.  Now,  x is  equal  to  xQ , but  y is  being  held 
fixed;  hence,  yQ  cannot  be  fixed.  The  result  is  that  d/dx , where  y is  held  fixed, 
operating  on  the  right-hand  side  cannot  be  replaced  by  d/c bc0 , where  yo  is  being  held 
fixed,  even  though  x = x0 . The  mapping  must  be  used  to  determine  y0  as  a function  of  x 
at  a fixed  values  of  y and  £ . Again,  all  of  the  variables  on  the  right-hand  side  of  the 
expansion  of  u{x,y,£ ) , outside  of  £ itself,  which  is  being  held  fixed,  depend  only  on  x0 

and  ya . In  view  of  this,  our  calculation  of  du / dx  again  requires  the  use  of  the  chain  rule, 
and  in  this  case  it  has  the  form 


d_ 

dx 


[] 


d r A+_lf 

dxa[  ldx  dyal  ldx 
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Once  more  using  Equations  (A.5)  and  (A.6)  to  express  x0  and  y0  in  terms  of  x and  y , 
there  now  obtain 


and 


n dy  dyx  1 2 dy2 
2 


dx 


dx 


dx 


whence  the  chain  rule  takes  the  form 


where 


dx  dx  2 dx 


(A.21) 


Working  out  d/dx  applied  to  the  right-hand  side  of  Equation  (A.  17)  then  leads  to 


du 

dx 


d“o  , duo  dy0 


dx„ 


+ -£2 
2 


dy„  dx 
du 


+ £ 


2 , fyo 
dx0  dy0  dx 


du{  | du , dy0 
dx0  dya  dx 

d2u 


d2u 


2 yx 


+ y,  — ^ + 

Sx0dy„  dy0  dx 

+ 2- 


faptyp  fya  fa 


dux  dy{ 

fa 


, fag  fol 
fa 


+y; 


d\  , 9\  fyo 


- + 


fa 0^0  fyo  fa 


+2yx 


d2u„  fy\ 

dy]  dx 


+ T2 


52w0  , d2u0  dy0 


■ + 


faofyo  fyo  fa 


+ 


fa0 

dya  dx 


+ . 


where  the  chain  rule  has  been  used  to  differentiate  u0,du0/dy0,d2u0/ dy]  ,uvdujdya  and 
u2 , but  it  has  not  been  used  to  differentiate  y]  and  y2 . Again,  these  derivatives  are 


simply  denoted  dyjdx  and  dy2/dx  . 

The  final  formula  for  du/dx  obtains  on  eliminating  dya/dx  by  the  use  of  Equation 


(A.21)  and  it  is 
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du  _ du0 
dx  dx„ 


- + £ 


du , 


d1 2u„ 


+ y, 
dxo  dx0dy0 


1 2 

+ -£2 
2 


^ + 2 

dx „ ' 


-+y\ 


2 d\ 


2 * 


d2u„ 


dXofyo  dxodyn  dx0dy0 


(A.22) 


+ ... 


Again,  the  derivatives  of  yvy2,...  are  lost  in  the  last  step  and  the  formula  for 
du/ dx , similar  to  the  formula  for  du/ dy , takes  the  form  of  the  formula  for  u itself.  This, 
of  course,  makes  it  possible  to  guess  other  formulas  e.g.,  the  formula  for  d2u/ dx2 . It  is 
worthwhile  observing  that  each  time  dya/dx  is  eliminated,  by  substituting 


,fy\  1 2 fy 


dx  2 dx 


e — in  its  place,  terms  to  all  higher  order  in  £ are  introduced.  It  is  by 


this  that  the  derivatives  of  yl,y2,...  cancel  out;  for  example,  just  as  — cancels 

dyQ  dx 


e du°  dyx  ancj  — £*2  ^ uo  tyi  ;n  forgoing  calculations,  so  too  it  will  cancel 

dy0  & 2 


1 3 du  dy,  , ... 

—£  — -- — - at  the  third  order. 

6 dy0  dx 

Equations  (A.  17),  (A.  19),  (A. 20)  and  (A.22)  present  for  the  expansion  of  a domain 
variable,  yet  two  kinds  of  variables  can  appear  in  the  boundary  equations:  domain 
variables  evaluated  at  the  boundary  and  variables  defined  only  at  the  boundary. 

The  expansion  of  a domain  variable  evaluated  at  the  boundary  simply  requires  the 
mapping  to  be  evaluated  at  the  boundary  in  the  formulas  already  obtained.  The  expansion 
of  a variable  defined  only  at  the  boundary  stems  from  the  expansion  of  the  function 
determining  the  shape  of  the  boundary.  The  function  Y defines  the  shape  of  the 
boundary  in  the  present  configuration.  Its  expansion  along  the  mapping  appears  as 
Equation  (A.8). 
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Let  n denote  a function  defined  only  at  the  boundary  of  the  present  domain.  Now, 
n is  typically  a function  of  Y and  we  denote  its  values  by  n(Y) . The  expansion  of  n , 

then,  must  come  out  of  the  expansion  of  Y , and  to  expand  n in  powers  of  e along  the 
mapping,  we  write 

n(Y)  = n(e^0)  + £~(s  = 0)  + ~s2^{£  = 0)  + ... 


and  calculate 


dn  d2n 
d£'  d£2 


As  n does  not  depend  explicitly  on  £ , the  first  derivative  is2 


and  the  second  derivative  is 

d^j__d_dn__  \d2Y\  \dY\[dY\ 

d£2  d£  d£  [tfc2}  YY \d£  j \d£  j 

where  nY  is  a linear  operator  and  nYY  is  a bilinear  operator.  Both  depend  on  Y . Using 

these  formulas  and 


2 As  n is  a function  of  Y , and  Y is,  itself,  a function,  some  way  of  indicating  the  derivative  of  n with 
respect  to  Y is  required.  The  notation  nf  { } does  this,  where  nf  operates  on  whatever  appears  inside 
{ } . In  fact,  ny  can  be  obtained  as 

„r{x],limdL ifihdxl 

t-*0  £ 

where  nr  may  again  be  a function  of  Y . It  is  a linear  function  of  X , hence,  the  use  of  { } . In  terms  of 
nf , there  obtains 


n(Y  + sX)  = n{Y)  4-  eny 


where  R/  e -»  0 as  e -*  0 . 
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etc. 


and  evaluating  the  derivatives  of  n at  s = 0 produces  the  expansion  of  «(F). 3 It  is,  on 


writing  n{Ya ) in  place  of  n[s  - 0), 


where  nY  and  nn  must  be  evaluated  at  Ya . 

Next,  an  example  will  be  presented  to  help  the  reader  understand  how  to  apply  this 
method. 

A.l  Example  of  How  to  Use  the  Expansions  of  u and  Its  Derivatives 

The  most  direct  way  to  obtain  the  equations  satisfied  by  ua , ux,  u2,  etc.  on  the 

reference  domain  is  to  substitute  the  expansions  of  u and  its  derivatives  into  the 
equations  that  must  be  satisfied  on  the  present  domain.  Then  as  the  right-hand  sides  of 

3 In  a definite  problem,  n must  be  specified  as  definite  function  of  Y . Its  expansion  can  then  be  obtained 
most  easily  by  differentiating  this  specified  function;  for  example,  if  n denotes  the  normal  to  the  curve 
y = Y (x,^) , then 


and  the  derivatives  of  h can  be  obtained  in  terms  of  the  derivatives  of  Y . But  if  n is  not  specified  as  a 
definite  function  of  Y , the  notation  nr , nyy , etc.  must  be  introduced. 


n 
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these  expansions  depend  only  on  xQ , y0  and  e , on  setting  the  coefficients  of  each  power 
of  s to  zero,  a set  of  equations  in  u0,  ux,  u2,  etc.  appear. 

The  next  example  will  illustrate  the  method  and  it  will  mainly  show  that  the 
mapping  does  not  survive  in  the  equations  satisfied  by  u0 , ux , u2,  etc.  This  is  a favorable 
result  because  the  mapping  of  the  interior  of  the  reference  domain  to  the  interior  of  the 
present  domain  cannot  be  determined.  The  derivatives  of  yx,  y2,  etc.  were  already  lost  in 
expanding  the  derivatives  of  u , so  they  cannot  appear  in  the  equations  for  ua,  ux,  u2 , 
etc.;  now  yx , y2 , etc.  themselves  are  lost. 

To  take  an  example,  let  u satisfy 

du  2 , A 

u — + su  + £ +1  = 0 
dy 


du 


on  the  current  domain.  Then  substituting  the  expansions  of  u(x,y,s)  and  — (x,y,c) 
into  this,  there  obtains 


( 8u0) 

1 ,( 

U0+£ 

u.  + y.  — ^ 

+ 

1 

l fyo) 

2 l 

0 du,  2 d2ua  dun 
u2+2y, — - + yx — r + y2  — 


+ ■ 


r dua 

du,  d2un  ^ 

1 2 

( du2  d2u,  j 3V  d2un  ^ 

- + £ 

— -+y^ — r 

[dy.  dy2a  J 

+ —£ 
2 

— + 2y, — f + yx — f + y2 — f 
dyl  dy]  dy, ] ) 

+ ••• 

+£ 


U+S 


Mi+T, 


too. 

dy0 


+■ 


+ £+1=0 


which  leads,  on  requiring  the  coefficient  of  each  power  of  e to  vanish,  to  the  following. 
First  at  order  e° , which  is  the  reference  domain,  the  domain  equation  is 

Mo^  + l = 0 

dy. 


(A.24) 
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For  order  ex , the  domain  equation  is 


( dux  d2u  1 

du 

«0 

W 5y2J 

+ 

«i  + * “ 

1 fyo) 

du 


^ + u =0 


For  order  e2 , the  domain  equation  is 


1 

— u 
2 ° 


du 


d\ 


2 ^ 2 S3u  d2u  ^ 

— - + 2 y,  — f + v,  — f + y,  — f 

V^o  # ' ^ 2 ^ , 


1 

+ — 
2 


„!+2y,^L+^£%+>,2^ 

' By.  ' & 1 dy„ , 


fag 

fyo 


( 


+ 


ux  + yx 


tog 

fyo 


dux 


+ Ft 


aV 


A 


\ 

du  ' 

+ 

) 

{ fyo) 

+ 1 = 0 


Now  by  using 


fyo 


du 

u — - + 1 

dya 


= 0 , the  first  equation,  Equation  (A.24)  eliminates 


y\ 


f d2u  du  du,. 


0 fyo  fy’o  fyo 


in  the  second,  reducing  it  to 


du , du 

+ u,  — - + u„  - 0 


° dy0  lty0 

while  the  third  equation  can  be  written 


(A.25) 


1 du , 1 dun  du. 

— un — - + — u7— - + u, — L + u.  +1+ v, 

2 °5y0  2 2dya  1 1 


d2u.  du.  dun  dun  du.  d2un  du 

, -L  + — L_o.  + — g_ — \_+  2L  + — o. 

fyo  fyo  fyo  fyo  fyo  fyo  fyo 


1 2 

+ 2* 


( 


\ 


d3u„  d2u„  du. 


du,.  d u 


° & & dy0  dy0  dy20 


- + 


- + 2 


1 

+ A 


d uJL+dua  du0 


° fy0  fyo  fy, 


= 0 


In  this,  the  terms  multiplying  y,  add  to  zero,  as  do  the  terms  multiplying  y2  and  those 
multiplying  y2  • The  sum  of  the  terms  multiplying  y,  vanishes  on  the  use  of 


du,  du.. 


un  — ^ + — 1 - ux  + u0 


0 dy0  fyo 


= 0 


while  the  sums  of  terms  multiplying  y2  and  y2  vanish  on  the  use  of 
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52  ( 


du 

U 2-  + 1 


= 0 = - 


du„ 


+1 


whence  the  third  equation  reduces  to 


1 du2  1 du  du, 

— U 1 U-)  + U, h U,  +1  — 0 

2 °dy,  2dy0  1 dy0  1 


(A.26) 


Again  a sequence  of  equations  on  the  reference  domain  is  obtained,  Equations 
(A.24),  (A.25)  and  (A.26),  and,  again  they  are  free  of  the  mapping.  The  mapping  is  lost  in 
writing  the  equations  on  the  reference  domain.  The  earlier  equations  in  the  sequence 
eliminate  the  mapping  in  the  later  equations.  The  result,  then,  is  an  equation  for  ua  at 
order  zero.  It  is  just  the  original  equation  for  u written  on  the  reference  domain.  Then 
comes  an  equation  for  w,  in  terms  of  u0 , succeeded  by  an  equation  for  u2  in  terms  of  u0 
and  , etc. 

To  completely  determine  u0,  u, , u2,  etc.,  equations  must  be  worked  out  at  the 

boundary  of  the  reference  domain.  In  these  the  mapping  of  the  boundary  must  remain  if 
determining  the  present  domain  is  to  be  part  of  the  solution.  Yet  before  deriving  the 
equations  at  the  boundary  of  the  reference  domain,  a small  matter  remain  to  be  explained 
before  our  work  on  the  domain  equations  is  complete.  It  is  a rule  by  which  the  correct 
equations  on  the  reference  domain  can  be  obtained  without  the  need  to  remove  the 
mapping  at  each  step  by  using  equations  obtained  in  earlier  steps.  This  rule  is  explained 
in  the  following  section. 
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A.2  The  Rule 

The  rule  is  this:  To  get  the  correct  equations  satisfied  by  u0 , w, , u2,  etc.  on  the 

reference  domain,  replace  u wherever  it  is  present  in  the  equations  on  the  current  domain 
by 

1 2 

U„  + £U , + — £ M,  H 

o 1 2 2 

, , d d d , d 

and  then  replace  — by , — by , etc. 

dy  dy0  dx  dx0 

To  see  that  this  works,  let  u satisfy 

SU  2 1 A 

U — + EU  + S +1=0 
dy 

on  the  current  domain.  Then,  making  the  replacement  there  obtains 


1 2 

Uo+SU i+~£  ui+- 


du„  du,  1 , du 


2 uu2 


1 2 

Uo+£Ul  + ~e  «2+' 


— + £ L + — £ 

fyo  fyo  2 ^0 


+ + 1 = 0 


and  setting  the  coefficient  of  each  power  of  £ to  zero  leads  to 


«>+l=0 

By. 


du.  du 

uo^L  + u\TT  + uo=° 


1 du , 1 du 


du, 


-u. 


4 — U-,  — — + U, 1-  U,  + 1 — 0 


2 0 fyo  2 fyo  fyo 


etc. 
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This  is  the  sequence  of  equations  obtained  earlier  as  Equations  (A.24),  (A.25)  and 
(A.26),  but,  by  use  of  the  rule  explained  here,  obtaining  the  sequence  requires  a lot  less 
work. 

Now  to  complete  the  sequence  of  problems  that  must  be  solved  to  obtain  ua , w, , 
u2 , etc.,  we  must  add  equations  at  the  boundary  to  the  equations  on  the  reference  domain. 
Again,  to  illustrate  the  method,  we  work  out  an  example.  Let  u be  a domain  variable  and 
let  n be  a boundary  variable  where  the  values  of  n along  the  boundary  depend  on  the 
shape  of  the  boundary.  The  dependence  of  n and  Y must  be  specified,  but  Y may 
remain  to  be  determined. 

At  the  boundary  of  the  present  domain,  let  u and  n satisfy 

n(Y)^{x,Y,e)  = 0 (A.27) 

where  y -Y  (x,^)  defines  the  shape  of  the  boundary,  where  the  expansion  of  Y is 


y = Y (x,e)  = Y0  (xa)  + sYx  (xa)  + ^£2Y2  (x0)  + ... 

and  where  n inherits  its  s dependence  through  Y . Then,  substitute  into  Equation  (A.27) 

3u 

the  expansions  of  n(T)  and  —(x,Y,s). 

The  expansion  of  du/dy  at  the  boundary  can  be  written  by  evaluating  its  domain 
expansion,  viz..  Equation  (A.  19),  at  y = Y (x,£r)  and  hence  at  y0  = Y0  (x0) . It  is 


du  i , du 

(x,Y,£)  = - + £ 

dyK  f dya 


d“i  , Y d2u° 
dya  ' dy2a 


1 2 

+ — £ 
2 


du2 

fyo 


d2ux  2 53w, 


+ 2Yt -j-  + Yx 


-+Y 

3 ^12 


d2u 


dy:  Wo  W 


+ ... 
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where  all  the  variable  on  the  right-hand  side  must  be  evaluated  at  y0  = Y0  ( x0 ) , and  hence 
they  all  depend  only  on  xa , and  where  the  right-hand  side  is  already  defined  on  the 
boundary  of  the  reference  domain.  The  expansion  of  «(T)  has  been  obtained  as  Equation 
(A. 23),  namely 

n (Y ) = n (Yo ) + ■ enr  ft } + ^s2  [nY  {Y2 } + nYY  {Yx } {Yx }]  + ... 

where  nY  and  nYY  depend  also  on  Ya . Substituting  these  expansions  into  Equation  (A.27) 

then  leads  to  a series  of  equations  on  the  boundary  of  the  reference  domain,  one  at  each 
order  in  s . The  sequence  begins 

Wo 

and 


»(n) 


— (x  y ) + Y d U°  (x  Y ) 
dyo{  0)1  dy2a  ' °’  o) 


+"r{r,}^(x„,K)= 0 

Wo 


and  so  on.  Each  equation  holds  on  the  boundary  of  the  reference  domain,  viz.,  on 
y0  = Ya  (xg ) , and  the  derivatives  nY , nYY , etc.  must  be  evaluated  at  Y -Y0.  This  often 
leads  to  simple  formulas  if  Y0  is  simple  e.g.,  if  Y0  is  a constant. 

As  Y0  must  be  known,  the  first  equation  completes  the  problem  for  u0 . Of  course, 
the  problem  for  uQ  is  just  the  nonlinear  problem  on  the  reference  domain.  Then,  the 
second  equation  completes  the  problem  for  «, , or  at  least  it  completes  the  problem  for  w, 
if  Yi  is  known.  Often  E,  is  not  known  and  a second  boundary  equation  must  then  be 
specified  if  Yx  is  to  be  determined.  This  leads  to  another  equation  in  ux  and  Yx  at  the 
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boundary  of  the  reference  domain  and  the  two  variables  must  be  determined  together, 
likewise  u2  and  Y2 , etc.  As  the  functions  Y[,Y2,  etc.  become  known,  so  too  the  shape  of 

the  present  domain  to  first,  second,  etc.  orders  in  £ . 

It  is  important  to  observe  that  the  derivation  of  the  boundary  equations  is  just  like 
the  derivation  of  the  domain  equations,  save  that  the  mapping  cannot  be  eliminated  from 
the  boundary  equations.  It  is  important  that  the  mapping  be  eliminated  in  the  domain 
equations,  for  it  cannot  be  determined  on  the  domain;  it  is  equally  important  that  it  cannot 
be  eliminated  from  the  boundary  equations,  otherwise  the  shape  of  the  present  domain 
could  not  be  determined. 

A.3  Expansion  of  Integrals  in  Mapping 

For  a cylindrical  coordinate  system,  let  r denote  the  position  vector  to  the  point 
( r,6,z ) in  the  present  domain  and  let  rQ  denote  the  position  vector  to  the  point 

(ro,0o,zo)  in  the  reference  domain.  Denote  a mapping  of  the  reference  domain  into  the 
present  domain  by 

r=r(r0,e) 

or  by 

r = r(roA*Zo*S) 

0 = 0(ro,9o,zo,s ) 

and 

Z = Z{roA’Zo’e ) 


Let  the  mapping  be  expanded  in  powers  of  e as 
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_ _ -12- 
r=r0+erx+-e  r2+... 


or  as 


1 2 

r = r0+erx+-e  r2+.. 


0 = 0 +S0  + —e20  + . 
o 1 ^ 2 


and 


z = z0  + £Z{  + 


1 2 

— £ Z,  + ... 
2 2 


where  ri,rl,0vzl,f2,r2,02,z2>...  depend  on  r0  or  on  ro,0o  and  z0  and  where 

'■=i(£=0>’ 

^=06=0),... 

and 

Now  let  V denote  the  volume  of  the  present  domain.  The,  in  many  cases,  there  are 
physical  requirements  on  some  state  variable,  denoted  by  u , which  can  be  stated  in  terms 
of  its  integral  over  V . In  this  appendix,  the  form  of  this  requirement  is  determined  to  first 
order  in  e . 


Let  I denote  the  integral  of  u over  V , namely 
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I = judV 

v 

Now,  u depends  on  r and  s and  V depends  on  e ; hence,  / depends  on  s . The 
mapping  r = r0  + sr{  + ...  carries  the  points  r0  of  the  reference  domain  into  the  points  r of 
the  present  domain,  and  via  this,  it  ties  V to  Va . 

Our  job  is  to  expand  I along  the  mapping  in  powers  of  s . To  do  this  write 

I = I0+eIl+... 

where 

W(*  = o) 


etc. 


and  where 


To  determine  /, , use  Leibnitz’  rule  to  write 


dr 

Then,  set  s = 0 and  use  — (s  = 0)  = r\ , where,  at  the  boundary  of  the  reference 

ds 


configuration,  rx  - Rx , to  obtain 


J dAodAUo 

SK 


and,  by  this,  the  expansion  of  I to  two  terms,  namely 
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J u0dV0+s 

J«.  dV0+  J dAono.Rxuo 

v„ 

Jo  dv„ 

(A.28) 

Now,  the  mapping  of  the  domain  does  not  appear  in  Equation  (A.28);  only  the 
mapping  of  the  boundary  appears  via  R\ . To  see  how  the  mapping  is  lost,  the  calculation 
can  be  carried  out  another  way.  To  do  this,  let  u depend  on  x,  y and  £ and  let  the 
mapping  be  written 


x = x 


and 

y = y0+€yi(x0,y0)+... 

Then,  to  evaluate  Jj iidxdy , substitute  the  expansion  of  u along  the  mapping  and  at  the 

v 

same  time  transform  the  integral  over  the  present  domain  to  an  integral  over  the  reference 
domain  to  get 


jj  u(x,y,e)dxdy=  JJ 


U„+£ 


dun 

u'+y'^T 


+ ... 


d{xo,y0 ) 


dxA'o 


where 


A 4='+^ 

d{xo^o) 

To  first  order  in  s , this  is 

JJm  (x,  y,  e)  dxdy  = JJ  u0dx0dy0  + e JJ 

" V.  Vo  - 


+ . 


m,  + 


d{y\uo) 


and,  carrying  out  the  last  integration  on  the  right-hand  side,  there  obtains 
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JJ  u (x,  y,  s)  dxdy  = j]  u0dx0dy0  + s 

v K 


\\uxdxody0 


+ f Y<“0dx0 

y0=y(ic) 


(A. 29) 


The  mapping  of  the  domain  does  not  appear  in  this  formula;  it  is  lost  in  the  last  step, 
leaving  only  the  mapping  of  the  boundary.  Now,  let  u = 1 , and  hence  uo  = 1 , m,  = 0 , etc.; 
then  Equation  (A.29)  reduces  to 

\\dxdy=  \\dx0dy0+e  J Y]dxo 

v vo  y.-i'K) 

This  is  a formula  for  the  volume  (area)  of  a perturbed  domain. 


APPENDIX  B 

OVERVIEW  OF  METHODS  USED  IN  CHAPTER  3 
The  following  chart.  Figure  B.l,  gives  a clear  idea  about  the  methods  used  through 
out  Chapter  3.  It  describes  the  calculation  steps  for  both  the  steady  state  problem  and  for 
the  eigenvalue  problem.  It  also  summarizes  the  critical  points  for  each  case  that  we  found 
in  the  chapter.  It  shows  how  one  might  change  the  conditions  of  a given  case  to  move  to 
another  one  without  losing  the  ability  to  get  the  correct  critical  point. 
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Steady  State  Equations 

(By  prediction  and  calculation) 
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Figure  B-l . Chart  of  the  main  methods  used  in  Chapter  3 to  test  for  the  thermal  stability. 


APPENDIX  C 

LOCATING  THE  MAXIMUM  TEMPERATURE  IN  THE  CASE  OF  CONSTANT 

TEMPERATURE  WALLS 

This  appendix  gives  an  explanation  about  why  it  is  not  possible  to  guess  the  exact 
location  of  the  maximum  temperature  in  the  case  of  constant  temperature  walls.  As  usual, 
this  explanation  is  based  on  solving  a simple  problem.  This  simple  problem  is  just  the 
isothermal  problem  considered  in  section  4.2. 1.1  in  Chapter  4 except  that  the  heat  source 
is  taken  to  be  independent  of  temperature.  This  problem  is  depicted  in  Figure  C-l.  It  will 
be  of  interest  to  find  the  location  of  the  maximum  temperature. 


Inner  heat  sink 


Figure  C-l.  Heat  transfer  in  the  case  of  constant  temperature  walls  in  a perfectly  centered 
annulus. 
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For  this  geometry  the  temperature  rise  at  steady  state,  referring  to  Figure  C-l  for  a 
definition  of  the  variables,  can  be  described  by  the  thermal  energy  equation 

d2T  1 dT 


dr 2 r dr 


+ 0 = 0 


(C.l) 


where  T is  the  temperature  field  and  where  0 denotes  the  rate  at  which  heat  is  produced 
in  the  material  per  unit  area.  The  temperature  is  subject  to  two  boundary  conditions  viz., 

r(r  = «„,)  = 0 (C.2) 


and 


T(r  = R.)  = 0 


(C.3) 


By  solving  Equation  (C.l)  we  get 


r = C,ln(r)  + C2 


Or 2 


(C-4) 


where  C,  and  C2  are  arbitrary  constants  which  can  be  determined  by  using  Equations 


(C.2)  and  (C.3)  viz., 


clHKJ+c1-S^L  = 


0 


(C.5) 


and 


C,ln(i?J  + C2 


QRl 


= o 


(C.6) 


Hence,  by  solving  these  two  equations  we  get 


C,= 


4 In 


( D N\ 
2J out 

V Rv  J 


and 
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Q = 


Q 


R: 


(rl-k) 


In 


( D ^ 
*^OUt 

V R'n  J 


ln(^,) 


Thus,  Equation  (C.4)  becomes 

eK, 


T = 


Q 


4 In 


(r  } 

4 

( R \ 

out 

In 

±vout 

V R‘n  , 

V R<n  , 

(RL-Rl) 


HRo»,) 


Qr2 


(C.7) 


But  the  maximum  temperature  is  found  when  dT / dr  - 0,  which  means 


dT  Q(RL-Rj)  Qr  _Q 

dr  41nf/?“"^ 


R 


(C.8) 


in  j 


where  r is  the  radius  at  which  the  maximum  temperature  is  located,  r . Thus,  we 


T-T  . 


can  write 


(r\ 

-R2) 

out 

m) 

T=Tmx  / 

R \ 

2 In 

out 

l 

Rm  , 

(C.9) 


From  this  we  find  that  the  maximum  temperature  is  not  located  at  the  middle  of  the 
annular  region  as  someone  might  guessed  because  r is  not  equal  to  the  arithmetic 

^'=^niax 

radius  or  mean1 

, _(*«+*.) 


I arithmetic  mean 


(C.10) 


1 Also  known  as  the  linear  mean,  the  average  mean  or  the  mean. 
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Therefore,  the  maximum  temperature  might  be  located  either  closer  to  the  inner  rod  or 
closer  to  the  outer  pipe  but  not  at  an  equal  distance  from  the  two.  Then,  to  see  whether 
the  maximum  temperature  lies  closer  to  the  inner  wall  or  the  outer  wall  let  us  first  rewrite 
Equation  (C.9)  in  the  following  form 


{Roul  + R,n  ) {Rnu,  ~ R,n  ) 

2 J40 

UJ 

and  notice  that  it  is  just  the  arithmetic  mean,  which  is  defined  by  Equation  (C.10), 
multiplied  by  the  logarithmic  radius  or  mean  , which  is 


(C.ll) 


r 


logarithmic  mean 


In 


R 

R 


) 


(C.12) 


Then  subtract  the  square  of  the  arithmetic  radius,  (r| 
(C.10)  form  Equation  (C.l  1)  viz., 


arithmetic  mean 


) , given  by  Equation 


/ j ^2  ( Rou,  + Rm  ) ( Rou,  ~ R,n  ) 

+ A) 

T=T  V ' \arithmetic  mean  J o 

1 1 max 

In 

D ^ 

A out 

V RUI  J 

2 

(C  .13) 


or 


T=T 

1 1 max 

‘(A.  + A)' 

(Rou,  + Rin) 

( Rout  Rin ) {Rou,  + Rm) 

2 

2 

In 

f ] 

2 

arithmetic  mean 

l **  ) 

arithmetic  mean 

logarithmic  mean 

and  on  dividing  by  R2m  it  becomes 


(C.14) 


2 Also  known  as  the  log  mean. 
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1 

f 

2\ 

Rl 

\ 

T=T 

1 1 max 

2 

7 

R„ 


+ 1 


v Rin  J 


arithmetic  mean 


R 


— 1 


+ 1 


In 


Rou 

V R‘n  J 


arithmetic  mean 


logarithmic  mean 


(C.15) 


Now,  if  the  sign  of  the  right-hand  side  of  Equation  (C.15)  is  negative  then 

and  then  of  the  maximum  temperature  is  located  somewhere  in 


<r 


arithmetic  mean 


the  middle  of  the  region  closer  to  the  rod  wall  but  if  the  sign  of  the  right-hand  side  is 


positive  then  r 


2 > r 2 

\T=T 


arithmetic  mean 


and  consequently  the  maximum  temperature  is 


located  closer  to  the  pipe  wall.  To  begin,  notice  that  the  right-hand  side  of  Equation 
(C.15)  is  just  the  arithmetic  mean  multiplied  by  the  difference  between  the  logarithmic 
mean  and  the  arithmetic  mean.  But  we  know  that  the  logarithmic  mean  is  always  less 
than  the  arithmetic  mean  and  to  show  this  let  us  divide  the  arithmetic  mean  by  the 
logarithmic  mean  which  gives 


Arithmetic  mean 
Logarthmic  mean 


R<m 

_kK 


+ 1 


-In 


f R...  A 


— l 


V Rin  J 


(C.16) 


then  for  any  value  of  Roul  / Rm  > 1 Equation  (C.16)  is  greater  than  one.  From  this  we 

understand  that  the  arithmetic  mean  is  greater  than  the  logarithmic  mean.  Based  on  this 
the  right-hand  side  must  be  negative.  Therefore,  we  conclude  that  the  maximum 
temperature  is  located  closer  to  the  inner  wall.  From  this  result  we  can  see  that  it  is  not 
possible  to  decide  about  the  location  of  the  maximum  temperature  in  the  case  of  constants 


temperature  walls  without  doing  some  calculation. 


APPENDIX  D 

EXPANSION  OF  THE  UNIT  OUTWARD  NORMAL 
The  expansion  of  the  unit  outward  normal,  n , can  be  written  as 


_ _ £2  _ 
n = n+sn.  + — n-.  +... 
° 1 2 


(D.l) 


where 


no  = lr 


and  where  hx  and  n2  can  be  found  by  using  equations 


R1 -2sRcos0  = Rl \-s2 


and 


lr~h 


n - 


R 


1 + 


( 


where  R is  a function  of  0 and  s and  where 


R,  dR(0) 

50 


(D.2) 


(D.3) 


(D.4) 


(D.5) 


To  do  this,  let  us  obtain  R'  by  differentiating  Equation  (D.3)  with  respect  to  0 , viz., 

, sR  sin# 

K — 

R-SCOS0 

Then,  substitute  this  into  Equation  (D.4)  to  get 


(D.6) 
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lr  + 'S 


^sin<9 


n = ■ 


1 + 


[R -scosO) 
s1  sin2  0 


(R-ecostf) 


(D.7) 


which  can  be  arranged  as 


n = 


ir  ( R - e cos  #)  + ies  sin  0 
yJ(R-  scosO)2  +£2sin2  9 


(D.8) 


and  by  expanding  (R -scosOy  we  obtain 


_ ir  (R-e  cos  0)  + iffe  sin  6 
yj R2  - 2s R cos  6 + e2 


(D.9) 


From  Equation  (D.3)  we  can  see  that  the  denominator  of  Equation  (D.9)  is  just  Rin . 
Then,  by  substituting  the  expansion  of  R , which  is 


n n n Z2  sin2 

R = R.  + £ COS  6 - + ... 

2 R._ 


(D.10) 


into  Equation  (D.9)  we  get 


n =- 


( g2  sin2  0o  [ A 

V 2 J 


R.~ 


+ igss\n0o 


R.. 


(D.ll) 


From  this  we  obtain 


- r sin6> 


rh=b 


R.. 


(D.12) 


and 


n2  = -i 


sin  d0 
" 2 Ri 


(D.13) 


APPENDIX  E 

HEAT  TRANSFER  THROUGH  A ROD  FROM  A WELL-MIXED  TANK 


Let  us  begin  by  describing  the  physics  of  this  problem.  To  do  this,  consider  Figure 
E-l  which  depicts  a rod  of  length  L and  of  uniform  cross-sectional  area,  Arod  , attached 
to  a well-stirred  tank.  Initially  (i.e.,  at  / = ()),  the  temperature  throughout  the  tank  is 
denoted  by  TH  . This  is  also  the  temperature  at  the  end  of  the  rod  attached  to  the  tank. 

The  temperature  at  the  other  end  of  the  rod  (i.e.,  the  free  end),  is  maintained  at  zero  for  all 
times.  This  is  the  heat  sink.  For  t > 0 , the  tank  will  gain  or  lose  heat  by  contact  with  the 
rod  whose  temperature  is  denoted  T ( t , z) . The  temperature  of  the  material  in  the  tank  is 
uniform  through  out  the  tank  but  it  can  change  in  time. 


V '.  Volume  of  the  material  in  the  tank 


Figure  E-l.  Heat  transfer  problem  with  a heat  reservoir  slowing  the  thermal  diffusion. 
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Now,  the  temperature  rise  in  the  domain  (i.e.,  the  rod),  can  be  described  by  the 
thermal  energy  equation 

at0<2<1  (e-1) 

dt  dz 

where  p and  Cv  denote  the  density  of  the  material  of  the  rod  and  its  heat  capacity, 
respectively.  In  this  problem,  p and  Cv  are  assumed  to  be  constant.  This  equation  is 
subject  to  two  boundary  conditions  viz., 

r(z  = 0)  = 0 (E.2) 


and 


T(z  = L)  = Th 


(E.3) 


where  TH  is  unknown  and  time  dependent. 

As  Th  as  well  as  T must  be  determined,  we  need  another  equation.  This  can  be 
obtained  via  an  energy  balance  about  the  tank,  viz.,  by  writing 


~Arodk 


5T 

dz 


= VpTCT 


z=L 


(1Th 

dt 


(E.4) 


where  V is  the  volume  of  the  material  in  the  tank,  p'  is  the  density  of  this  material  and 
CTV  is  its  heat  capacity. 

Equations  (E.l)  and  (E.4)  can  be  written  in  scaled  form  by  defining  T — T T* , 
z = z z and  t = t t*  where  T is  selected  to  be  equal  to  the  ambient  temperature  and 
where  z = L and  t - l)pCjk  and  after  dropping  the  *’s,  we  get 

dT  _ d2T 
dt  ~ dz2 


(E.5) 
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where 


T(z  = 0)  = 0 


(E.6) 


and 


T(z  = \)  = T " 


(E.7) 


and  where 


dT_ 

dz 


VpTCTv  dT H 

z=.  ArodLPcv  dt 


(E.8) 


Now  to  get  the  eigenvalue  problem  let  us  apply  the  separation  of  variables  method 
to  Equation  (E.5).  To  do  this,  write  T as 

T{t,z)  = r{t)^z) 

and  substitute  it  into  Equation  (E.5).  This  will  then  give  two  ordinary  differential 
equations,  they  are 


— + T2r  = 0 
dt 


(E.9) 


and 


dz 2 


+ A2£  = 0 


(E.10) 


where  -A2  is  the  separation  constant  and  where 

£(z  = 0)  = 0 

and  to  get  the  remaining  boundary  condition  in  term  of  £ substitute 

r(/,z)  = r(0£(z) 

into  Equations  (E.7)  and  (E.8)  at  z = 1 and  use  Equation  (E.9)  to  find 


(E.ll) 


d£ 

dz 


VpTC] 

A-oijLpC' 


z=l 


z=\ 


(E.12) 
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Now,  Equation  (E.9)  can  be  solved  to  give 


(E.13) 


-2  2 • 

where  C is  an  integration  constant,  where  e ' is  the  growth  rate  and  where  -A  is  the 
growth  constant.  Equation  (E.10)  is  the  eigenvalue  problem  that  describes  the 
temperature  rise  in  the  rod  and  its  solution  can  be  written  as 


£(z)  = Acos  Az  + B sm  Az 


(E.14) 


where  A and  B are  arbitrary  constants.  Now  A , B and  A remain  to  be  determined.  To 
do  so  we  turn  to  the  boundary  conditions. 

Now  let  us  stop  for  a moment  and  assume  that  the  well-mixed  tank  does  not  exist  in 
the  problem  and  further  assume  that  the  two  ends  of  the  rod  are  kept  at  fixed  temperatures 
(i.e.,  the  two  ends  are  isothermal).  Then,  the  boundary  conditions  in  this  case  are 


<?(z  = 0)  = 0 


(E.15) 


and 


f(z  = 1)  = 0 


(E.16) 


and  by  applying  these  two  boundary  conditions  into  Equation  (E.14)  we  find 


,4  = 0 


(E.17) 


and 


5sinT  = 0 


(E.18) 


and  from  this  we  leam  that  A = nn  and,  consequently,  the  eigenvalue  -A2  is 


(E.19) 


and  for  n = 1 it  is 


-A2  = -7i2 


(E.20) 
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But  if  we  assumed  that  only  one  end  of  the  rod  is  held  at  a fixed  temperature,  which  is  at 
z = 0,  while  the  other  end  is  insulated  (i.e.,  one  end  is  isothermal  and  one  end  is 
adiabatic),  then  the  boundary  conditions  will  become 

cf  (z  = 0)  = 0 (E.21) 


and 


~~(z  = 1)  = 0 (E.22) 

dz 

and  by  applying  these  two  boundary  conditions  into  Equation  (E.14)  we  get 

A = 0 (E.23) 

and 


XB  cosA  = 0 (E.24) 

and  from  this  we  find  that  X - rnijl  and,  consequently,  the  eigenvalue  -X2  will  be 


-X  = ■ 


2 2 

yx  n 


(E.25) 


and  for  n - 1 it  is 


2 ft2 

-X  (E.26) 

Now,  by  returning  to  the  original  problem  where  the  well-mixed  tank  is  attached  to  the 
rod  at  z = 1 , we  have  two  boundary  conditions  given  by  Equations  (E.  11)  and  (E.12). 
Then,  by  substituting  Equation  (E.14)  into  these  two  boundary  conditions,  namely 

f(*  = 0)  = 0 
and 


dl 

dz  z= 1 


vpTc]  ,2e 

ArodLpCv  * 
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pr  r £iT  j 

and  writing  — — — — as  — henceforth  where  / is  a physical  property  assumed  known, 

AodLpc*  r 

we  find 


A = 0 


(E.27) 


and 


1 7 

XB  cos/l  = —X~B  sinT 

r 


(E.28) 


or 

y = X tan  X (E.29) 

Hence  A is  zero,  the  allowable  X ’s  are  the  roots  of  Equation  (E.29)  and  B 
remains  to  be  determined.  It  depends  on  the  initial  state  of  the  system. 

Now,  let  us  rewrite  Equation  (E.29)  as 

tan  A =—  (E.30) 

A 

The  term  y is  a positive  constant  and  for  simplicity  it  is  assumed  to  be  one.  Thus,  to  find 
the  allowable  2’swe  must  solve 


tan  X = — 
X 


(E.31) 


The  solution  can  be  found  by  plotting  graphs  of  tan  X and  1/ X vs.  X.  This  is  shown  in 


Figure  E-2  where  the  solutions  are  the  intersection.  We  number  the  solutions  1,2,3,...  and 
give  the  first  few  in  Table  E-l. 


Table  E-l.  Values  of  Xn  obtained  from  Figure  E-2. 


n 

K 

n 

4, 

1 

0.86 

4 

9.53 

2 

3.42 

5 

12.65 

3 

6.44 

6 

15.77 
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Figure  E-2.  tan  1 and  1/A 
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Now,  let  us  ask  the  following  question:  in  which  of  the  three  cases  that  we  studied 
(/.  e. , the  rod  with  isothermal-isothermal  ends,  isothennal-adiabatic  ends  and  isothermal  - 
perfectly  conducting  ends),  can  the  temperature  perturbation  die  faster?  To  answer  this 
question,  let  us  compare  the  values  of  the  growth  constant,  -A2 , obtained  in  each  case. 

For  the  rod  with  isothermal-isothermal  ends,  we  get 

-A2  = -n2  - -9.87  , first  case  (E.32) 

and  for  the  rod  with  isothermal-adiabatic  ends,  we  have 

7T1 

-A2  = = -2.47  , second  case  (E.33) 

4 

and  for  the  rod  with  isothermal-perfectly  conducting  ends,  we  find 

n2 

-A2  = = -0.74  , third  case  (E.34) 

4 

From  this  three  values  of  the  growth  constant,  -A2 , we  see  that  the  temperature 
perturbation  in  the  first  case,  the  rod  with  isothermal-isothermal  ends,  will  die  faster  than 
the  other  two  cases.  This  is  because  in  the  first  case  the  two  isothermal  ends  serves  as 
heat  sinks  and,  therefore,  the  rod  can  loss  the  heat  faster  than  the  second  case,  the  rod 
with  isothermal-adiabatic  ends,  which  has  only  one  heat  sink.  In  the  third  case,  which  is 
the  slowest  of  them  all,  there  is  one  heat  sink  as  in  the  second  case  but  now  the  well- 
mixed  tank  will  gain  some  heat  through  the  perfectly  conducting  end,  but  the  tank  has 
nowhere  to  loss  this  heat  except  through  the  rod.  Thus,  the  tank  will  store  the  gained  heat 
until  the  temperature  in  the  rod  become  lower  than  it  is  in  the  tanks  and  then  the  tank  will 
loss  the  heat  to  the  rod,  and  this  is  why  this  case  is  slower  than  the  second  case,  the  case 


with  adiabatic  end. 
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Now,  back  to  the  well-mixed  tank  problem,  with  the  values  of  Xn  known,  the  next 
step  is  to  determine  the  values  of  the  constants  Bn  in  the  solution,  namely 

T(t,z)  = Yje (BnsinXnz)  (E.35) 

n= 1 

To  do  this,  the  initial  condition  (the  temperature  in  the  rod  at  t = 0),  must  be  expanded  as 

oo 

T{t  = 0,z)-^Bn  sin  Xnz  = 5,  sin \z  + B2  sin  X7z  + B3  sin  X3z  + ...  (E.36) 

n=\ 

As  an  example,  let  the  initial  temperature  be 

T(t  = 0,z)  = z(\-z) 

then 

z(l  -z)-  B{  sin \z  + B2  sin  X^z  + B3  sin  X^z  + ...  (E.37) 

To  obtain  values  of  the  Bn ’s  we  might  begin  by  multiplying  Equation  (E.37)  by  sin  Xnz 

and  integrating  both  sides  with  respect  to  z over  (0,l)  viz., 

i i 

Jz(l  - z)smXnzdz  - sin  AnzsinTjZ<7z 
0 0 

1 

+ Js2  sinTnzsin/^zr/z  (E.38) 

o 

i 

+ ^B2smX.nzs\x\X2izdz  + ... 
o 

Doing  this  for  each  Xn ’s,  we  get  infinitely  many  equations  in  the  infinitely  many 
unknown  Bn  ’s  and  what  is  interesting  here  is  that  these  equations  do  not  simplify,  as  one 
might  expect  in  simple  heat  transfer  problem,  as  the  functions  sinTnz  and  sin  Xmz  are  not 

orthogonal  in  the  plain  vanilla  inner  product.  So  to  proceed  we  must  develop  a sequence 
of  approximations  and  the  easiest  way  to  do  this  is  to  consider  a sequence  of  terminations 
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(i.e.,  first  get  Bx  assuming  B2,  Z?3,...  are  zero,  then  get  Bx  and  B2 , assuming  B3,B4,...  are 
zero,  then  get  BX,B2  and  S3,  assuming  B4,B5...  are  zero  etc).  The  hope  is,  without  going 
to  far  along,  Bx  stabilizes,  then  B2 , etc.  To  see  what  happens,  let  us  first  get  a first 
estimate  of  Bx  and  B2 . To  do  this,  let  us  multiply  Equation  (E.37)  by  sin^z  and  then 
integrate  it  with  respect  to  z over  (0,1) , this  gives 

i i i 

jz(l-z)sin/l1zJz  = J.B,  sin  TjZ  sin  2,z<iz  + jz?2  sin^zsin^zofz  (E.39) 

00  o 

Then,  multiply  Equation  (E.37)  by  sin /^z  and  then  integrate  it  with  respect  to  z over 
(0,1) , this  gives 

1 i i 

^z(\-  z)smX2zdz  — J5,  sin^zsin^zJz  + J#2  sin/^zsin/ijzJz  (E.40) 

0 0 0 

As  we  can  see,  Equations  (E.39)  and  (E.40)  are  two  equations  in  two  unknowns  (/. e. , 

Bx  and  B2 ),  and,  therefore,  the  values  of  Bx  and  B2  can  be  obtained.  By  using  the 

sequence  of  termination  technique  we  found  that  the  values  of  Bx  and  B2  start  to  stabilize 
as  the  value  of  B6  is  obtained  and  Table  E-2  can  give  a clear  idea  about  how  this 
technique  is  converging  on  the  true  values  of  Bn's . 


Table  E-2.  Obtained  values  of  Bx  to  B6 . 


The  obtained  Bn's 

5, 

b2 

#4 

B5 

Be 

Bx,B2 

0.105 

0.214 

0 

0 

0 

0 

Bx,B2,B2 

0.103 

0.215 

-0.001 

0 

0 

0 

Bx,B2,B3,B4 

0.092 

0.221 

-0.004 

0.010 

0 

0 

Bx,B2,B3,B4,B5 

0.090 

0.223 

-0.005 

0.010 

-4x10  5 

0 

Bx,B2,B3,B4,Bs,B6 

0.089 

0.224 

-0.006 

0.011 

-5x10^ 

0.002 
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However,  if  we  know  how  to  write  the  correct  inner  product  for  this  problem,  then 
we  can  get  the  values  of  Bn  ’s  much  easier.  To  do  this,  let  us  write  our  eigenvalue 

problem,  Equation  (E.10),  in  terms  of  the  eigenfunction  and  the  eigenvalue  A? , which 
gives 

^•+#,=0  (E.41) 

dz 

where 

£(z  = 0)  = 0 (E.42) 


and 


dz 


z=i  y 


(E.43) 


:=1 


Then,  rewrite  Equation  (E.10)  in  terms  of  the  eigenfunction  and  the  eigenvalue  X , 


which  gives 


d% 

dz 2 


L + ^2=0 


where 


ft(z=0)  = 0 


and 


d £ 


dz 


Z— 1 


r 


7=1 


Now,  multiply  Equation  (E.41)  by  £ , to  get 


(E.44) 


(E.45) 


(E.46) 


ft  4,2ftft=0 


(E.47) 
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and  multiply  Equation  (E.44)  by  , to  obtain 


dz 2 


(E.48) 


Then,  subtract  Equation  (E.48)  from  Equation  (E.47),  which  gives 

Now,  integrate  Equation  (E.49)  over  the  length  of  the  rod,  to  get 


(E.49) 


:£§L 

2 dz 2 *l  dz1 


(E.50) 


and  by  using  the  integration  by  parts  technique,  we  found 

d^ 


^2  d!z 


~#r 


cfe 


(E.51) 


Because  £,  = 0 and  £2  = 0 at  z = 0 and  by  using  Equations  (E.43)  and  (E.46), 


Equation  (E.51)  reduces  to 


L=(a|-42)Jfi#2* 

T o 


(E.52) 


which  can  be  simplified  and  written  as 


o y 


=o 


(E.53) 


and  since  y is  assumed  to  be  one,  it  becomes 


W-42) 


fa2dz  + ^2l\ 


= 0 


(E.54) 


which  is  same  as 


(^-A3)<*.*)=o 


(E.55) 
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where  (£,,£2)  is  the  inner  product  of  <f,  and  <f2 , which  means 

(6»&)  = + ^L=1  (E-56) 

0 

From  Equation  (E.55)  we  can  see  that  when  T,2  * A2  then  (^,^2)  must  be  zero  (/. e. , 
and  are  orthogonal). 

Now,  by  taking  the  inner  product  of  Equation  (E.37)  on  sinTjZ , we  get 

(z(l  - z ),  sin  A ,z)  = B,  (sin  Alz,  sin  \z) 

+ B2(sAnA1z,  sin \z)  (E.57) 

+ B3  (sin  A}z,  sin  A,z)  + ... 

where,  at  m*n,  (sin/Lmz,sin/Lnz)  must  vanish.  Therefore,  from  Equation  (E.57)  5,  can 
be  obtained  and  it  is 


. [ z(l  - z)  sin  Alzdz  + z(l  - z)  sin  Alz | = 

(z(l-z),sin/l1z)  _ z:0 

(sin^.sinV)  “ "jsin^zA  + s^vU 


(E.58) 


and  because  the  value  of  Ax  is  known1,  Al  = 0.86,  then  Bx  can  be  calculated  and  it  is 
Bx  = 0.087  , which  is  close  to  the  value  found  by  the  previous  method  (i.e.,  sequence  of 
terminations  method),  and  tabulated  in  Table  E-2.  On  the  same  measure,  B2  can  be 


obtained  by  taking  the  inner  product  of  Equation  (E.37)  on  sin^z , this  gives 

(z(l  - z),sin ^z)  = B,  (sinT,z,sin>^z) 

+ B2(sinA2z,sinT2z)  (E.59) 

+ B3(sin  T3z,sin/l2z)  + ... 


1 The  values  of  \ to  A6  are  illustrated  in  Table  E-l. 
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then  B2  can  be  written  as 


n (z(l  -z),sin/l2z) 
^sin/t^sin^z) 


and  because  /l,  is  known,  A2  = 3.' 

Again,  this  value  is  close  to  the  one  obtained  from  the  previous  calculation  and  it  is 
presented  in  Table  E-2.  The  values  of  B2,B^B5,B6,...  can  be  found  by  following  the 
same  steps  and  they  are  illustrated  in  Table  E-3. 


Table  E-3.  Obtained  values  of  Bx  to  B6  via  the  two  methods. 


b;  s 

Sequence  of  terminations  method 

Inner  product  method 

bx 

0.089 

0.087 

b2 

0.224 

0.226 

B 3 

-0.006 

-0.007 

B< 

0.011 

0.011 

b5 

-5x10^ 

-1.03  xlO'3 

b6 

0.002 

0.0026 

z= 1 

J z(l  - z)  sin  AjZfiz  + z(l  - z)  sin  ^z]^ 


z= 0 


z= 1 


(E.60) 


J sin2  AjZffe  + sin2  TjZ | ^ 


z=0 


’ , then  B2  can  be  calculated  and  it  is  B2  = 0.226 . 


From  this  table  we  see  that  the  first  method,  the  sequence  of  terminations  method, 
works  properly  and  it  gives  very  close  results  to  those  obtained  via  the  inner  product 


method. 


APPENDIX  F 

DETERMINING  THE  PRESSURE  GRADIENT 
To  find  VP0,VPl  and  VP2  we  turn  to  the  flow  equation 


v = -yp 


and  on  perturbing  this  equation  we  get:  At  order  s° 

K = -vp0 


At  order  s' 

K = -v/i 

At  order  s2 


V2  = -VP2 

Then,  by  taking  the  divergence  of  these  equations  we  obtain:  For  order  e° , 

V-E0=-V2P0 


For  order  s' , 


V-F,  =-V2P1 


For  order  s2 , 


V • V2  = -S72P2 

but  from  the  equation  of  continuity  we  know  that 


V-V  = 0 


(F.l) 

(F.2) 

(F.3) 

(F.4) 

(F.5) 

(F.6) 

(F.7) 


hence, 
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V-F  =0,  V-V,  =0  and  V-K  =0 

O 5 1 


Then  to  solve  for  WP0,WPl  and  VP2  we  must  solve  the  following  set  of  problems:  First  at 


order  e° , which  is  the  symmetric  annular  region,  we  have 


W2Po=0 


where 

P (r  - R ) = PL 

10\r0  1VOUt/ 

and 

P0ir0  = 1 ) = PH 


For  order  sx  the  equation  is 


V2?!  = 0 


where 

Pl(To  = Rou,)  = 0 


and 


dr 


r„=l 


For  order  e2 , the  equation  becomes 


V2P2  =0 


where 

P2(ro  = R0ul)  = 0 


(F.8) 

(F.9) 

(F.10) 

(F  .11) 
(F. 12) 

(F .13) 

(F.14) 

(F.15) 


and 


P2(ro=l)=-2R\^- 


r; 


dX 

dr] 


-R. 


1 


dr„ 


(F.16) 


397 


To  explain  where  Equations  (F .13)  and  (F.  1 6)  come  from,  notice  that  the  expansion  of  P 
at  r = R [6,  s) , is  given  by 


P(R,0)  = Po+£ 


f n n dPo) 

£2( 

+ 

l dr»J 

n 

P+IR^  + Rf^f  + R^ 

J~  dr 


dr  dr 


+ ... 


o y 


and  that  P[R,6)  must  vanish  for  all  values  of  £ . 

Begin  by  solving  the  problem  at  order  £°  where  we  have 

V2Po=-—(ro—)  = 0 

r dr  or 


(F.17) 


The  solution  of  this  problem  must  satisfy  the  boundary  conditions  given  by  Equations 
(F.9)  and  (F.10).  Solving  this  problem  the  pressure  in  the  annular  region  is  obtained  as 

(PH  -PL) 


P.  = P 


1 n{Roul) 


(F.18) 


Moreover, 


dp.  (p“-pl)i 

dr0  In (Rou,)  ra 
and 

•n  (psP)  i 

dr;  In (Rj 

These  derivatives  will  be  useful  later  on. 

For  order  £X , the  problem  is  given  as 


(F-19) 


(F.20) 


V2P  = 


1 d d , 1 d2 

r0dreKcdr/  r2  d02 


P>=  o 


(F.21) 
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and  its  solution  must  satisfy  the  boundary  conditions  given  by  Equations  (F.12)  and 
(F.13).  Then,  because  of  Rx , the  solution  to  the  I\  problem  (i.e..  Equation  (F.21)),  can  be 

written  as 


Px  = 


4r0+  — 

ro  J 


cos#„ 


where  Ax  and  Bx  must  satisfy 


(F.22) 


A Rout  + 


5, 


i-i 


(F.23) 


and 


At+B,=-fL 


r„=l 


(F.24) 


By  solving  Equations  (F.23)  and  (F.24)  for  Ax  and  Bx , I\  found  to  be 


Px  - cos  0, 


R. 


2 "\ 


dr 


y dro 


K>= 1 


(F.25) 


and  by  this,  there  obtains 


dPx_ 


dr 


- cos  6, 


\+R^dP- 


4 j 


dr 


rn=  1 


(F.26) 


and 


dPx  1 

L = -Siny  7 — r 

m.  K,-1) 


R 


2 A 


ro- 


ro 


dP 


dr 


K,=  1 


(F.27) 


which  are  needed  in  the  P2  problem. 
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To  solve  the  P2  problem  (i.e.,  Equation  (F.14)),  first  substitute  Equations  (F.19), 
(F.20)  and  (F.26)  into  Equation  (F.16)  then  expand  the  right-hand  side  of  Equation  (F.16) 
in  terms  of  the  functions1  1,  cos  0o , cos  20 o . Doing  this  Equation  (F.16)  reduces  to 


* fc = 0 = (^TT)[2 + (‘ + 


(F.28) 


r„=l 


Then,  from  Equations  (F.15)  and  (F.28),  the  solution  to  the  P2  problem  can  be 


written  as 


P2=Ao  + BoHro)  + 


f D 'N 

A r2  +-± 

A1  'o  + 2 

V J 


cos  2# 


(F.29) 


where  Aa  and  Bo  must  satisfy 


4,  + B>(O  = 0 


(F.30) 


and 


K,"l  )dr„ 


ra= 1 


(F.31) 


and  where  A2  and  B2  must  satisfy 


ML+-^-= 0 

i out 


(F.32) 


and 


A2  + B2  — 


-(1 +*L)dP. 


( - 1 ) dr. 


r„= 1 


(F.33) 


1 Substitute  for  cos2  0n  = — +— cos  20  and  for  sin2  0„  = — — -cos 20 

° 2 2 2 2 
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By  solving  Equations  (F.30)  and  (F.31)  for  Aa  and  Bo , and  Equations  (F.32)  and 
(F.33)  for  \ and  B2 , P2  is  found  to  be 


(RL-l)ln(«„„) 
and  by  this,  there  obtains 


In  ^ 


'o  y 


R. 


21  ^ 


out  __  ^.2 


cos  2 0„ 


dr 


(F.34) 


rn=  1 


dP, 


dr 


2 _ 


1 — ™£L 

(«L-1)2U3 


( R 4 

^P 

out 

+ r 

cos2P 

o 

U 

J 

dra 

(F.35) 


r„=  1 


and 


dP2 

d0o 


2 


( R 4 

A 

JP 

sin  2# 

0 

U2 

y 

(F.36) 
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